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Résumé

La résolution de trés grands systémes linéaires creux est ancomposante de base algorithmique
fondamentale dans de nombreuses applications scienti queen calcul intensif. La résolution per-
formante de ces systemes passe par la conception, le dévedement et I'utilisation d'algorithmes
paralleles performants. Dans nos travaux, nous nous intéssons au développement et I'évaluation
d'une méthode hybride (directe/itérative) basée sur des tehniques de décomposition de domaine
sans recouvrement. La stratégie de développement est axéard'utilisation des machines mas-
sivement paralleles a plusieurs milliers de processeurs.'dtude systématique de I'extensibilité et
I'e cacité parallele de di érents préconditionneurs algé briques est réalisée aussi bien d'un point
de vue informatique que numérique. Nous avons comparé leugserformances sur des systemes de
plusieurs millions ou dizaines de millions d'inconnues poudes problémes réels3D .

Mots-clés: Décomposition de domaines, Méthodes itératives, Méthodedirectes, Méthodes hy-
brides, Complément de Schur, Systémes linéaires denses @tgx, Méthodes de Krylov, GMRES,
Flexible GMRES, CG, Calcul haute performace, Deux niveaux @ parallelisme, Calcul paralléle
distribué, Calcul sienti que, Simulation numériques de grande taille, Techniques de précondition-
nement, Préconditionneur de type Schwarz additive.

Abstract

Large-scale scienti ¢ applications and industrial simulations are nowadays fully integrated in many
engineering areas. They involve the solution of large spaeslinear systems. The use of large high
performance computers is mandatory to solve these problemsThe main topic of this research
work was the study of a numerical technique that had attractive features for an e cient solution
of large scale linear systems on large massively parallelaaforms. The goal is to develop a high
performance hybrid direct/iterative approach for solving large 3D problems. We focus speci cally
on the associated domain decomposition techniques for thegpallel solution of large linear systems.
We have investigated several algebraic preconditioning tehniques, discussed their numerical be-
haviours, their parallel implementations and scalabilities. We have compared their performances
on a set of 3D grand challenge problems.

Keywords: Domain decomposition, Iterative methods, Direct methods,Hybrid methods, Schur
complements Linear systems, Krylov methods, GMRES, exibe GMRES, CG, High performance
computing, Two levels of parallelism, Distributed computing, Scientic computing, Large scale
numerical simulations, Preconditioning techniques, Addiive Schwarz preconditioner.






Remerciements

C'est une habitude saine que de rendre mérite, avec mon entligiasme le plus vif et le plus
sincere a tous ceux qui a leur maniére ont contribué mener ceavail a bien. Je désire alors ex-
primer ma profonde gratitude :

Envers Luc GIRAUD, pour avoir accepté de me diriger patiemmat, mais aussi spécialement
pour m'avoir accordé sa con ance en me laissant toute libe# dans mes initiatives, tout en étant
su samment attentif pour que je ne m'égare pas sur des pistepeu prometteuses. Mais également
pour sa disponibilité et sa générosité exceptionnelles, B'est montré tres disponible pour toutes
mes questions et problémes a résoudre. Pour sa gentillessea pris le temps de lire, relire et
corriger soigneusement cette thése. J'ai pu pro ter des sesompétences scienti ques, de ses con-
seils pertinents et précieux. Par son charisme, son dynanmse et sa passion exceptionnelle pour la
recherche, il m'a beaucoup appris pour évoluer dans le mondge la recherche et de l'industrie.

Envers le directeur de I'équipe algorithme parallele lain DJFF, je tiens a lui exprimer ma trés
vive reconnaissance. Monsieur j'ai eu I'honneur de travalér ces trois années au sein de votre
équipe. Cette expérience professionnelle me sera trés béée en ce qui concerne mes projets
d'avenir. Je tiens a vous remercier pour toutes vos remarguetoujours pertinentes et vos idées
attentives.

A Serge GRATTON, et Xavier VASSEUR, je tiens a vous adresser ras sinceres remerciements
pour vos encouragements généreux et vos suggestions ju@icses : ils m'ont été précieux. Vous
vous étes montrés trés disponibles pour toutes mes discuesis vous m'avez aidé avec grande gen-
tillesse ce qui m'a permis de m'ouvrir & d'autres horizons.

A l'assistance de plusieurs personnes de I'équipe MUMPS. Pculierement je tiens a remercier
Jean-Yves L'EXCELLENT et Patrick AMESTOY pour leur support et leurs aides trés précieuses
de tous moments. Vous avez pris le temps de développer et deluéguer de nouvelles fonctionnal-
ités qui m'ont été tres béné ques.

Aux membres du Jury qui m'ont honoré en acceptant d'évaluer non travail et d'étre présent ici
aujourd'hui. Chacun d'eux mérite un remerciement particulier pour m'avoir accordé son attention.
Un sincére remerciement a Fréderic NATAF et Ray TUMINARO qui m'ont fait I'honneur d'accepté
la charge d'étre rapporteurs. Je leur suis reconnaissant po le temps qu'ils ont consacré a la lec-
ture de ce manuscrit et pour l'intérét qu'ils ont montré pour mon travail. J'aimerais remercier
sincerement lain DUFF qui m'a fait I'honneur de présider mon jury, qui m'a beaucoup encouragé
et inspiré. Aussi bien également Luc GIRAUD qui m'a motivé etqui m'a considérablement soutenu
durant toutes mes recherches de thése. Je désire aussi remier vivement Stéphane LANTERI
pour ces conseils amicaux ainsi que ses discussions impattas et son accueil passionnant lors de
mon séjour dans son équipe a I'INRIA-Sophia-Antipolis. Je @sire aussi remercier trés vivement
Gérard MEURANT pour toutes ses remarques scienti ques, sesuggestions et ses conseils judi-
cieux qu'il m'a souvent transmis grace a son caractere chalgeux : ils m'ont été trés précieux. I
n'a jamais manqué une occasion pour m'encourager. En n je #ns a remercier profondément Jean
ROMAN pour avoir accepté de participer a ce jury, ainsi que par ses conversations enrichissantes
lors de mes visites a I'INRIA Bordeaux. Egalement je tiens a emercier toutes les personnes qui
ont assisté a cette soutenance de these.

C'est un grand privilege d'e ectuer sa thése au CERFACS, j'exprime ma trés vive reconnais-
sance a Jean-Claude ANDRE le directeur du laboratoire. Mongur, le CERFACS est un bon en-
droit de convivialité et j'ai eu I'honneur d'e ectuer ma thé se au sein de votre laboratoire. Heureuse-



ment que I'équipe CSG du CERFACS était Ia pour m'aider a me déptouiller avec les expériences
et pour venir me sauver lorsque j'étais perdu au n fond des tacas informatiques. Merci pour votre

délicatesse et votre attention. Merci également au travailet a la gentillesse de I'administration,

Brigitte, Chantal, Dominique, Lydia, Michéle, et Nicole.

Egalement une pensée pour tous ceux avec qui j'ai partagé lesoments qui font la vie d'un
étudiant, les discussions dans les couloirs. Un remerciemieparticulier aux membres de I'équipe
ALGO avec qui jai partagé de trés beaux moments chaleureux)es déjeuners (départ a 12h30
tapante !), les pauses café/thé, les sudokus, les a aires degiques du le Monde , les sorties, je
glisse un remerciement amical a cette joyeuse bande.

To the Samcef project, especially to Stéphane PRALET, who povided us with the structural
mechanics problems support, for the help he gave me among thiwork, and for kindly developing
special functionality allowing me to use the samcef code, fohis advice and numerous suggestions.

To all the members of the Consortium Seiscope project with wbm | had fruitful discussion
and who, provides me the seismic applications that enables ento progress in my work: Florent
SOURBIER, Jean VIRIEUX, Romain BROSSIER and StA’ephane OPERTO.

To the INRIA-NACHOS team. | must thank Stéphane LANTERI who o pened me the door of
an enriching collaboration, who interest in my work and who gave me constructive advice.

To Masha SOSONKINA and Layne WATSON whose deserve grateful hanks for providing me
with an huge amount of simulations hours on the Virginia Tech supercomputer, and for many
helpful discussions and advices.

Un grand grand Merci également a toutes celles et ceux qui orparticipé directement ou indi-
rectement a ce travail. Tous celles et ceux qui m'ont témoige leur amitié, qui m'ont apporté leur
aide, qui m'ont accompagné pendant cette aventure et que jeapeux citer ici, vous étes nombreux...

Cette aventure de m'est pas propre, enn, c'est quand méme 8boutissement de toute une
scolarité, je voudrais remercier chaleureusement ma pett maman a qui je dois beaucoup et qui a
toujours été une fervente supportrice avec mes deux s+urs @non frére. Kamil, un grand merci du
c+ur a toi mon peére, pour m'avoir donné I'envie d'étre heureux et pour m'avoir toujours soutenu
dans mes choix. Et tout le reste de ma famille, Merci pour vote soutien, vos encouragements et
votre présence dans les moments di ciles. Je vous témoigneci toute ma reconnaissance et tout
mon amour.



Contents




ii CONTENTS

Il Study of parallel scalability on large 3D model problems | 53

[5_Numerical investigati i usi ' 59

B Introductionl. . . . . . ... 59
[5.2  Experimental environment . . . . . .« oo e e e e 59
[5.3  Numerical performance behaviodr. . . . . . . . . . ... 60
[5.3.1 Inuence of the sparsication threshold . . . . . .. ... ... ... .... 61
[5.3.2 Inuence of the mixed arithmetid . . . . . . . . . . . . .. ... ... 63

i ity . e 66

[5.4.1 Parallel speedup experimentS . . . . . . .o e 66
[5.4.2  Numerical scalability study on massively parallel patformd . . . .. .. .. 67
5.42.1 F ect of the sparsi cation droooing_Lh_Lgs_h_QJ_d_Q_n_th_e_p_eLfg_Lm_a_n_Qb 67

[5.4.2.2 E ect of the mixed arithmetic on the performance 68

Ara [ 3 1SS pardédl pla 70

i 75

80

81

81

81

[6.3  Numerical performance behaviour. . . . . . . . . . .. 84
[6.3.1 Inuence of the sparsication threshold . . . . . .. ... ... ... .... 84
[6.3.2 Inuence of the mixed arithmetid . . . . . . . . . ... .. ... ... .... 86

721 Modelproblemb . . . . . . . 107
[72.2 Parallel platforms . . . . . . . o 110
[7.3_Partitioning strategied . . . . ... ... 111
[7.4 Inde nite symmetric linear systems in structural mechanics . . .. . ... ... .. 113
[7.4.1 Numerical behaviour of the sparsication . . . . ... ............ 113
[7.4.2 Parallel performance . . . . . . .o 115
[7.4.2.1  Numerical scalability on parallel platform$ . . . . ... ... ... 115

[7.4.2.2 Parallel performance scalability . . . . . ............... 117

[7.5 Symmetric positive de nite linear systems in structural mechanicsé . . . ... .. . 127
i OUr . . . e e 127

[7.5.1.1 Inuence of the sparsication threshold . . . . . ... ... .... 127

[7.5.1.2 Inuence of the mixed arithmetid . ... ... ........... 128

i S e e e e 128

[752.1 Numerical scalability . . . ... .. ... . ... ... .. ... 129

[.5.2.2 Parallel performance scalabilify . . . . . ... ... ......... 130

[7.6 Exploiting 2-levelsof parallelism . . . . . . . ... 133
761 Motivationd . . . . ... ... 133




CONTENTS iii

7.6.2 _Numericalbenets . . . .. . ... ... .. 134
7.6.3 Parallel performance benets . . . . . . . ... 134
7.7 Concluding remarkk . . . . .. ... ... 136

IES Numerical accuracy analysls . . . . . . . 146
8.4 Parallel performance investigations on2D_problems . . . . . . . ... . ... ... 147
18.5_Parallel performance investigations on3D _problems . . . . .. ... .. ...... 153

|Acknowledgments | 169
[Bibliography | 171












Part |

Solving large linear systems on large
parallel distributed platforms






Introduction

La résolution de trés grands systémes linéaires creux est ancomposante de base algorithmique
fondamentale dans de nombreuses applications scienti quede calcul intensif. Il s'agit souvent
I'étape la plus consommatrice aussi bien en temps CPU qu'enspace mémoire. La taille des sys-
temes utilisés pour les grandes simulations complexes faifue le calcul a hautes performances est
aujourd'hui incontournable (on doit résoudre aujourd'hui des systémes de plusieurs millions ou
dizaines de millions d'inconnues pour des problémes réeldD3}. La résolution performante de ces
systemes passe par la conception, le développement et I'lisation d'algorithmes paralléles per-
formants qui possedent des propriétés d'extensibilité poupermettre le passage a I'échelle et une
exploitation e cace de plateformes de calcul avec un grand mmbre de processeurs.

Dans nos travaux, hous nous intéressons au développement Bévaluation d'une méthode hy-
bride (directel/itérative) basée sur des techniques de déauposition de domaine sans recouvrement.
Il s'agit d'une méthodologie générale qui permet en particlier de résoudre des systemes linéaires
issus de la discrétisation d'équations aux dérivées parties. La stratégie de développement est
axée sur l'utilisation des machines massivement paralletede plusieurs milliers de processeurs.

De ces travaux se dégagent trois contributions principalegjui structurent le manuscrit de thése ;
celui-ci comporte :

La formulation et I'analyse de di érents préconditionneurs de type Schwarz additif algébrique
pour des problémes 3D (Chapitre 2-3). An de réduire les coAts informatiques de leurs

mises en =+uvre nous proposons des variantes qui exploitentes algorithmes en précision
mixte (32-bits et 64-bits) ainsi que des approximations creises. Pour des implantations sur
trés grand nombre de processeurs nous considérons soit desrections par un précondition-

nement de deuxiéme niveau (correction grille grossiére) #odes mises en ~+uvre algorith-

miques exploitant deux niveaux de parallélisme. Le Chapite 4 est dédié a la description de
I'implantation paralléle de ces approches.

L'étude systématique de l'extensibilité et I'e cacité par allele de ces préconditionneurs est
réalisée aussi bien d'un point de vue informatique que numégue. Dans, ce contexte des
probléemes modéles académiques de type équations de diusi® 3D (Chapitre 5) ou de
convection-di usion (Chapitre 6) sont considérés. L'étude est menée sur des machines jusqu'a
2048 processeurs pour résoudre des problemé@&® a plus de 50 millions d'inconnues. Ces
études ont été menées sur des machines telles que le System& dirginia Tech ou I''BM
Blue-Gene du CERFACS.

La validation de notre approche sur des cas réels est en n rdigée sur des probléemes de mé-
canique des structures en maillages non-structurés (en daboration avec la société SAMTECH-
Chapitre 7) et en imagerie sismique (en collaboration avecel consortium SEISCOPE -
Chapitre 8). Dans ce dernier cas, on s'intéresse a la résolon des équations de Helmholtz en
régime fréquentiel. Plusieurs simulations sur des cas réel2D et 3D ont été réalisés. Dans
ces chapitres, nous présentons notamment les détails des rfmmances paralléles de notre
approche exploitant deux nivaux de parallélisme.

Ce manuscrit débute par un exposé du cadre mathématique de h@ étude et se termine par un
bilan de cette étude, ainsi qu'une discussion sur quelquesigies de travaux futurs avec des appli-
cations possibles sur les équations de Maxwell en régime lmonique (collaboration avec I'équipe
NACHOS, INRIA-Sophia-Antipolis).



Part |: résumé

Les méthodes de décomposition de domaines ont été dévelogsépour résoudre des problémes
complexes ou de grande taille, et plus récemment pour traitedes maillages non conformes, ou
coupler di érents modéles. Nous introduisons dans ce chapi les bases mathématiques des méth-
odes de décomposition de domaines avec et sans recouvremappliquées a la résolution de grands
systemes linéairesAx = b. Les avantages de telles méthodes hybrides directes/itétaes qu'elles
sont des approches:

plus robustes que les méthodes itératives classiques et mei colteuses en mémoire et en
calcul que les méthodes directes;

bien adaptées aux calculateurs paralléles;

qui permettent la réutilisation de codes séquentiels exigints au niveau des calculs locaux.
Ces techniques constituent une approche modulaire du parkdlisme.

Méthodes de décomposition de domaines avec recouvrement

Elles consistent & découper le domaine de calcul en sous-dames qui se recouvrent comme le
montre la Figure [I. Elles permettent une actualisation simpe des solutions locales sur la base de
conditions aux limites de type Dirichlet ou Neumann ou une canbinaison des deux aux frontieres
arti cielles introduites par la décomposition.

Figure 1: Décomposition de domain avec recouvrement.

Dans une classe d'approches basées sur cette approche, lagiéition du systéme linéaireAx = b
se fait par une méthode itérative appliquée en combinaisonwec un préconditionneur. Cette méth-
ode se caractérise par une complexité arithmétique accrueudfait de la replication des degrés de
liberté (ddls) dans les roues du recouvrement. Leur inconudient principal est donc de compliquer
quelque peu la mise en +uvre numérique, surtout lors de la rédution de problémes 3D sur des
géométries complexes.

Méthodes de décomposition de domaines sans recouvrement

Elles consistent a découper le domaine de calcul en sous-daimes sans recouvrement comme
le montre la Figure[d; et & reformuler le probléme en un probltne équivalent restreint a l'interface



uniquement. Une classe de ces méthodes de décompositions diEmaines sans recouvrement ou
méthodes du complément de Schur s'apparentent aux méthodesdélimination de Gauss par blocs.
Elles consistent a ramener la résolution d'un probléme gloél posé sur I'ensemble des degrés de
liberté issus de la discrétisation du domaine de calcul, a laésolution d'un probléme de taille
moindre posé sur les n+uds situés sur les interfaces entredsous-domaines voisins dans la partition
du domaine de calcul.

Figure 2: Décomposition de domain sans recouvrement, méttie du complément du Schur.

Soit A la matrice associée a la discrétisation du domaine . Soit  I'ensemble des indices
des n+uds appartenant a l'interface entre les sous-domaire voisins. Groupant les indices cor-
respondant a et ceux correspondant aux intérieurs des sous-domaines; &ysteme linéaire [1)
s'écrit sous la forme [2). En appliquant une élimination de Gauss par bloc on aboutit au systeme
@). l'opérateur associé au probleme d'interface et résuéint du processus d'élimination de Gauss
par bloc est appelé complément de SchuiS. Du point de vue du probléme continu, cela revient
a la dé nition d'un nouvel opérateur, l'opérateur de Steklov-Poincaré, qui agit sur les variables
d'interface et dont la discrétisation donne le complément di Schur de l'opérateur du probléeme
global;

A X = b ; 1)
0 10 1 0 1
A1 0 Ay X1 by
@ 0 Az;g Ag; A @XZA = @bzA X (2)
A1 A 2 A X b
0 1
0 10 1 by

Al;l 0 A]_;
% 0 A2;2 Az; E%XZE: @ bz . (3)

b A ;iAi;il b
i=1

Ainsi résoudre le systeme linéaireAx = b revient a résoudre le systéme reduit ou le complément
du Schur Sx = f ensuite résoudre simultanement les problémes intérieurd\ix; = b A i X
Soit Sx le complément de Schur local en mémoire distribuée, donc seune matrice pleine obtenue
en éliminant les degrés de liberté internes au sous-domaink . Alors l'operateur S s'obtient en



sommant les contributions des di érents sous-domaines, es'écrit dans le cas géneral sous la forme
suivante:

X ,
S= R'SUR : (4)
i=1

Le probléme d'interface ainsi posé est alors résolu par une éhode itérative adaptée, la plupart
des fois une méthode de Krylov. Généralement, ces méthodesrd employées en combiniaison avec
un préconditionnement. Ainsi, nous introduisons notre pré&onditionneur paralléle qui est nommé
Schwarz additif algébrique.

Pour étre réellement e caces, non seulement il faut avoir ure bonne vitesse de convergence mais,
de plus, il faut que la méthode choisie soit utilisable é cacement sur des calculateurs paralléles
massivement paralléles. Nous illustrons une étude sur leséthodes de Krylov et leur parallélisation.

Il existe plusieurs approches basées sur les espaces de &yl Une premiére classe composée des
méthodes de résidu minimal. Elles minimisent le résidury = b Axg , ce qui conduit a résoudre
un probléeme de moindre carrés de petite taille. Des exemplede ces méthodes sont MINRES
pour les matrices symétriques indé nies et GMRES pour les maices quelconques. Une deuxiéme
classe est basée sur des principes d'orthogonalisation daesquelles on impose que les résidus
soient orthogonaux a I'espace de Krylov. Un exemple de ces ri#des est la méthode du Gradient
Conjugué pour les matrices symétriques dé nies positivesDans le Chapitre 2, nous décrivons trois
de ces méthodes; GMRES, exible GMRES et CG qui sont les plus tilisées.

Préconditionneur Schwarz additif algébrique

Dans la littérature, il existe di érents types de préconditionneurs associés a la méthode de
complément de Schur dont par exemple le préconditionneur dé/pe tels BPS, Neumann-Dirichlet
ou encore Neumann-Neumann. On dé nit notre préconditionneir de type Schwarz additif pour
le complément de Schur de maniére algébrique, ce qui le renddapté a des situations souvent
rencontrer en industrie ot le maillage est non-structuré. Bur chaque sous-domaine g , on appelle
S le complément de Schur local assemblé. Ce complément de Schassemblé est formé par la
somme des contributions des compléments de Schur des sousathines voisins au sous-domainé .
Autrement dit, les blocs diagonaux de Sy seront augmentés par les contributions du bloc diagonal
correspondant de chacun du Schur des sous-domaines voisiag sous-domainek .

En écriture matricielle, le complement de Schur globaleS pour une décomposition en tranches
s'écrit sous la forme suivante:

1
B Sk Sk _
S= S« S Sn : (5)
Sm‘ Smm Smn

Snm Snn

On dé nit le préconditionneur Schwarz additif algébrique de la fagcon suivante [) qui n'est autre
gue la somme des inverses du complément de Schur local assééntomme le montre I'équation [T)

0 1
Sk Sk !
M = Sy S Sm 1 ; (6)
Sm‘ Smm Smn !
Shm Shn

X T ;ali)y 1
Mg es= R i(s(l)) R : 7
i=1



On note que dans le cas des probleme8D , les matrices locales du complément de Schur
deviennent trés grandes et leur utilisation comme précondionneur local devient coliteuse aussi bien
en calcul qu'en stockage. Il est donc nécessaire de constreiiune forme allégée du préconditionneur,
ce qui nous a amené a considérer:

le préconditionneur Schwarz additif algébrique creuxMs, 64,
le préconditionneur Schwarz additif algébrique en précigsin mixte Mg mix ,

ou encore une combinaison des deux, c.a.d. préconditionnealgébrique additif Schwarz
creux en précision mixte Msp mix -

Deux niveaux de parallélisme

Le but de cette section est d'expliquer comment exploiter e cacement le parallélisme pour
I'implémentation d'applications massivement paralléles La plupart des algorithmes et des codes
existant sont implémentés avec un seul niveau de parallélise (1-level). Cependant suivant notre
expérience surtout dans les domaines applicatifs on s'esendu compte que parfois un seul niveau
de parallélisme n'est pas su sant et qu'on pourrait améliorer la robustesse et I'e cacité de la
méthode hybride par I'utilisation d'un deuxiéme niveau de parallélisme (2-levels). On cite deux
de ces motivations de base qui sont & l'origine du développeant d'un algorithme a deux niveaux
de parallélisme :

Dans plusieurs applications industrielles, augmenter le ambre de sous-domaines fait accroitre
le nombre d'itérations nécessaire au processus itératif pw converger; cela notamment dans
des applications de mécanique de structures (Chapitre 7) elans des applications séismique
(Chapitre 8). Pour cela nous avons proposé l'utilisation dedeux niveaux de parallélisme
comme une amélioration du comportement numérique de la méthde. Autrement dit, au lieu
d'augmenter le nombre de sous-domaines, on alloue plusieuprocesseurs par sous-domaine et
on garde petit le nombre de sous-domaines, de cette facon oargle les propriétés numériques
du systéme et on réalise une simulation plus e cacement.

Les grandes simulations industrielles nécessitent un tregrand espace de stockage par sous-
domaine. La plupart des fois cet espace n'est pas disponibkur un processeur. Alors sur des
machines paralléles de type SMP, les codes standard-evel) utilisent un seul processeur
du n+ud de la machine laissant les autres processeurs du n+u@n état inactif exécutant
une simulation avec un pourcentage inacceptable de la puiasce créte du n+ud. L'idée ici
est de ne pas perdre I'e cacité de ces processeurs inactifet d'exploiter cette ressource de
calcul en les allouant au sous-domaine correspondant. Icieixploitation de deux niveaux de
parallélisme est vu comme une amélioration de la performarecparalléle d'un algorithme.

L'exploitation de deux niveaux de parallélisme est illustrée par des exemples pratiques dans les
Chapitre 7 et 8.
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Chapter 1

Introduction

The solution of many large sparse linear systems depends omé simplicity, exibility and avail-
ability of appropriate solvers. The goal of this thesis is to develop a high performance hybrid
direct/iterative approach for solving large 3D problems. We focus speci cally on the associated
domain decomposition techniques for the parallel solutionof large linear systems. We consider a
standard nite element discretization of Partial Di erent ial Equations (PDE's) that are used to
model the behaviour of some physical phenomena. The use ofrfge high performance computers
is mandatory to solve these problems. In order to solve largeparse linear systems either direct or
iterative solvers can be solved.

Direct methods, are widely used and are the solvers of choice many applications especially
when robustness is the primary concern. It is now possible tgolve 3D problems with a couple of
million equations in a robust way with the direct solvers fully exploiting the parallel algorithmic
of blockwise solvers optimized for modern parallel superaoputers. Unfortunately, solving large
sparse linear systems by these methods has often been quitasatisfactory, especially when dealing
with practical industrial" problems ( 3D problems can lead to systems with millions or hundreds
of millions of unknowns). They scale poorly with the problem size in terms of computing times
and memory requirements, especially on problems arising &dm the discretization of large PDE's
in three dimensions of space.

On the other hand, iterative solvers are commonly used in may engineering applications.
They require less storage and often require fewer operatiathan direct methods, especially when
an approximate solution of relatively low accuracy is sough Unfortunately, the performance of
these latter techniques depends strongly on the spectral mperties of the linear system. Both the
e ciency and the robustness can be improved by using an e cient preconditioner. It is widely
recognized that preconditioning is the most critical ingredient in the development of e cient solvers
for challenging problems in scienti c computation.

The preconditioner is an operator that transforms the original linear system into another one
having the same solution but better properties with respectto the convergence features of the
iterative solver used. Generally speaking, the preconditiner attempts to improve the spectral
properties of the matrix associated with the linear system.For symmetric positive de nite problems
(SPD), an upper bound of the rate of convergence of the conjugte gradient method, depends on the
distribution of the eigenvalues (in other terms of the condtion number of the system). Hopefully,
the preconditioned system will have a smaller condition nunber. For unsymmetric problems the
situation is more complicated, we do not have any convergerebound based on the distribution
of the eigenvalues for iterative solvers like GMRES, but sore arguments exist for diagonalizable
matrices [39]. Nevertheless, a clustered spectrum away fno zero often results in faster convergence.

In general, a good preconditioner must satisfy many constrats. It must be inexpensive to
compute and to apply in terms of both computational time and memory storage. Since we are
interested in parallel applications, the construction and application of the preconditioner of the
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system should also be parallelizable and scalable. That ishe preconditioned iterations should
converge rapidly, and the performance should not be degradewhen the number of processors
increases. Notice that these two requirements are often in ampetition with each other, it is
necessary to strike a compromise between the two needs.

There are two classes of preconditioners, one is to designegialized algorithms that are close to
optimal for a narrow type of problems, whereas the second is general-purpose algebraic method.
The formers can be very successful, but require a complete kwledge of the problem which may
not always be feasible. Furthermore, these problem speci @pproaches are generally very sensitive
to the details of the problem, and even small changes in the mblem parameters can penalize the
e ciency of the solver. On the other hand, the algebraic methods use only information contained
in the coe cient of the matrices. Though these techniques ale not optimal for any particular
problem, they achieve reasonable e ciency on a wide range oproblems. In general, they are easy
to compute and to apply and are well suited for irregular prodems. Furthermore, one important
aspect of such approaches is that they can be adapted and tudeto exploit speci ¢ applications.

Thus one of the interesting and powerful framework that redices the complexity of the solvers
for solving large 3D linear system in a massively parallel environment is to use ybrid approaches
that combine iterative and direct methods. The focus of thisthesis is on developing e ective par-
allel algebraic preconditioners, that are suitable and sckable for high performance computation.
They are based on the substructuring domain decomposition pproach. Furthermore, we investi-
gate work on multi-level parallel approaches to be able to eploit large number of processors with
reasonable e ciency.

This manuscript is organized as follows.

Chapter 2] outlines the basic ingredients that are involved in the hybiid linear solvers. The
main developments in the area of domain decomposition methids and preconditioning techniques
from a historical perspective are presented. Furthermorethese methods are most often used to ac-
celerate Krylov subspace methods. In that respect, we briey present the Krylov subspace solvers
we have considered for our numerical experiments. Finallywe introduce some basic concepts of the
backward error analysis that enables us to make fair compasions between the various considered
techniques.

The availability of preconditioners is essential for a sucessful use of iterative methods; conse-
quently the research on preconditioners has moved to centestage in the recent years.Chapter 3]
is mainly devoted to addressing the properties of the algelaic additive Schwarz preconditioners
studied in this thesis. Section[3.2 is dedicated to the algetaic description of the additive Schwarz
preconditioner. The main lines of the Schur complement appoach are presented, and the main
aspects of parallel preconditioning are introduced. We prpose and study variants of the precon-
ditioner. In Section 3.3 we intend to reduce the storage and lte computational cost by using
sparse approximation. We propose mixed precision computén to enhance performance, by using
a combination of 32-bit and 64-bit arithmetics. Thus, we present in Section[3.4 a mixed precision
variant of the additive Schwarz preconditioner and we motivate this idea by the fact that many
recent processors exhibit 32-bit precision computing pedrmance that is signi cantly higher than
64-bit calculation. Moreover, we study in Section[3.5 a twolevel preconditioner based on algebraic
constructions of the coarse space component. This coarseae ingredient aims at capturing the
global coupling amongst the subdomains.

In Chapter 4] we discuss the parallel implementations of these techniges on distributed par-
allel machines. Another line of research that we propose, it develop a2-level parallel algorithm
that attempt to express parallelism between the subproblens but also in the treatment of each
subproblem. Using this latter method, we introduce a new leel of task and data parallelism that
allows us to achieve high performance and to provide an e ciat parallel algorithm for massively
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parallel platforms. An e cient implementation in this fram ework requires a careful analysis of all
steps of the hybrid method. A distributed data structure, capable of handling in a e cient way
the main operations required by the method, is de ned. Furthermore, several implementations
issues are addressed, ranging from the way to implement paltal local solvers to the data exchange
within the multi-level parallel iterative kernels.

The parallel performance and the numerical scalability of he proposed preconditioners are
presented on a set of3D academic model problems. This study is divided into two chagers.

Chapter 5]focuses on the symmetric positive de nite systems arisingrbm di usion equations.
We analyze in Section[5.B, the numerical behaviours of the spsi ed and the mixed arithmetic
variants and we compare them with the classical additive Sctvarz preconditioner. Then in Sec-
tion 5.4 the numerical scalability and the parallel e cien cy obtained on massively distributed
memory supercomputers using MPI as message library illusate the scalability of the proposed
preconditioners.

Chapter 61]is devoted to the convection-di usion equations that leadsto unsymmetric prob-
lems. We quantify the numerical behaviours of the proposed ariants of the additive Schwarz
preconditioner in Section[6.3. A crucial characteristic ofa preconditioner is the way its response
to disturbance changes when the system parameters changeoirthat, we intend to evaluate the
sensitivity of the preconditioners to heterogeneous disatinuities with or without anisotropies in
the di usion coe cients, and to the convection dominated te rm. Results on parallel performance
and numerical scalability on massively parallel platformsare presented in Sectio 614.

Large-scale scienti c applications and industrial numerical simulations are nowadays fully inte-
grated in many engineering areas such as aeronautical modiedj, structural mechanics, geophysics,
seismic imaging, electrical simulation and so on. Hence itsiimportant to study the suitability and
the performance of the proposed methods for such real appktion problems. In that respect, we
investigate these aspects in two di erent application area presented in two chapters.

In Chapter 7C]we focus on a speci ¢ engineering area, structural mechani¢ where large prob-
lems have to be solved. Our purpose it to evaluate the robustess and possibly the performance
of our preconditioner for the solution of the challenging lnear systems that are often solved using
direct solvers. We consider two di erent classes of problers. The rst one is related to the solution
of the linear elasticity equations. The second class of prdbms, probably more realistic in term of
engineering applications, is still related to linear elasicity with constraints such as rigid bodies and
cyclic conditions. We report on the numerical study and the parallel performance analysis using
our favorite preconditioners. Moreover, we discuss how thegparallel e ciency can be improved by
using the 2-level parallelapproach. Analysis and experiments show that when usin@-levelsof par-
allelism the algorithm runs close to the aggregate performace of the available computing resources.

In Chapter 87 we investigate work in seismic modeling based on the frequey-domain full-
waveform tomography approaches. We analyze the accuracy dfie hybrid approach by comparing
the results to those obtained from an analytical solution. Then a parallel performance study for
respectively large 2D and 3D models arising in geophysical applications are reported. iRally,
we evaluate the parallel performance of the2-level parallelalgorithm. A preliminary investigation
carried out on a set of numerical experiments con rm that the 2-level parallelmethod allows us to
attain a high level of performance and parallel e ciency.

The development of e cient and reliable preconditioned hybrid solvers is the key for successful
solution of many large-scale problems. We have attempted tdighlight some of the studies and
developments that have taken place in the course of the thregears of the thesis. There are
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many further important problems and ideas that we have not been addressed. We discuss a few
perspectives in aConclusion part at the end of this manuscript.



Chapter 2

Some basics on hybrid linear solvers

In this chapter we briey describe the basic ingredients tha are involved in the hybrid linear
solvers considered in this manuscript. The approach desdsied in this work borrows some ideas to
some classical domain decomposition techniques that are esented in SectiorZIl. In this section
some popular and well-known domain decomposition precontoners are described from an alge-
braic perspective. Numerical techniques that rely on decorposition with overlap are described in
Section[2.1.2 and some approaches with non-overlapping daims are discussed in Sectioh2.71.3.
Furthermore, these methods are most often used to acceleratKrylov subspace methods. In that
respect, we brie y present the Krylov subspace solvers we ha considered for our numerical ex-
periments. Both symmetric positive de nite (SPD) problems and unsymmetric problems are en-
countered that are solved using the conjugate gradient methd [60], described in Sectiol2.213,
or variants of the GMRES technique [84,[87], described in S¢ion E.2.2. Because we investigate
various variants of the preconditioners and intend to compae their numerical behaviours a par-
ticular attention should be paid to the stopping criterion. It should be independent from the
preconditioner while ensuring that the computed solutions have similar quality in some metric.
Consequently, in Section[ZZ} we introduce some basic cogpts of the backward error analysis
that enables us to make this fair comparison.

2.1 Some roots in domain decomposition methods

2.1.1 Introduction

As pointed in [53], the term domain decompositioncovers a fairly large range of computing tech-
niques for the numerical solution of partial di erential eq uations (PDE's) in time and space. Gen-
erally speaking, it refers to the splitting of the computational domain into subdomains with or

without overlap. The splitting strategy is generally governed by various constraints/objectives. It

might be related to

some PDE features to, for instance, couple di erent models gch as the Euler and Navier-
Stokes equations in computational uid dynamics;

some mesh generator/CAD constraints to, for instance, merg a set of grids meshed indepen-
dently (using possible di erent mesh generators) into one omplex mesh covering an entire
simulation domain;

some parallel computing objective where the overall mesh isplit into sub-meshes of approx-
imately equal size to comply with load balancing constrains.

In this chapter we consider this latter situation and focus eci cally on the associated domain
decomposition techniques for the parallel solution of larg linear systems, Ax = b, arising from
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Figure 2.1: Partition of the domain based on a element splittng. Shared vertices are indicated by
a circle.

PDE discretizations. Some of the presented techniques canebused as stationary iterative schemes
that converge to the linear system solution by properly tuning their governing parameters to ensure
that the spectral radius of the iteration matrix is less than one. However, domain decomposition
schemes are most e ective and require less tuning when theyra employed as a preconditioner to
accelerate the convergence of a Krylov subspace method [556].

In the next sections an overview of some popular domain decopwsition preconditioners is
given from an algebraic perspective. We mainly focus on the g@pular nite element practice of
only partially assembling matrices on the interfaces. Thatis, in a parallel computing environment,
each processor is restricted so that it assembles matrix cdrbutions coming only from nite
elements owned by the processor. In this case, the domain demposition techniques correspond
to a splitting of the underlying mesh as opposed to splitting the matrix.

Consider a nite element mesh covering the computational demain . For simplicity assume
that piecewise linear elementsFy are used such that solution unknowns are associated with més
vertices. Further, de ne an associated connectivity graph G = (W ;E ). The graph vertices
W = f1;:::;neg correspond to elements in the nite element mesh. The graph éges correspond
to element pairs that share at least one mesh vertex. That is,E = f(i;j) sitt Fi \ F; 6
;g . Assume that the connectivity graph has been partitioned resulting in N non-overlapping
subsets ? whose union isW . These subsets are referred to as subdomains and are alsoesft

referred to as substructures. The ¢ can be generalized to overlapping subsets of graph vertices
In particular, construct 1, the one-overlap decomposition of , by taking ? and including
all graph vertices corresponding to immediate neighbours fothe vertices in 2. By recursively

applying this de nition, the  -layer overlap of W is constructed and the subdomains are denoted
i .

Corresponding to each subdomain ¢ we de ne a rectangular extension matrix R?T whose
action extends by zero a vector of values de ned ameshvertices associated with the nite elements
contained in 9. The entries of RiOT are zeros and ones. For simplicity, we omit thed superscripts
anddene R; = R? and ; = ?. Notice that the columns of a given Ry are orthogonal, but that
between the di erent R; 's some columns are no longer orthogonal. This is due to the & that some
mesh vertices overlap even though the graph vertices de nedby ; are non-overlapping (shared
mesh vertices see Figur€211). Let ; be the set of all mesh vertices belonging to the interface
of ;thatis mesh vertices lying on @ in@ . Similarly, let 1; be the set of all remaining mesh
vertices within the subdomain ; (i.e. interior vertices). Considering only the discrete matrix

contributions arising from nite elements in  ; gives rise to the following local discretization
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matrix :
Ay, Ay
AL AL ’

A = (2.1)
where interior vertices have been ordered rst. The matrix A; corresponds to the discretization
of the PDE on ; with Neumann boundary condition on ; and the one-one blockA,,;, cor-
responds to the discretization with homogeneous Dirichletconditions on ;. The completely
assembled discretization matrix is obtained by summing thecontributions over the substruc-
tures/subdomains :
X
A= R[AR;: (2.2)
i=1
In a parallel distributed environment each subdomain is asgned to one processor and typically
processori stores A; . A matrix-vector product is performed in two steps. First a | ocal matrix-
vector product involving A; is performed followed by a communication step to assemble #results
along the interface ;.
For the -overlap partition we can de ne a corresponding restriction operator R; which maps
mesh vertices in  to the subset of mesh vertices associated with nite elemerg contained in
i . Corresponding de nitions of ; and I, follow naturally as the boundary and interior mesh
vertices associated with nite elements in ; . The discretization matrix on ; has a similar
structure to the one given by (2.1) and is written as

_ A ol A O .
A = Al Al (2.3)
2.1.2 A brief overview on domain decomposition techniques w ith over-

lapping domains

The domain decomposition methods based on overlapping sulmthains are most often referred
to as Schwarz methods due to the pioneering work of Schwarz 6870 [90]. This work was not
intended as a numerical algorithm but was instead developedo show the existence of the ellip-
tic problem solution on a complex geometry formed by overlaping two simple geometries where
solutions are known. With the advent of parallel computing this basic technique, known as the
alternating Schwarz method, has motivated considerable reearch activity. In this section, we do
not intend to give an exhaustive presentation of all work dewted to Schwarz methods. Only
additive variants that are well-suited to straightforward parallel implementation are considered.
Within additive variants, computations on all subdomains are performed simultaneously while
multiplicative variants require some subdomain calculations to wait for results from other subdo-
mains. The multiplicative versions often have connectionsto block Gauss-Seidel methods while
the additive variants correspond more closely to block Jacbi methods. We do not further pursue
this description but refer the interested reader to [94].

2.1.2.1 Additive Schwarz preconditioners

With these notations the additive Schwarz preconditioner is given by

M _* R 1T A 'R L 2.4
AS — i lili i . ()
i=1

Here the -overlap is de ned in terms of nite element decompositions The preconditioner and
the R, 1 operators, however, act on mesh vertices corresponding tche sub-meshes associated
with the nite element decomposition. The preconditioner is symmetric (or symmetric positive
de nite) if the original system, A, is symmetric (or symmetric positive de nite).
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Parallel implementation of this preconditioner requires afactorization of a Dirichlet problem on
each processor in the setup phase. Each invocation of the prenditioner requires two neighbour to
neighbour communications. The rst corresponds to obtaining values within overlapping regions
associated with the restriction operator. The second corrsponds to summing the results of the
backward/forward substitution via the extension operator.

In general, larger overlap usually leads to faster convergee up to a certain point where in-
creasing the overlap does not further improve the convergese rate. Unfortunately, larger overlap
implies greater communication and computation requiremets.

2.1.2.2 Restricted additive Schwarz preconditioner

A variant of the classical additive Schwarz method is introduced in [23] which avoids one commu-
nication step when applying the preconditioner. This variant is referred to as Restricted Additive
Schwarz (RAS). This variant does not have a natural countergrt in a mesh partitioning framework
that by construction has overlapping sets of vertices. Consquently, the closest mesh partitioning
counterpart solves a Dirichlet problem on a large subdomairbut considers the solution only within
the substructure. That is,

X\I 1

Mms = RI A, R . (2.5)
i=1

Surprisingly, M .5 oOften converges faster thanM ,5 and only requires half the communication
making it frequently superior on parallel distributed computers. Of course it might not be suitable
for symmetric positive de nite problems as it requires a nonsymmetric Krylov solver.

All of the above techniques make use of a matrix inverse (i.ea direct solver or an exact factor-
ization) of a local Dirichlet matrix. In practice, it is comm on to replace this with an incomplete
factorization [86, [85] or an approximate inverse[[1B8, 14, 287,[63]. This is particularly important
for three-dimensional problems where exact factorizatios are often expensive in terms of both
memory and oating-point operations. While this usually slightly deteriorates the convergence
rate, it can lead to a faster method due to the fact that each iteration is less expensive. Finally,
we mention that these techniques based on Schwarz variantsra available in several large parallel
software libraries see for instance {10, 58, 59, 68,199].

2.1.3 A brief overview on domain decomposition techniques w ith non-
overlapping domains

In this section, methods based on non-overlapping regionsra described. Such domain decompo-
sition algorithms are often referred to as sub-structuringschemes. This terminology comes from
the structural mechanics discipline where non-overlappig ideas were rst developed. In this early
work the primary focus was on direct solvers. Associating oe frontal matrix with each subdomain
allows for coarse grain multiple front direct solvers|[36].Motivated by parallel distributed comput-
ing and the potential for coarse grain parallelism, consideable research activity developed around
iterative domain decomposition schemes. A very large numbeof methods have been proposed and
we cannot cover all of them. Therefore, the main highlights @e surveyed.

The governing idea behind sub-structuring or Schur complerent methods is to split the un-
knowns in two subsets. This induces the following block reatered linear system :

Ay A X| :
A, A X B b ’ (26)

where x contains all unknowns associated with subdomain interface and x, contains the re-
maining unknowns associated with subdomain interiors. Thematrix A; is block diagonal where
each block corresponds to a subdomain interior. Eliminatig x, from the second block row of
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equation (2.8) leads to the reduced system
Sx =b A |A,'b; whereS=A A |A,'A (2.7)

and S is referred to as theSchur complement matrix This reformulation leads to a general strategy
for solving (Z8). Speci cally, an iterative method can be gplied to (Z7). Once x is determined,
X, can be computed with one additional solve on the subdomain iteriors. Further, when A is
symmetric positive de nite (SPD), the matrix S inherits this property and so a conjugate gradient
method can be employed.

Not surprisingly, the structural analysis nite element co mmunity has been heavily involved
with these techniques. Not only is their de nition fairly na tural in a nite element framework but
their implementation can preserve data structures and conepts already present in large engineering
software packages.

Let denote the entire interface dened by = [ ;| where | = @ n@ . As interior
unknowns are no longer considered, new restriction operats must be de ned as follows. Let
R, : ! ;| be the canonical point-wise restriction which maps full vetors de ned on into
vectors de ned on ;. Analogous to (Z2.2), the Schur complement matrix [ZT) can ke written as
the sum of elementary matrices

X
S= RTSR ; (2.8)
i=1
where
Si:Ai i A i|iA|il|iA|i i (2-9)

is a local Schur complement and is de ned in terms of sub-maices from the local Neumann matrix
Ai given by (Z1). Notice that this form of the Schur complement has only one layer of interface
unknowns between subdomains and allows for a straight-forard parallel implementation.

While the Schur complement system is signi cantly better conditioned than the original matrix
A, itis important to consider further preconditioning when e mploying a Krylov method. It is well-
known, for example, that (A) = O(h ?) when A corresponds to a standard discretization (e.g.
piecewise linear nite elements) of the Laplace operator ora mesh with spacing h between the
grid points. Using two non-overlapping subdomains e ectively reduces the condition number of the
Schur complement matrix to  (S) = O(h ). While improved, preconditioning can signi cantly
lower this condition number further.

2.1.3.1 The Neumann-Dirichlet preconditioner

When a symmetric constant coe cient problem is sub-divided into two non-overlapping domains
such that the subdomains are exact mirror images, it followsthat the Schur complement contri-
bution from both the left and right domains is identical. Thatis, S; = S, . Consequently, the
inverse of either S; or S, are ideal preconditioners as the preconditioned linear sysm is well-
conditioned, e.g. SS; * = 21 . A factorization can be applied to the local Neumann problem(@.1)
on 1 :
|d|1 0 A|1|1 0 |d|1 A|1|1A 111
A, LAY Id 0 S 0 Id |

1l

A]_:

to obtain
0

Id ,

In general, most problems will not have mirror image subdoméns and so S; 6 S,. However, if
the underlying system within the two subdomains is similar, the inverse of S; should make an
excellent preconditioner. The corresponding linear syste is

s;'= 0 1d, (Apn'

| +S,'S x ,=(S1) 'b,
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so that each Krylov iteration solves a Dirichlet problem on , (to apply S;) followed by a
Neumann problem on ; to invert S;. The Neumann-Dirichlet preconditioner was introduced
in [16].

Generalization of the Neumann-Dirichlet preconditioner to multiple domains can be done easily
when a red-black coloring of subdomains is possible such thaubdomains of the same color do not
share an interface. In this case, the preconditioner is justhe sum of the inverses corresponding to
the black subdomains: X
S= RT(S) 'R, (2.10)

i2B

where B corresponds to the set of all black subdomains.

2.1.3.2 The Neumann-Neumann preconditioner

Similar to the Neumann-Dirichlet method, the Neumann-Neumann preconditioner implicitly re-
lies on the similarity of the Schur complement contribution from di erent subdomains. In the
Neumann-Neumann approach the preconditioner is simply theweighted sum of the inverse of the
Si . In the two mirror image subdomains case,

1
S'=358'+8 1

This motivates using the following preconditioner with multiple subdomains :

X
My = RT DS 'DiR
i=1

(2.11)

where the D; are diagonal weighting matrices corresponding to a partiton of unity. That is,

RTDR =1Id:
i=1

The simplest choice for D; is the diagonal matrix with entries equal to the inverse of the number
of subdomains to which an unknown belongs. The Neumann-Neuann preconditioner was rst
discussed in[[18] and further studied in[[98] where di erentchoices for weight matrices are discussed.
It should be noted that the matrices S; can be singular for internal subdomains because they
correspond to pure Neumann problems. The Moore-Penrose pséo-inverse is often used for the
inverse local Schur complements in[{Z11) but other choiceare possible such as invertingA; + |
where is a small shift.

The Neumann-Neumann preconditioner is very attractive fran a a parallel implementation
point of view. In particular, all interface unknowns are treated similarly and no distinction is
required to di erentiate between unknowns on faces, edgesyr cross points as it might be the case
in other approaches.

2.2 Some background on Krylov subspace methods

2.2.1 Introduction

Among the possible iterative techniques for solving a linea system of equations the approaches
based on Krylov subspaces are very e cient and widely used. ket A be a square nonsingular
n n matrix, and b be a vector of length n, de ning the linear system

Ax = b (2.12)
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to be solved. Let xg 2 C" be an initial guess for this linear system andro = b Axg be its
corresponding residual.

The Krylov subspace linear solvers construct an approximaibn of the solution in the a ne
space Xo + K, , where Ky, is the Krylov space of dimensionm de ned by

The various Krylov solvers di er in the constraints or optim ality conditions associated with the
computed solution. In the sequel, we describe in some detaihe GMRES method [81] where the
solution selected in the Krylov space corresponds to the veor that minimizes the Euclidean norm
of the residual. This method is well-suited for unsymmetric problems. We also brie y present the
oldest Krylov techniques that is the Conjugate Gradient method, where the solution in the Krylov
space is chosen so that the associated residual is orthogdria the space.

Many other techniques exist that we will not describe in this section; we rather refer the reader
to the books [55,[86].

In many cases, such methods converge slowly, or even diverg&he convergence of iterative
methods may be improved by transforming the system[[Z.IR) ito another system which is easier
to solve. A preconditioner is a matrix that realizes such a tansformation. If M is a non-singular
matrix which approximates A !, then the transformed linear system:

MAX = Mb; (2.13)

might be solved faster. The system [[Z.1B) is preconditionedrom the left, but one can also pre-
condition from the right:

AMt = b: (2.14)

Once the solution t is obtained, the solution of the system [ZIP) is recoveredy x = Mt .

2.2.2 The unsymmetric problems

The Generalized Minimum RESidual (GMRES) method was propogd by Saad and Schultz in
1986 [87] for the solution of large non hermitian linear systms.

For the sake of generality, we describe this method for lineasystems whose entries are complex,
everything also extends to real arithmetic.

Let xo 2 C" be an initial guess for the linear system [ZIR) andro = b  Axo be its cor-
responding residual. At step k, the GMRES algorithm builds an approximation of the solution
of (Z.12) under the form

Xk = Xo + Vi Yk; (2.15)

where yx 2 C* and Vi =[vi; ;v] is an orthonormal basis for the Krylov space of dimension
k de ned by
K(A;ro; k) =span ro;Aro;:::AK Irg

The vector yi is determined so that the 2 norm of the residual ry = b Axy is minimized over
Xo + K(A;ro;K). The basis Vk for the Krylov subspace K(A;ro;k) is obtained via the well-
known Arnoldi process [7]. The orthogonal projection of A onto K(A;ro;k) results in an upper
Hessenberg matrix Hx = V\" AVi of order k. The Arnoldi process satis es the relationship

AVy = ViHy + hyeq Vi €5 ; (2.16)
where g is the k" canonical basis vector. Equation [Z.Ib) can be rewritten ina matrix form as

AV = Viig Hy;
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where
_ Hy
Hk - 0 0 hk+l Kk
isan (k+1) k matrix.
Let v; = ro= where = kroks. The residual ry associated with the approximate solution
Xk de ned by (EI5) satis es
r«k = b Axgk=Db A(X0+ kak)

= Tro AVkYk =Tro Vi+1 HikYk
= Vi1 WViksr Hek
= Vs (e1 Huy):

Because Vi+1 is a matrix with orthonormal columns, the residual norm kryk, = ke  Hyykke
is minimized when yy solves the linear least-squares problem

min ke Hgyks: (2.17)
y2Ck

We denote by yx the solution of (Z14). Therefore, xx = Xo + VkYk IS an approximate solution
of (Z12) for which the residual is minimized over xo + K(A;ro; k) . The GMRES method owes its
name to this minimization property that is its key feature as it ensures the decrease of the residual
norm associated with the sequence of iterates.

In exact arithmetic, GMRES converges in at most n steps. However, in practice,n can be
very large and the storage of the orthonormal basisVx may become prohibitive. On top of that,
the orthogonalization of vk with respect to the previous vectorsvy; vk 1 requires 4nk ops,
for large k, the computational cost of the orthogonalization scheme mg become very expensive.
The restarted GMRES method is designed to cope with these twalrawbacks. Given a xed m , the
restarted GMRES method computes a sequence of approximat®hitions x, until xy is acceptable
or k = m. If the solution was not found, then a new starting vector is ciosen on which GMRES is
applied again. Often, GMRES is restarted from the last compued approximation, i.e., Xo = Xm
to comply with the monotonicity property of the norm decrease even when restarting. The process
is iterated until a good enough approximation is found. We de&ote by GMRES( m ) the restarted
GMRES algorithm for a projection size of at most m. A detailed description of the restarted
GMRES with right preconditioner and modi ed Gram-Schmidt a Igorithm as orthogonalization
scheme is given in Algorithm[1.

We now brie y describe GMRES with right preconditioner and i ts exible variant that should be
preferred when the preconditioner varies from on step to thenext. Let M be a square nonsingular
n n complex matrix, we de ne the right preconditioned linear system

AMt = b; (2.18)

where x = Mt is the solution of the unpreconditioned linear system. Letty, 2 C" be an initial
guess for this linear system andro = b AMt  be its corresponding residual.
The GMRES algorithm builds an approximation of the solution of (ZI8) of the form

tk = to+ Vkyk (2.19)
where the columns ofV form an orthonormal basis for the Krylov space of dimensionm de ned

by

and where y, belongs to CX. The vector yx is determined so that the 2-norm of the residual
r« = b AMty is minimal over Ky .
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The basis V for the Krylov subspace K is obtained via the well-known Arnoldi process. The
orthogonal projection of A onto Ky results in an upper Hessenberg matrixHy = VAV of
order k. The Arnoldi process satis es the relationship

AMvV;  SMvi]= AMVy = ViHy + hger cVier € ; (2.20)
where g is the k" canonical basis vector. Equation [Z.2D) can be rewritten as
AMV = Vi1 Hy

where
Hy

H, =
k 0 0 hk+l k
isan (k+1) k matrix.

Let vi = ro= where = krgk,. The residual ry associated with the approximate solution

de ned by Equation (2.19) veri es

r« = b AMty=b AM (to+ VkYk)
= Tro AMViyk=ro Vi1 HiYk
= Vi1 Vi Hiyk
= VW (e1 Hgw): (2.212)
Since Vk+1 is a matrix with orthonormal columns, the residual norm krigk, = e1  Hiyk ) is

minimal when yi solves the linear least-squares probleni{Z17). We will deste by yi the solution
of @I14). Therefore, tx = to + VkYyk is an approximate solution of (ZI8) for which the residual
is minimal over Ky . We depict in Algorithm LJthe sketch of the Modi ed Gram-Schmidt (MGS)

variant of the GMRES method with right preconditioner.

Algorithm 1 Right preconditioned GMRES
1: Choose a convergence threshold
2: Choose an initial guesstg
33 ro=b AMtg= b; = krok
vy = ro=krok;
:for k=1;2;::: do
w= AMvy ;
for i=1 to k do
hi;k = ViH w
WwW=Ww hi;k Vi
10. end for
11 hg+1 k = kwk
12: Vik+1 = W:hk+l K
13:  Solve the least-squares problemmink ey  Hyyk for y
14:  Exit if convergence is detected
15: end for
16: Set Xym = M (to + V)

© ® N g R

If the preconditioner involved at step 6 in Algorithm [Jvaries at each step, we can still write
an equality similar to (£220) as:

AMyvi; s Miw] Alzy; sz
= AZk
= ViHy + et Ve €7

= WHy;
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which enables us to get a relation similar to [Z21). Usingxx = Xo + Zxyk we have
b Axx=b A(Xo+ Zkyk)

ro AZkYk = ro  Vi+1 HiYk

Vi1 Vi1 Hiyk

= Vkaa(e1 Hgw);

where yy is the solution of a least-squares problem similar to[(Z117) Because this GMRES variant
allows for exible preconditioners it is referred to as Flexible GMRES. From an implementation

point of view the main dierence between right preconditioned GMRES and FGMRES is the
memory requirement. In that latter algorithm, both V,x and Zy need to be stored. We remind
that only happy breakdowns might occur in GMRES (i.e., at step 11 of Algorithm @Iif hy+1 « IS

zero, the algorithm would breakdown but it does not care becase it also means that it has found
the solution [87]). This is no longer true for FGMRES that can break at step 12 before it has
computed the solution. We describe the MGS variant of this mehod in Algorithm Zland refer

to [84] for a complete description of the convergence theory

Mk

Algorithm 2 Flexible GMRES
1: Choose a convergence threshold
2: Choose an initial guessxg
3 rg=b Axp=b; =krgk
4: vq = ro=krok;
5. for k=1;2;::: do

6: Zx = MgV ; % My is the preconditioner used at step k
7: w= Az ;

8 for i=1 to k do

9: hi;k = ViHW

10: W= Ww hi;k Vi

11:  end for

12: hk+1k = kwk

13 Vk+1 = W=hien ik

14:  Solve the least-squares problemmink ey  Hgyk for y
15:  Exit if convergence is detected

16: end for

17: Set Xm = Xo+ Zny

There are numerical situations where the preconditioner vaies from one step to the next of
the construction of the space. In that framework, the FGMRES (Flexible Generalized Minimum
Residual) method [84] is among the most widely used Krylov sleers for the iterative solution of
general large linear systems when variable preconditionip is considered.

Implementations of the GMRES and FGMRES algorithms for real and complex, single and
double precision arithmetics suitable for serial, shared rmmory and distributed memory computers
is available from the Web at the following URL:

http://www.cerfacs.fr/algor/Softs/

The implementation is based on the reverse communication nehanism for the matrix-vector
product, the preconditioning and the dot product computati ons. We used these packages in our
experiments.

2.2.3 The symmetric positive de nite problems

The Conjugate Gradient method was proposed in di erent versons in the early 50s in separate
contributions by Lanczos [65] and Hestenes and Stiefel [60]t becomes the method of choice for
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the solution of large sparse hermitian positive de nite linear system and is the starting point of
the extensive work on the Krylov methods [88].

Let A= A" (where A" denotes the conjugate transpose oA ) be a square nonsingularn n
complex hermitian positive de nite matrix, and b be a complex vector of lengthn, de ning the
linear system

Ax =D (2.22)

to be solved.

Let xo 2 C" be an initial guess for this linear system,ro = b Axo be its corresponding
residual and M ! be the preconditioner. The preconditioned conjugate gradent algorithm is
classically described as depicted in AlgorithniB

Algorithm 3 Preconditioned Conjugate Gradient

1. k=0

2. ro=b AXp

3. for k=0;1;2;::: do

4:  Solve Mzy = rg

5. if k=1 then

6: P1= 2o

7. else

8: k 1= Z(ﬁ'( 1Tk 1=Z|t' ofk 2
9 P« = Zx 1+ k 1Pk 1
10: end if

11: ok = Apk

12: =z e 1= o

13: Xk = Xk 1t kP«

14: Kk =g 1 k Ok

15:  Exit if convergence is detected
16: end for

The conjugate gradient algorithm constructs the solution that makes its associated residual
orthogonal to the Krylov space. A consequence of this geomsat property is that it is also the
minimum error solution in A-norm over the Krylov space Ky = span ro;Arg;:::;AK rg . It
exists a rich literature dedicated to this method: for more details we, non-exhaustively, refer
to [9] 54,[72,[86] and the references therein.

We simply mention that the preconditioned conjugate gradient method can be written as de-
picted in Algorithm 8lthat enables us to still have short recurrence on the unpreconditioned solu-
tion.

2.2.4 Stopping criterion: a central component

The backward error analysis, introduced by Givens and Wilknson [101], is a powerful concept for
analyzing the quality of an approximate solution:

1. it is independent of the details of round-o propagation: the errors introduced during the
computation are interpreted in terms of perturbations of the initial data, and the computed
solution is considered as exact for the perturbed problem;

2. because round-o errors are seen as data perturbationshey can be compared with errors due
to numerical approximations (consistency of numerical scemes) or to physical measurements
(uncertainties on data coming from experiments for instane).

The backward error de ned by (2223) measures the distance b®veen the data of the initial problem
and those of a perturbed problem. Dealing with such a distane both requires to choose the data
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that are perturbed and a norm to quantify the perturbations. For the rst choice, the matrix and
the right-hand side of the linear systems are natural candi@tes. In the context of linear systems,
classical choices are the normwise and the componentwise mugrbations [27] 61]. These choices
lead to explicit formulas for the backward error (often a normalized residual) which is then easily
evaluated. For iterative methods, it is generally admitted that the normwise model of perturbation
is appropriate [11].

Let xx be an approximation to the solution x = A 'b. The quantity

A (Xk) min f > 0:k Ak KAk k bk kb

and (A+ A)xx=b+ Ibg
kAXk bk

KAKKx K + KDK’ (2.23)

is called the normwise backward errorassociated with xi . It measures the norm of the smallest
perturbations A on A and b on b suchthat xi isthe exact solution of (A+ A)xx = b+ b.
The best one can require from an algorithm is a backward erroof the order of the machine precision.
In practice, the approximation of the solution is acceptable when its backward error is lower than
the uncertainty of the data. Therefore, there is no gain in iterating after the backward error has
reached machine precision (or data accuracy).

In many situations it might be di cult to compute (even appro Xximatively) kAk. Consequently,
another backward error criterion can be considered that is snpler to evaluate and implement in
practice. It is de ned by

b(Xk) = mirgf > 0:k bk kbk and Axyx = b+ bg
kAXk U(_
TR (2.24)

This latter criterion measures the norm of the smallest perurbations b on b (assuming that
they are no perturbations on A ) such that xy is the exact solution of Axy = b+ b. Clearly we
have ap(Xk) < b(Xk). It has been shown[[34[77] that GMRES with robust orthogonaization
schemes is backward stable with respect to a backward errorimilar to (£23) with a di erent
choice for the norms.

We mention that ap and  are recommended in[[Il] when the concern related to the
stopping criterion is discussed; the stopping criteria of he Krylov solvers we used for our numerical
experiments are based on them.

For preconditioned GMRES, these criteria read di erently d epending on the location of the
preconditioners. In that context, using a preconditioner means running GMRES on the linear
systems:

1. MAx = Mb for left preconditioning,
2. AMy

b for right preconditioning,
3. M,AM 1y = M3b for split preconditioning.

Consequently, the backward stability property holds for those preconditioned systems where the
corresponding stopping criteria are depicted in Table[Z1L. In particular, it can be seen that for
all but the right preconditioning and  w., , the backward error depends on the preconditioner.
For right preconditioning, the backward error |, is the same for the preconditioned and unpre-
conditioned system becausekAMt bk = kAx bk. This is the main reason why for all our
numerical experiments with GMRES we selected right precondioning. A stopping criterion based
on |, enables a fair comparison among the tested approaches as tlterations are stopped once
the approximations have all the same quality with respect tothis backward error criterion.



2.2 Some background on Krylov subspace methods

27

Left precond.

Right precond.

Split precond.

KMAX _MDbK KAMT bk KM2AM 1T M 2bK
M;Ab KMA Kkxk+ KMbk KAM Kk xk+ Kbk KM 2AM 1 Kktk+ kM 2 bk

KMAX  Mbk KAMt bk kM2AM 1t M bk
M;b KMbk Kbk KM 2 bk

Table 2.1: Backward error associated with preconditionedihear system in GMRES.
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Chapter 3

An additive Schwarz preconditioner
for Schur complement

3.1 Introduction

The design of preconditioners is essential for the success$iuse of iterative methods. Consequently
research on preconditioners has moved to center stage in rect years. Preconditioning is a way
of transforming the original linear system into another one having the same solution but better
conditioning and thus easier to solve.

This chapter is mainly devoted to addressing the presentatin of the algebraic additive Schwarz
preconditioners studied in this thesis. In Section[3:2, we pesent the algebraic description of the
additive Schwarz preconditioner. The main lines of the Schu complement are presented, and the
main aspects of parallel preconditioning are introduced. V& propose and study di erent variants of
the preconditioner, based on either sparse techniques in 8gon 3.3, or mixed precision arithmetic in
Section[3:4. We consider in Sectioh 315, two-level precontitbner based on an algebraic construction
of a coarse space component. Finally, we describe in Sectifif a diagonal scaling technique that
is suitable for a parallel implementation.

3.2 Algebraic description

In this section we introduce the general form of the precondioner considered in this work. We
use the notation introduced in Section[Z.1. For the sake of snplicity, we describe the basis of our
local preconditioner in two dimensions as its generalizatin to three dimensions is straightforward.
In Figure B, we depict an internal subdomain ; with its edge interfaces En , Eg, Ex, and E:

Figure 3.1: An internal subdomain.
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thatdene = @in@ .Let R  : ! i be the canonical pointwise restriction that maps full
vectors dened on  into vectors de ned on ;, and let RTi ! be its transpose. For a
stiness matrix A arising from a nite element discretization, the Schur complement matrix (£.6)

can also be written

X
S= RTSR ;
i=1
where
Si:Ai i A i|iA|il|iA|i i (3-1)
is referred to as the local Schur complement associated witthe subdomain ;. The matrix S

involves submatrices from the local sti ness matrix A; , de ned by

= A il A P
Ai = AL A (3.2)
The matrix A; corresponds to the discretization of the PDE on the subdomai ; with

Neumann boundary conditionon ; and A,,;, corresponds to the discretization on the subdomain
i with homogeneous Dirichlet boundary conditions on ;. The local Schur complement matrix,
associated with the subdomain ; depicted in Figure[3, is dense and has the followingd 4

block structure: 0 . 1
r(T:r)n Smg Smk  Sm
S §  Se Sy
S=gom % o (3.3)

Sm S¢ Sk sY

where each block accounts for the interactions between theefjrees of freedom of the edges of the
interface @ ; .

The preconditioner presented below was originally proposgin [25] in two dimensions and suc-
cessfully applied to large two dimensional semiconductor evice modeling in [52]. To describe this
preconditioner we de ne the local assembled Schur complenm, S; = R iSRTi , that corresponds
to the restriction of the Schur complement to the interface ;. This local assembled preconditioner
can be built from the local Schur complementsS; by assembling their diagonal blocks thanks to
a few neighbour to neighbour communications. For instancethe diagonal blocks of the complete
matrix S associated with the edge interfaceEy , depicted in Figure[3.], is S = SIEL) + S,E{() . As-
sembling each diagonal block of the local Schur complement atrices, we obtain the local assembled
Schur complement, that is: 0 1

Smm Smg Smk  Sm

S = Sgm  Syg Sgk  Sg° § .
Sim Skg Sk Sk
Sm Sg Sk S

With these notations the preconditioner reads

X
My = RTS 'R
i=1

o (3.4

If we considered the unit square partitioned into horizonta strips (1D decomposition), the
resulting Schur complement matrix has a block tridiagonal dructure as depicted in (35). For
that particular structure of S the submatrices in boxes correspond to theS; . Such diagonal
blocks, that overlap, are similar to the classical block ovelap of the Schwarz method when writing
in a matrix form for 1D decomposition. Similar ideas have bea developed in a pure algebraic
context in earlier papers [22[81] for the solution of generasparse linear systems. Because of this
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link, the preconditioner de ned by (8.4) is referred to as algebraic additive Schwarz for the Schur
complement, 0 1

Sk Sick +1
S= Sk+1 k| Swei k1 | Sk+1 k2 : (3.5)
Skl k+2  Sk+2 k+2

One advantage of using the assembled local Schur complemesntnstead of the local Schur
complements (like in the Neumann-Neumann[[19,29] introdued in Section[Z1.3.P) is that in the
SPD case the assembled Schur complements cannot be singul@s S is not singular).

3.3 Sparse algebraic Additive Schwarz preconditioner

The construction of the proposed local preconditioners carbe computationally expensive because
the dense matricesS; should be factorized. We intend to reduce the storage and theomputational
cost to form and apply the preconditioner by using sparse appximation of the My obtained by
dropping the smallest entries. In three dimensional problens the size of the dense local Schur
matrices can be large. Consequently it is computationally gpensive to factorize and solve linear
systems with them. One possible alternative to get a cheapepreconditioner is to consider a sparse
approximation for S; in (B:4), which may result in a saving of memory to store the preconditioner
and saving of computation to factorize and apply it. This approximation & can be constructed
by dropping the elements of Sj;) that are smaller than a given threshold. More precisely, the
following symmetric dropping formula can be applied:

O, if jsyj (st i+syi);

& = .
) sy; otherwise,

(3.6)

where s denotes the entries ofS; .
The resulting preconditioner based on these sparse appraxiations reads

X
Msp= R'TS 'R
i=1

We notice that such a dropping strategy is suited for symmetic matrices. In particular it is
shown in [25] that the resulting preconditioner is SPD for sane classes of matrices. For unsymmetric
problems, unsymmetric dropping policies could be consided. Such a study is beyond the work
presented in this manuscript where only the symmetric droppng de ned by (B.6) is considered in
the numerical experiments.

To illustrate the time saving in the set-up of the preconditioner in its sparse version versus its
dense counterpart, we display in Figured.3.P the computing tme for various values of the dropping
threshold when the size of the local Schur is varied. For thidllustration we consider a SPD case,
where the Cholesky factorization is performed using thd_apack [4] kernel Dpotrf  for the dense
part and the sparse direct solverMumps [2,[3] for the sparse counterpart. We mention that similar
behaviour and time saving can be observed on unsymmetric mates.

3.4 Mixed precision Additive Schwarz preconditioner

Motivated by accuracy reasons, many large-scale scienti applications and industrial numerical
simulation codes are fully implemented in 64-bit oating-point arithmetic. On the other hand,
many recent processor architectures exhibit 32-bit compuational power that is signi cantly higher
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Figure 3.2: Performance comparison of dense v.s. sparse Qasky factorization.

than that for 64-bit. One recent and signi cant example is the IBM CELL multiprocessor that
is projected to have a peak performance near 256 GFlops in 33t and only 26 GFlops in 64-
bit computation. More extreme and common examples are the pocessors that possess a SSE
(streaming SIMD extension) execution unit can perform either two 64-bit instructions or four 32-
bit instructions in the same time. This class of chip includes for instance the IBM PowerPC G5,
the AMD Opteron and the Intel Pentium. For illustration purp ose, are displayed below the time
and the ratio of the time to perform a 32-bit operation over the time to perform the corresponding
64-bit one on some of the basic dense kernels involved in ourybrid solver implementation. In
Table 34 are displayed the performance oBlas-2 (_GEMV) and Blas-3 (_GEMM) routines
for various problems sizes. The comparison of the maihapack routines for the factorization and
solution of dense problems is reported in Tabl€-314 and TablB4.

It can be seen that 32-bit calculation generally outperforns 64-bit. For a more exhaustive set
of experiments on various computing platforms, we refer to[21, [50,[64,66]. The source of time
reduction is not only the processing units that perform moreoperations per clock-cycle, but also
a better usage of the complex memory hierarchy that providesultra-fast memory transactions
by reducing the stream of data block tra ¢ across the internal bus and bringing larger blocks
of computing data into the cache. This provides a speedup ofwo in 32-bit compared to 64-bit
computation for Blas-3 operations in mostLapack routines. It can be shown that this strategy
can be very e ective on various, but not all architectures. Bene ts are not observed on the Blue
Gene/L machine.

For the sake of readibility, the results reported in the tables are also plotted in graphs. In
Figure [33, the graphs show the performance in GFlops/s of thse various kernels. As mentioned
above, the gures show that 32-bit performs twice as fast as 8-bit.

We might legitimately ask whether all the calculation should be performed in 64-bit or if some
pieces could be carried out in 32-bit. This leads to the desig of mixed-precision algorithms.
Particular care is necessary when choosing the part to be coputed in 32-bit arithmetic so that
the introduced rounding error or the accumulation of these ounding errors does not produce a
meaningless solution.

For the solution of linear systems, mixed-precision algothms (single/double, double/quadruple)
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Figure 3.3: Performance comparison of variouslas -Lapack Kernels.



34 An additive Schwarz preconditioner for Schur complement

CRAY XD 1 AMD Opteron processor 2:4 GHz ACML

n DGEMM SGEMM Ratio DGEMV SGEMV Ratio
1000 0.49 0.25 1.95 0.003 0.001 2.27
2000 3.76 1.94 1.94 0.010 0.005 2.09
3000 12.55 6.42 1.96 0.023 0.010 2.21
4000 29.65 15.02 1.97 0.040 0.019 2.05
5000 57.99 29.47 1.97 0.064 0.030 2.09
6000 99.65 50.67 1.97 0.089 0.044 2.03
7000 157.55 79.72 1.98 0.118 0.056 2.11

IBM Power PC G 5 processor2:3 GHz V ecLib

n DGEMM SGEMM Ratio DGEMV SGEMV Ratio
1000 0.22 0.12 1.76 0.005 0.002 2.53
2000 1.53 0.81 1.88 0.018 0.007 2.80
3000 4.89 2.71 1.80 0.043 0.020 2.15
4000 11.20 5.86 1.91 0.117 0.029 4.00
5000 21.64 11.52 1.88 0.114 0.052 2.21
6000 36.53 19.50 1.87 0.162 0.068 2.39
7000 58.09 31.04 1.87 0.225 0.102 2.20

BlueGene=L P owerP C440 processor 700MHz ESSL

n DGEMM SGEMM Ratio DGEMV SGEMV Ratio
1000 0.87 0.78 1.11 0.005 0.003 1.71
2000 6.59 6.04 1.09 0.017 0.011 1.46
3000 21.85 20.05 1.09 0.036 0.025 1.43
4000 52.09 47.74 1.09 0.061 0.045 1.36
5000 100.59 92.91 1.08 0.099 0.069 1.43

Table 3.1: Elapsed time (sec) to performBlas-2 routines on various platforms when the sizen
of the matrices is varied.

have been studied in dense and sparse linear algebra mainly the framework of direct methods
(see [31/3D[ 64, 66]). For such approaches, the factorizati is performed in low precision, and,
for not too ill-conditioned matrices, a few steps of iterative re nement in high precision arith-

metic is enough to recover a solution to full 64-bit accuracy[30]. For nonlinear systems, though,
mixed-precision arithmetic is the essence of algorithms sth as inexact Newton.

For linear iterative methods, we might wonder if such mixedprecision algorithms can be de-
signed. We propose to take advantage of the 32-bit speed andemory bene t and build some part
of the code in 32-bit arithmetic. Our goal is to use costly 64bit arithmetic only where necessary
to preserve accuracy. A rst possible idea, in Krylov subspa&e methods, is to perform all the steps
except the preconditioning in 64-bit. Although this idea might appear natural at a rst glance, the
backward error stability result on GMRES [B4] [77] indicatesthat such a variant would not enable
achieve an accuracy below the 32-bit accuracy. For unsymmet problems, di erent alternative
can be considered. The rst one is to use GMRES preconditiong with a 32-bit preconditioner
to solve the residual equation within an iterative re nement scheme. This would correspond to
a variant of the GMRES( ) described in [47]. The resulting algorithm ressembles vgr much to
the classical right preconditioned GMRES, except that at restart the new residual is computed
using the current approximation of x and not from t = Mx as in the classical approach. Another
alternative, would be to follow ideas in [5,[6,[24] and to use &82-bit preconditioner for a FGMRES
runs in 64-bit arithmetic. The 32-bit calculation is viewed as a variable 64-bit preconditioner for
FGMRES.
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CRAY XD 1 AMD Opteron processor 2:4 GHz ACML

n DPOTRF SPOTRF Ratio DPOTRS SPOTRS Ratio
1000 0.10 0.07 1.39 0.003 0.001 2.36
2000 0.78 0.46 1.69 0.010 0.005 2.06
3000 2.59 1.43 1.80 0.021 0.010 2.07
4000 5.70 3.22 1.77 0.038 0.019 2.00
5000 10.95 6.10 1.79 0.060 0.029 2.07
6000 18.67 10.29 1.82 0.086 0.042 2.04
7000 29.44 16.07 1.83 0.116 0.057 2.04

IBM Power PC G 5 processor2:3 GHz V ecLib

n DPOTRF SPOTRF Ratio DPOTRS SPOTRS Ratio
1000 0.10 0.07 1.43 0.007 0.005 1.38
2000 0.46 0.27 1.69 0.025 0.018 1.33
3000 1.33 0.73 1.83 0.057 0.041 1.41
4000 2.56 1.47 1.74 0.095 0.083 1.15
5000 4.74 2.73 1.74 0.147 0.126 1.17
6000 7.75 4.62 1.68 0.223 0.190 1.17
7000 12.12 6.82 1.78 0.279 0.264 1.05

BlueGene=L P owerP C440 processor 700MHz ESSL

n DPOTRF SPOTRF Ratio DPOTRS SPOTRS Ratio
1000 0.24 0.21 1.17 0.006 0.003 1.87
2000 1.81 151 1.20 0.016 0.011 1.40
3000 5.88 4.94 1.19 0.034 0.024 1.42
4000 13.70 11.54 1.19 0.059 0.042 1.40
5000 26.43 22.31 1.18 0.092 0.064 1.42

Table 3.2: Elapsed time (sec) to performLapack routines for SPD matrices on various platforms
when the size n of the matrices is varied.

For symmetric positive de nite case, no backward stability result exists for the preconditioned
conjugate gradient method. In that context, and without the oretical explanation, we simply con-
sider 32-bit preconditioner in a PCG where all the other computations are performed in 64-bit
arithmetic.

In these variants, the Gaussian elimination [64/°66] (factoization) of the local assembled Schur
complement (used as preconditioner), and the forward and tke backward substitutions to compute
the preconditioned residual, are performed in 32-bit whilethe rest of the algorithm is implemented
in 64-bit.

Since the local assembled Schur complement is dense, cuttjrthe size of this matrix in half
has a considerable e ect in terms of memory space. Another beet is in the total amount of
communication that is required to assemble the preconditimer. As for the memory required to
store the preconditioner, the size of the exchanged messagés also half that for 64-bit. Conse-
quently, if the network latency is neglected, the overall time to build the preconditioner for the
32-bit implementation should be half that for the 64-bit imp lementation. These improvements are
illustrated by detailed numerical experiments with the mix ed-precision implementation reported
in Part II.

Finally, we mention that the ideas of sparsication and mixed precision arithmetic can be
combined; that is, dropping the smallest entries of 32-bit S; , to produce preconditioner cheap to
compute and to store. In Chapter[3, we report some experimerg combining the two strategies.
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CRAY XD 1 AMD Opteron processor 2:4 GHz ACML

n DGETRF SGETRF Ratio DGETRS SGETRS Ratio
1000 0.18 0.12 1.48 0.003 0.001 2.25
2000 1.36 0.81 1.68 0.010 0.004 2.24
3000 4.47 2.55 1.75 0.021 0.009 2.27
4000 10.47 5.83 1.80 0.039 0.017 2.30
5000 20.17 11.16 1.81 0.057 0.029 1.99
6000 34.88 19.02 1.83 0.080 0.042 1.91
7000 55.19 290.84 1.85 0.120 0.055 2.18

IBM Power PC G 5 processor2:3 GHz V ecLib

n DGETRF SGETRF Ratio DGETRS SGETRS Ratio
1000 0.13 0.07 1.85 0.007 0.005 1.29
2000 0.69 0.39 1.76 0.026 0.019 1.40
3000 2.00 1.17 1.72 0.067 0.045 1.47
4000 4.41 2.50 1.76 0.106 0.105 1.01
5000 8.33 4.75 1.75 0.179 0.167 1.07
6000 14.42 7.77 1.86 0.245 0.240 1.02
7000 21.35 12.16 1.76 0.355 0.352 1.01

BlueGene=L P owerP C440 processor 700MHz ESSL

n DGETRF SGETRF Ratio DGETRS SGETRS Ratio
1000 0.42 0.35 1.20 0.006 0.003 1.85
2000 3.18 2.57 1.24 0.017 0.012 1.43
3000 9.83 8.32 1.18 0.037 0.025 1.45
4000 24.04 19.74 1.22 0.061 0.045 1.37
5000 43.65 37.82 1.15 0.095 0.068 1.40

Table 3.3: Elapsed time (sec) to performLapack routines for general matrices on various platforms
when the sizen of the matrices is varied.

3.5 Two-level preconditioner with a coarse space correctio n

The solution of elliptic problems is challenging on parallé distributed memory computers as their
Green's functions are global. Consequently the solution atach point depends upon the data at all
other points. Therefore, for solving the systems arising fom the discretization of these equations,
we have to provide a mechanism that captures the global couhg behaviour.

Various domain decomposition techniques, from the eightie and nineties, have suggested dif-
ferent global coupling mechanisms, referred to as the coaesspace components, and various com-
binations between them and the local preconditioners. Thes can be based on geometric ideas
(e.g. linear interpolation), nite element ideas (e.g. ni te element basis functions corresponding
to a coarse mesh), or algebraic ideas (e.g. using the matrixoe cients to de ne basis functions
with minimal A -norm in the SPD case). Again, there are trade-o s in these dierent approaches.
Geometric schemes are somewhat complicated to implement dnare often tied to the resulting
application code. Applications with complex geometric feaures can be particularly challenging
to develop. Additionally, they may have robustness issuesdr problems with highly heteroge-
neous behaviour as the interpolation and restriction do notuse material, PDE, or discretization
properties. While nite element approaches are more closgl tied to the discrete system, they
require a more explicit notion of a coarse mesh which makes 8se in a nite element context
(e.g. all coarse elements are convex). This can be particully dicult when irregular bound-
aries are present. Algebraic methods have an advantage in #t they do not require an explicit



3.5 Two-level preconditioner with a coarse space correctio n 37

mesh and by using a matrix they haveindirect access to material, PDE, and discretization proper-
ties. Unfortunately, it is not always computationally easy to deduce basic properties of an operator
based only on matrix coe cients. In the framework of non-overlapping domain decomposition tech-

niques, we refer for instance to algebraic two-level precdtitioner for the Schur complement [25]26],

BPS (Bramble, Pasciak and Schatz)[[2D], Vertex Space [3%, §3and to some extended Balancing
Neumann-Neumann [67]6B[70], as well as FET[[41,71], for & presentation of major two-level

preconditioners.

Although the local preconditioner proposed in Sectio 3.2 mtroduces some exchanges of infor-
mation, these exchanges remain local to neighbouring subaaains and introduce no global coupling
mechanism. This mechanism is necessary for elliptic probies to prevent an increase in the num-
ber of iterations when the number of subdomains is increasedThe literature on generating coarse
spaces is quite extensive. Here, we simply mention one pobk algebraic technique that has been
applied successfully on several problems and that is relately straight-forward to implement in
parallel [26]. It also has an advantage in that it does not regiire any geometric information.

The preconditioners presented now are closely related to # BPS preconditioner, although
we consider di erent coarse spaces to construct their coaescomponents. The class of two-level
preconditioner that we de ne now can be described in a geneci way as the sum of a local and
global component:

M = Maas + Mo;
where :

Maas is one of the variants of the additive Schwarz preconditione described in the previous
section,

My is a low rank correction computed by solving a coarse system.

For practical implementation purposes within a general pupose computer code, we do not want
to refer explicitly to an underlying coarse grid, or to underlying basis functions, since these notions
are always hard to identify in practice when using general gids, nite elements or mixed nite
elements.

The coarse component can be described as follows. Ldl be the algebraic space of nodal
vectors where the Schur complement matrix is de ned and Uy be a g-dimensional subspace of
U. Elements of Uy are characterized by the set of nodal values that they can adbve. This
subspace will be called coarse space.

Let Rg:U! Uy be a restriction operator which maps full vectors of U into vectors in Up,
andlet Rf :Ug! U be the transpose ofRg, an extension operator which extends vectors from
the coarse spacelp to full vectors in the ne space U .

The Galerkin coarse space operator

So = RoSR{; (3.7)

in some way, represents the Schur complement on the coarseage Up .

The global coupling mechanism is introduced by the coarse eoponent of the preconditioner
which can thus be de ned as Mg = RES0 Ry:

Based on this algebraic construction various coarse-spagareconditioners can be considered
that only dier in the choice of the coarse space Uy and the interpolation operator Rl . For
convergence reasons, and similarly to the Neumann-Neumanand Balancing Neumann-Neumann
preconditioner [67,[69], R must be a partition of the unity in U in the sense that

Ri1=1; (3.8)

where the symboll denotes the vectors of all 1's that have di erent size in the light and left-hand

side of (3.8).
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In this work we consider a coarse space where we associate arwarse point with each subdo-
main. Let B be the set of unknowns belonging to the interface between subdomains. Let g
be a subdomain and @  its boundary. Then

lyk=@«\ B

is the set of indices we associate with the domain i . Figure 34 shows the elements of a certain
set 1.

Let Zx be a vector dened on and Zg(i) its i-th component. The support of the basis
vectors Zy has inspired the name of the coarse spaces. Then, the subdom#ased coarse space
Uy can be de ned as

«
Up =span[Zx : k=1;:::;N]; where Z(i)= é Icf)t;\:rvlviksznd

Figure 3.4: Support of one basis vector of the subdomain coarse space.

I\g)tlce that for the example depicted in Figure[3:2, [Z«] is rank de cient. Indeed, if we consider
v= ., iZi wherethe ; are,in a checker-board pattern, equalto 1 and +1 , it is easy to
see that =0 .

Nevertheless, this rank de ciency can be easily removed byidcarding one of the vectors of{Z] .

this particular situation, the set of vectors B = fZ 1;Z,;:::;Zn 10 forms a basis for the subspace
Uo.

The considered restriction operator Ry returns for each subdomain( i)i=1.n 1 the weighted sum

of the values at all the nodes on the boundary of that subdomai. The weights are determined by

the inverse of the number of subdomains in( i)iz1.n 1 each node belongs to. For all the nodes
but the ones on @ N (in our particular example) this weight is: 1=2 for the points on an edge

and 1=4 for the cross points. These weights can be replaced as ih |66} operator dependent

weights Ro(i; k) = a=(a; + &) on the edge separating ; from ; , but this choice has not been

tested numerically in the present work.

Remark 3.5.1 Although used in a completely di erent context, this coarse pace is similar to

the one used in the Balancing Neumann-Neumann preconditicer for Poisson-type problems[[68].
We use one basis vector for each subdomain, whereas in Balang Neumann-Neumann the basis
vectors are only de ned for interior subdomains for solving tke Dirichlet problem, that are the

subdomains where the local Neumann problems are singular.

To conclude, although we have also consider the solution ofnsymmetric problem in this work,
we have not investigated coarse space correction based on tRe/-Galerkin approaches that are
sometimes used in multigird.
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3.6 Scaling the Schur complement

In some simulations the dynamic of the computed quantities $ high and leads to variations in the
coe cients of the linear systems. Consequently these varitions also appear in the associated Schur
complement systems. Therefore, we investigate a scalingtanique that has been implemented and
evaluated. For most of the linear systems the largest entrie are located on the diagonal. In that
context, a diagonal scaling was the best trade-o between tle numerical e ciency and the parallel
implementation e ciency. This technique is relatively easy to implement for scaling the Schur
complement system when the local Schur complement are builexplicitly.
We consider the solution of
Su=f; (3.9

and denote by (sj ) the entries of S. The diagonal scaling of [39) consists in solving
DSDv = Df; u = Df; (3.10)
where D = diag((p jsii) b).

Remark 3.6.1 When the original matrix S is symmetric, by construction, the diagonal scaling
preserves this property as well as the positive de nitenessf iS is.

Let S denote the Schur complement matrix associated with the orignal matrix A . Instead
of scaling the Schur complement system, it is also possibleotscale the original matrix A before
computing the local Schur complement matrices. We considethe diagonal scaling for A meaning
that the system Ax = b, is replaced by the by DADy =,Db; x = Dy where D is the scaling
matrix computed from the diagonal entries of A by d;i = ( ja;ij) *. If we order rst the internal
unknowns and then the ones on the interface we obtain

A A
A, A (3.11)
Reordering in a consistent manner the diagonal scaling maik leads to
D, O Ay A D, O _ DiAyDr D/A D (3.12)
0 D A A 0 D DA /D DA D ’

Eliminating the internal scaled equations we obtain
Sscaed = D A D DA D (DA;D) DA D =D SD

where S is the Schur system associated with the unscaled matrixA . This observation is also true
for the row, the column scalings that are not considered in oustudy. This indicates that scaling
the original matrix leads to scale the Schur complementS using entries of A .
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Chapter 4

Design of parallel distributed
Implementation

4.1 Introduction

Massively parallel computers promise unique power for larg engineering and scienti ¢ simulations.
The development of e cient parallel algorithms and methods that fully exploit this power is a
grand challenge for computational researchers. Large patiel machines are likely to be the most
widely used machines in the future, involving an important consideration in parallel methods and
algorithm designs.

Domain decomposition is a natural approach to split the prodem into subproblems that are
allocated to the di erent processors in a parallel algorithm. This approach is referred to as the
classical parallel domain decomposition method. A2-level parallel algorithm [A9] will attempt
to express parallelism between the subproblems but also inhie treatment of each subproblem.
Since each subdomain will be handled by more than one process communication strategies,
data structures and algorithms need to be rewritten to re ect the distribution of the work across
multiple processors.

In this chapter, the classical parallel domain decompositbn implementation (refer to as 1-level
parallel ) is described. It is followed by a discussion of the-level parallelmethod, program design
and performance considerations. We describe the implemeation of the 2-level parallel method,
that allows us to provide an e cient, parallel algorithm for scienti ¢ applications possessing multi-
level of tasks and data parallelism. Achieving high perfornance is at the top level on our list of
priority. In this context, we strive to center the 2-level parallelimplementation around an e cient
use of the available parallel numerical linear algebra kerals such as Sdaapack , Pblas , Blas [18]
and Mumps [2, [3] on top of MPI [56]. For the Krylov subspace solvers, we a@nsider the packages
suited for parallel distributed computing [42] 43, [44].

4.2 Classical parallel implementations of domain decompos  i-
tion method

4.2.1 Introduction

In the Schur substructuring method, the underlying mesh is sibdivided into blocks (submeshes).
The idea is to map the blocks to processors. Then, for each b, the internal degree of freedoms
are eliminated, using a direct method, leading to a reducedystem of equations that involve only
the interface degrees of freedoms. The internal eliminatio is carried out independently on each
processor and requires no communication. The remaining patlel problem, the reduced system,
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is then solved using an appropriate preconditioned Krylov sibspace solver such as CG, GMRES,
MINRES, BiCGSTAB, etc... [86]. Iterative solver is used beause it exhibits better performance

and it is easier to implement on large parallel machines tharthe sparse direct solvers. Once the
iterative process has converged to the desired accuracy, ¢hsolution of the reduced system is used
simultaneously by the direct solver to perform the solution for the interior degree of freedoms.

Thus the hybrid approach can be decomposed into three main plises:

the rst phase phaselconsists into the local factorization and the computation d the local
Schur complements,

the setup of the preconditioners phase3,
the iterative phase (phase3.

We describe below the main algorithmic and software tools wéhave used for our parallel imple-
mentation. In Section [£2.2, we present brie y the multifrontal method and the direct software
Mumps which is a parallel package for distributed platforms. In Sestion B.2.3, we discuss the
e cient implementation of both local ( Mg 64, Mg mix and Mgy e4) and global components of
the preconditioner. Finally in Section [£Z.4, we describe the parallel implementation of the main
kernels of the iterative solvers.

4.2.2 Local solvers

Many parallel sparse direct algorithms have been developesluch as multifrontal approachesl([37],-38],
supernodal approaches[32] and Fan-both algorithm<[8]. Quwork is based on the multifrontal
approach. This method is used to compute theLU or LDL T factorizations of general sparse
matrix. Among the few available parallel distributed direct solvers, Mumps o ers a unique feature,
which is the possibility to compute the Schur complements dened in Equation (4£1) using e cient
sparse calculation techniques,

S=A A LATAL (4.1)

This calculation is performed very e ciently as Mumps implements a multifrontal approach [37]
where local Schur complements are computed at each step oféhelimination tree process (during
the factorization of each frontal matrix) and is based on le\el 3Blas routines. Basically, the Schur
complement feature ofMumps can be viewed as an partial factorization, where the factoization of
the root, associated with the indices of A | | , is disabled. Consequently this feature fully bene ts
from the general overall e ciency of the multifrontal appro ach implemented by Mumps. From a
software point of view, the user must specify the list of indces associated withA , . . The code
then provides a factorization of the A, matrix and the explicit Schur complement matrix S; .
The Schur complement matrix is returned as a dense matrix. Tk partial factorization that builds
the Schur complement matrix can also be used to solve linearystems associated with the matrix
A| i | it

The MUMPS software

The software Mumps (MUItifrontal Massively Parallel Solver) is an implementation of the
multifrontal techniques for parallel platforms. Itis writ ten in Fortran 90 and use new functionalities
of this language (modularity, dynamic memory allocation). We present here the main features of
this package.

Factorization:  of sparse symmetric positive de nite matrices (LDL T factorization), gen-
eral symmetric matrices and general unsymmetric matrices LU factorization).

Entry format for the matrices: The matrix can be given in di erent formats. The three
formats that can be used are:
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the centralized format where the matrix is stored in coordimte format on the root
processor,

the distributed format where each processor own a subset ofe matrix described in a
coordinate format, de ned in global ordering,

the elemental format where the matrix is described as a sum oflense elementary ma-
trices.

Ordering and scaling:  the code implements di erent orderings such as AMD [1], QAMD,
PORD [89], METIS [62] nested dissection, AMF, and user de nal orderings.

Distributed or centralized Schur complement: the software enables us to compute the
Schur complement in a explicit way. The Schur complement matix is returned as a dense
matrix. It can be returned as a centralized matrix on the root processor or as a distributed
2D block-cyclic matrix.

4.2.3 Local preconditioner and coarse grid implementation S

In this subsection we discuss both the local and the global (@arse grid correction) component of
the preconditioner considered in our work.

Local preconditioner:
This phase depends on the variant of the preconditioner usedFor dense preconditioner it consists
in assembling the local Schur complement computed by the dect solver, and then to factorize them
concurrently using Lapack kernels. For mixed arithmetic preconditioner, it consistsin assembling
the local Schur complement in 32-bit arithmetic, and then to factorize them concurrently using
Lapack kernels. For the sparse preconditioner, it consists in assebling the local Schur comple-
ment, to sparsify them concurrently, then to factorize them using the sparse direct solveMumps.
The assembly phase consists in exchanging part of the localcBur data between neighbouring
subdomains. This step can be brie y described by Algorithm[4

Algorithm 4  Assembling the local Schur complement
1. § =S5 or S =sngl(S) for Mg mix
: for k =1;nbneighbour do
Bu erize SEND part of S; to neighbour k;
end for
: for k =1;nbneighbour do
Receive RECV part of §; from neighbour k: buffer temp RECV()
Update S; S + buffer imp .
end for

© NGO R WD

Construction of the coarse part:
The coarse matrix is computed once as described in Algorithn®. Because the matrix associated
with the coarse space is small, we decide to redundantly budl and store this matrix on all the
processors. By this way we expect that applying the coarse ceection at each step of the iterative
process only implies one global communication for the righthand side construction [26]. The coarse
solution is then performed simultaneously by all process@. So at the slight cost of storing the
coarse matrix, we can cheaply apply this component of the preonditioner.

4.2.4 Parallelizing iterative solvers

The e cient implementation of a Krylov method strongly depe nds on the implementation of three
computational kernels, that is the matrix-vector product, applying the preconditioner to a vector,
and the dot product calculation.
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Algorithm 5 Construction of the coarse component
1: Each processor calls GEMM to computetempS S R]

2: Each processor calls GEMM to computeSploc  RptempS

3: Each processor reordersS,  Sploc in subdomains order

4: Assemble Sy in all processors

5. Factorize Sp simultaneously in all processors
matrix-vector product: Vi = SiXj

It can be performed in two ways, explicitly using BLAS-2 routine or implicitly using sparse matrix-
vector calculations. The explicit computation is described by Algorithm €] whereas the implicit
one is given by Algorithm [7.

Algorithm 6  Explicit matrix-vector product
1: Completely parallel and does not need any communication b&teen processors.
Each processor call to DGEMV computey; S iX;

2: Update data: it needs some exchange of informations betweemeighbouring subdomains.
nbne'ﬂhbour

Each processor assembleg R i

: for k =1;nbneighbour do
Bu erize SEND part of y; to neighbour k;

end for

for k =1;nbneighbour do
Receive RECV part of y; from neighbour ki yiemp ~ RECV()
Update Yi Yi + Yiemp -

. end for

© ® N R W

Algorithm 7 Implicit matrix-vector product
1: Each processor compute a sparse matrix vector product; A |,  X;
We use a special subroutine for sparse matrix vector product
2: Concurrently, each processor calMumps to perform a forward/backward substitution y;
A, il| i using the computed factors of A; |,
3: Then also in parallel, each processor computes the sparse tnia-vector product

Yio A X ALY
4. Last step (update data): it needs some exchange of informatins between neighbouring sub-
domains.
nbne'ﬂhbour
Each processor assembleg R i
i=1
Applying the preconditioner: yi = M, Ixi

This step described in Algorithm [§ can be performed using eher Lapack kernels for the dense
preconditioner or a forward/backward substitution using t he sparse solveMumps for the sparse
preconditioner.

The dot product: vy = yx;
The dot product calculation is simply a local dot-product computed by each processor followed by
a global reduction to assemble the complete result as destd in Algorithm £]
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Algorithm 8  Applying the preconditioner

1: In parallel each processor performs the triangular solvey; M; Ixi

2: Update data: exchange of informations between the neighbaing subdomains.
nbne'y(hbour

Each processor assemble R v,
i=1

Algorithm 9  Parallel dot product

1: In parallel each processor performs the local dot producty; v x;
2: Global reduction across all the processors: MPI_ALLREDUCE(y; )

4.3 Two-level parallelization strategy

4.3.1 Motivations for multi-level parallelism

Initially this work was motivated by the fact that, many chal lenge real simulations scale well in
parallel, but execute at an unsatisfying percentage of the pak performance. The main goal of the
development of the 2-levelsof parallelism approach is the investigation of numerical nethods for
the e cient use of parallel modern machines. Classical par#iel implementations (1-level parallel)

of domain decomposition techniques assign one subdomainipgrocessor. We believe that applying
only this paradigm to very large applications has some drawhcks and limitations:

For many applications, increasing the number of subdomainsften leads to increasing the
number of iterations to converge. If no e cient numerical mechanism, such as coarse space
correction for elliptic problems [17,[94], is available thesolution of very large problems might
become ine ective. To avoid this, one can instead of increasg the number of subdomains,
keep it small while handling each subdomain by more than one pcessor introducing2-levels
of parallelism. This latter benet is what we called the numerical improvement' of the
2-level parallel method. The description of this idea is illustrated in Figure[4.1.

Large 3D systems often require a huge amount of data storage so that #¢nmemory required

to handle each subdomain is not available for each individubeprocessor. On SMP (Symmetric
Multi-Processors) node this constraint can be relaxed as wenight only use a subset of the
available processors to allow the exploited processors tocaess more memory. Although such
a solution enables simulations to be performed, some procesrs are wasted"”, as they are
idle" during the computation. In that context, the simulat ion executes at an unsatisfying
percentage of per-node peak oating-point operation rates The idle" processors might

contribute to the treatment of the data stored into the memory of the node. This takes

advantage of the idle" processors and runs closer to the péaof per-node performance as
described in Figure[£2. We call this the parallel performance improvemenit of the 2-level

parallel method.

Very large simulations might require substantially larger computational resources than avail-
able on a node of the target machine. The memory required by ez subdomain computation
is larger than the memory available on each node, thus the sation of the sparse linear sys-
tem cannot be performed usingl-level of parallelism. Such a situation can also be addressed
using our 2-level parallelimplementation as described in Figurel4.B for the case of a abter
of SMP target computer. This idea is also called the parallel performance improvement of
the 2-level parallel method.
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Figure 4.1: Comparison betweenl-level parallel and 2-level parallel method on 1000 processors,
when instead of having 1000 subdomains, we decrease the nuetbof subdomains to 125 while
running each one onto 4 processors.
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Figure 4.2: Comparison betweerl-level paralleland 2-level parallelmethod on 4 SMP-node quadri-
processors, when each subdomain require the overall memoof a node.
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2-level

3
ubdomai % \Idle\ “

Figure 4.3: 2-level parallelmethod, when each subdomain require more than the memory avable
on an SMP-node.

4.3.2 Parallel Blacs environments

We describe in this section, the basics of th@lacs environment used as a communication layer for
both Pblas and Scd.apack libraries. Before calling the parallel linear algebra rouines for each
subdomain, we need to de ne a grid of processors on which thénlear algebra routines will operate
in parallel. A set of parallel processors (group/communic#or) with k processors is often thought of
as a one dimensional array of processes labeled 0,1,..k-lorfperformance reasons, it is sometimes
better to map this one dimensional array into a logical two-dmensional rectangular grid, which is
also referred to as process grid of processors. The proces¥dgcan have p processor rows andg
processor columns, wherep q= k. A processor can now be indexed by row and column. This
logical rectangular grid may not necessarily be re ected bythe underlying hardware. The user
must de ne the number of processors row and processors columof a grid, which is nothing else
than the number of processors of the group/communicator. Inour 2-level parallelimplementation
the code initializes several grid of processors, as many akdé number of subdomains.

4.3.3 Multi-level of task and data parallelism

In this subsection, we present the basic concepts of data disbution over the processor grid. When
each subdomain is handled by a group of processors (grid), lathe linear algebra objects (vector
and matrices) should be distributed across the processord the grid. So, each subdomain data are
mapped to the memory of the grid processors assuming specidata distributions. The local data
on each processor of the grid is referred to as the local arrayParallel linear algebra routines assume
that data has been distributed to the processors with one-dinensional or two-dimensional block-
cyclic data scheme. This distribution is a natural expresson of the block partitioning algorithms
available in Scd.apack . On the left-hand side of Figure[£.4 we depict the one-dimerisnal block-
cyclic data distribution over a grid of 1 4 =4 processors. On the right-hand side of Figuré€4l4
we display the two-dimensional block-cyclic data distribution over a grid of 2 2 =4 processors.
We refer the reader to the Scaapack user guide [18] for more details.

As consequence, in the context of our hybrid domain decompdtton method, the rst distri-
bution of data is performed naturally by the domain decompostion partitioning of the physical
problem into N subdomains. The second data distribution is done within eals subdomain on the
local associated grid of processors (group) and accordingtthe 2D block-cyclic distribution as
shown in Figure[45
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Figure 4.4: One dimensional (left) and two dimensional (right) block cyclic data distribution.
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Figure 4.5: Multi-level of data and task distribution.
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4.3.4 Mixing 2-levels of parallelism and domain decomposition tech-
niques

We focus here on the description of the2-level parallelmethod in the context of domain decompo-
sition algorithms. The 2-level parallelimplementation will be e ective for our hybrid solver if its
main three phases can be e ciently performed in parallel. L& us quickly recall the main numerical
kernels of our algorithm and for each of them describe the paallel strategy.

Initialization  phasel
The idea of the 2-level parallel method is to handle each subdomain using several processorso
allow multi-processing per subdomain, the algorithm shoudl control several groups of processors,
each of them working on di erent tasks associated with the stbbdomains. We de ne as many groups
as subdomains and associate one MPI-communicator with eachf them. As result, we perform
simultaneously each local factorization in parallel taking the advantage of the sparse direct solver
in a grid of processors (group). The computed Schur matrix isstored over the grid processors
according to the 2D block-cyclic data distribution.

Preconditioner setup  phase2
The local Schur complements are dense and distributed overe processor grid. This means that
each processor stores blocks of rows and columns of the Id¢&chur complement. Because proces-
sors must exchange data during the assembly step, the cost tiis latter must be considered. This
step does not depend on the number of processors and dependynn the number of neighbouring
subdomains. We notice that, for the large simulations, the bcal Schur matrices are large. For
the standard 1-level parallelalgorithm, only one processor has to communicate with its neghbour-
ing subdomain/processor in order to assemble the local Schumatrix. In a multi-level parallel
framework, we have to pay attention to perform this phase e ciently. For this purpose, each
processor that stores part of the local" Schur knows the idetity of the processors handling the
corresponding part of the neighbouring local" Schur compéments to have e cient point-to-point
communication. This enables parallel communication and asembling of the preconditioner.

Iterative loop phase3
This phase involves three numerical kernels that are: the maix-vector product, the preconditioner
application and nally the global reduction step. The local Schur matrices are distributed over the
local grid of processors so that bothPblas and Scdapack can be used easily.

For the matrix-vector product, the implementation is perfo rmed using the PBLAS routines to
multiply the dense distributed local Schur complement with also the distributed vector uk . The
resulting distributed vector is updated directly between neighbouring subdomains as each processor
associated with one subdomains knows its neighbours assatéd with neighbouring subdomains.

The preconditioner application relies either on Scéapack kernels for the denseMy ¢4 precon-
ditioner or Mumps for the sparse Msp 64 preconditioner. Similarly to the matrix-vector product,
the resulting distributed vector is updated.

For the dot product calculation, each processor owning the @tributed vectors performs its
local dot product then the results are summed using a simple Igbal reduction.

Because each step can be parallelized, the iterative loop kalation greatly bene ts from the
2-level parallelimplementation.

We summarize in Algorithm @0, the main algorithmic steps of ar 2-level parallel implementa-
tion. The complexity of the actual code is of course by no meas re ected by these few lines of
algorithmic description.
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Algorithm 10  2-level parallel method implementation

1: De ne a set of groups of processors.
: De ne communicators for groups, masters of groups.
. Initialize Blacs environments
- if (I am Master of group) then
Partition problem into N subdomains (or generateN subdomains)
end if
De ne new data-structure and new sub-indexing of variables
: Simultaneously initialize parallel instance (over the grid processors) of direct solver
: Perform on each subdomain parallel factorization and comptation of the Schur complement.
: Assemble local Schur complement2D block-cyclic data distribution
: Setup the preconditioner locally in parallel
- if (I am Master of group) then
Distribute the RHS over the column grid of processors
- end if
: Perform the iterative loop
: for k=1;convergencedo

Perform matrix-vector product in parallel over the grid pro cessorsy; S ix;
nbne'xhbour

18:  Column processors communicate the value of the resuly R i
1

© O N O UA WN

I e O =y Y
N o u A~ WNBRE O

19:  Perform preconditioner applications
nbne'ﬂhbour

20.  Column processors communicate the value of the resuly R i

1
21:  Perform dot product by the column processor.

22: end for

23: if (I am column processor or Master of group)then

24:  Scatter the interface solution

25: end if

26: All processors of a group perform simultaneously the inteior solution
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Study of parallel scalability on large
3D model problems






Part Il: résumé

Dans ces deux chapitres, nous allons illustrer le comporteent numérique et les performances
paralleles de notre approche par une série exhaustive d'egpiences paralléles numériques dans un
contexte académique. Cette étude exhaustive de I'extensilité et I'e cacité paralléle de notre
préconditionneur et de sa mise en oeuvre est réalisée sur deobléemes modeles de type équations
de diusions 3D au Chapitre 5 et déquations de convection-di usion 3D au Chapitre 6. Pour
chacun de ces modeles types, on considére di érents problés en faisant varier la di culté du
systeme a résoudre. Pour les problemes elliptiques, des itions avec de fortes discontinuités et
anisotropie sont considérées. Pour les probléemes de contieo-di usion, on sintéresse en partic-
ulier & I'e et du nombre de Péclet sur la robustesse du précoditionneur. Cette étude est menée
sur des machines jusqua 2048 processeurs pour résoudre desbemes 3D a plus de 50 millions
d'inconnues. Ces études ont été menées sur des machinesdslique le SystemX de Virginia Tech
ou I''BM Blue-Gene du CERFACS.

Une étude sur I'in uence de la sparsi cation a illustré le comportement du préconditionneur
creux en le comparant au dense. La Figur€4l6 montre que le pténditionneur creux peut-étre
considérré comme robuste et e cace. Autrement dit pour des tés petites valeurs du parametre
de seuil, 20% des entrées du complément du Schur sont retermie Dans ce contexte, on observe
un gain en mémoire et en calcul considérable alors que les ma@nditionneurs denses et creux ont
des convergences trés similaires (courbe en rouge). Poursigaleurs optimales du parametre de
seuil, on observe un gain énorme aussi bien en mémoire qu'ealcul (on garde moins que 5% des
entrées avec un gain d'un facteur 3 en temps). Ici le précondonneur creux nécessite quelques
itérations de plus pour converger mais chaque itération essigni cativement plus rapide (courbe
en vert). Par contre pour des valeurs trés grandes du parame¢ de seuil, situation ol seulement
1% des entrées du complément de Schur sont conservées, la wangence se détériore pour un gain
en temps de calcul qui n'est pas trés signi catif. Donc un chx optimal du paramétre de seuil doit
assurer un bon compromis entre le co(t de construction et daplication du préconditionneur tout
en assurant une bonne convergence.
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Figure 4.6: Comportement numérique de la variante creuse.

Suivant la méme méthodologie, une étude sur I'e et de la préision mixte a été menée. La Figuré4l7
illustre une comparaison avec les préconditionneurs mixtet double précision. On peut tout d'abord
observer que le préconditionneur en précision mixte atteinle méme niveau de convergence que
celui en double précision sans trop pénaliser la convergeac De plus en regardant le temps de
calcul, on observe un gain acceptable. On note que ce gain vard'une plateforme a une autre. Par



56

exemple sur des machines IBM SP4 on observe un facteur de 1.8tee un calcul simple et double

précision tandis que ce facteur n'est pas observé sur une nmane BlueGene sur laquelle les deux
arithmétiques sont traitées a la méme vitesse. On note que akle préconditionneur est calculé en
simple précision. Donc un calcul en précision mixte nous appte un gain d'un facteur 2 au niveau

de stockage ainsi qu'un gain en temps de calcul dépendant da machine de calcul.
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Figure 4.7: Comportement numérique de la variante précisio mixte.

Dans une seconde étape, nous nous intéressons a lévolut&/#ussi d'un point de vue numérique que
d'un point de vue performance paralléle des préconditionners. Di érentes analyses peuvent étre
réalisées pour étudier les performances paralléles d'ungjroche lorsqu'on augmente le nombre
de processeurs. Dans notre cas, nous avons considéré unedétule | évolutivité ou I'on fait varier
linéairement la taille du probléeme traité en fonction du nombre de processeurs utilisés (scaled
scalabilty en anglais). Pour un algorithme idéal d'un point de vue de son comportement numérique
et de sa mise en oeuvre paralléle, le temps de restitution resconstant et indépendant du nombre
de processeurs utilisés.

Dans ce contexte expérimental, nous illustrons dans la Figee[4.8 a gauche le nombre d'itérations
nécessaires lorsqu'on augmente le nombre de processeursd&s qua droite, on représente le temps
de calcul nécessaire pour réaliser la simulation. Dun pointle vue convergence, on peut observer que
lorsqu'on augmente le nombre de processeurs de 27 a 1728, mmbre d'itérations n‘augmente que
de 23 a 60 ; autrement dit lorsqu'on augmente la taille du prolléme 64 fois le nhombre d'itérations
n‘augmente que de 3 fois. Par contre d'un point de vue temps dealcul, on peut observer que
lorsqu'on augmente la taille du probleme 64 fois le temps deadcul n'est multiplié que par un
facteur inférieur a 1.3 ce qui est proche de la situation idéle. En e et, la partie incompressible et
commune a chacune de ses experimentations de factorisatidies problémes locaux et d'initialisation
du préconditionneur constitue une part signi cative du calcul complet ; ceci masque partiellement
'augmentation du nombre d'itérations. Donc on peut conclure que cette méthode présente une
évolutivité paralléle intéressante au niveau numérique aisi qu'au niveau performance.
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Chapter 5

Numerical investigations on di usion
eqguations

5.1 Introduction

In this chapter, we rst describe in Section 5.2 the computational framework and detail the aca-
demic model problems considered for our parallel numericagéxperiments. We investigate in Sec-
tion B.3Ithe numerical behaviours of the sparsi ed and mixedarithmetic variants that are compared
with the classical dense 64-bit additive Schwarz precondioner. Section[5.4 is the core of the paral-
lel study where we rstillustrate through classical speediyp experiments the advantage of increasing
the number of processors for solving a problem of a prescrilesize; then we study the numerical
scalability and the parallel performance of the preconditoners by conducing scaled speedup exper-
iments where the problem size is increased linearly with theaumber of processors[51]. Finally we
end this section by considering the e ect of a two-level preonditioner.

5.2 Experimental environment

Although many runs have been performed on various parallel [atforms, we only report in this
chapter on experiments performed on the System X computer istalled at Virginia Tech. This
parallel distributed computer is a 1100 dual node Apple Xseve G5 cluster machine based on
2.3 GHz PowerPC 970FX processors with a 12.25 TFlops peak parmance. This computer has a
distributed memory architecture, where each node has 4 GBys ECC DDR400 (PC3200) of RAM.
Thus, data sharing among processors is performed using the essage passing library MVAPICH.
The interconnection networks between processors are 10 Gbpln niBand with 66 SilverStorms
9xx0 family switches and Gigabit Ethernet with 6 Cisco Systens 240-port 4506 switches.

To investigate the robustness and the scalability of the preonditioners we consider various
academic 3D model problems by considering the di usion coe cient matrix K in Equation (EI) as
diagonal with piecewise constant function entries de ned n the unit cube as depicted in Figure[5.1.
The diagonal entries a(x;y;z), b(x;y;z), c(x;y;z) of K are bounded positive functions on
enabling us to de ne heterogeneous and/or anisotropic prokems,

f in :

0 on @:
To vary the di culties we consider both discontinuous and anisotropic PDE's where constant

di usion coe cients are de ned either along vertical beams (Pattern 1 type problems) or horizontal

beams (Pattern 2 type problems). This latter pattern corresponds to MOSFET problems arising
in device modeling simulation. For the sake of completenesae also consider the classical Poisson

div(K:r u)

u (5.1)
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problem where all the coe cient functions a, b and c are identically one. More precisely we
de ne the following set of problems:

Problem 1: Poisson wherea( )= b()=c¢()=1.

Problem 2: heterogeneous di usion problem based on Pattern 1;

in 1[ 3[ 5;

_ _ _ 1
a()—b()—c()— 103 in 2[ 4[
Problem 3: heterogeneous and anisotropic di usion problem based on Rgern 1; a()=1 and
N | S T B
b( ) - C( ) - 103 in 2 [ 4 [ .

Problem 4: heterogeneous and anisotropic di usion problem based on Regern 2; a()=1 and
8
<1 in %

b()=c()=_ 10° in 2

" 103 i

(a) Pattern 1. (b) Pattern 2.

Figure 5.1: variable coe cient domains.

5.3 Numerical performance behaviour

In this section we investigate the numerical behaviour of tre sparsied and mixed arithmetic
preconditioners and compare them to the classicaMy ¢4 . For that purpose, the performance and
robustness of the preconditioners are evaluated for the dierent PDE problems using a prescribed
mesh size with 43 millions unknowns solved using 1000 procgws/subdomains. To this end we
consider the convergence history of the normwise backwardrer 'j(rfkkk along the iterations, where
f denotes the right-hand side of the Schur complement systemot be solved and r¢ the true

residual at the k" iteration (i.e., ry = f S u® ).




5.3 Numerical performance behaviour 61

5.3.1 Inuence of the sparsi cation threshold

The attractive feature of Mg, s compared to My 64 is that it enables us to reduce both the
memory requirement to store the preconditioner and the compitational cost to construct it (dense
versus sparse factorization). However, the counterpart othis computing resource saving could
be a deterioration of the preconditioner quality that would slow down the convergence of PCG.
In order to study the e ect of the sparsi cation of the precon ditioner on the convergence rate we
display in Figure 5.2 and[5.3 the convergence history for vdous choices of the dropping parameter

involved in the de nition of Mg, 64 in Equation (B8). On the left-hand side we display the
convergence history as a function of the iterations. On the ight-hand side, the convergence is
given as a function of the computing time. In these latter grghs, the initial plateaus correspond
to the setup time of the preconditioner. It can be observed that, even though they require more
iterations, the sparsi ed variants converge faster as the ime per iteration is smaller and the setup
of the preconditioner is cheaper.
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(a) Poisson problem (history v.s. iterations).

[Ir  J111elE

T
Dense calculation
- - - Sparse with x=10°
- = = Sparse with x=10"1]
Sparse with x=10"
- = = Sparse with x=102

#iter

L L L L L L L L
80 100 120 140 160 180 200 220 240

Time(sec)

(b) Poisson problem (history v.s. time).
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Figure 5.2: Convergence history for a350 350 350 mesh mapped onto 1000 processors for
various dropping thresholds (Left: scaled residual versusterations, Right: scaled residual versus
time).

The trends that can be observed on these particular choicesfgroblems (underlying PDE's:
Poisson, Problem 2, Problem 3 and Problem 4; domain partitim: 350 350 350 mesh partitioned
into 1000 subdomains) have been observed on many other exames. That is, for small values
of the dropping parameter the convergence is marginally a eted while the memory saving is
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Figure 5.3: Convergence history for a350 350 350 mesh mapped onto 1000 processors for
various dropping thresholds (Left: scaled residual versugterations, Right: scaled residual versus
time).
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already signi cant; for larger values of the dropping parameter a lot of resources are saved in the
construction of the preconditioner but the convergence beasmes very poor. A reasonable trade-o
between computing resource savings and convergence rategenerally for a choice of the dropping
parameter equal to 10 4 that enables us to retain around 2% of the entries of the localSchur
complements. This value for the dropping threshold is usedri the rest of this chapter to de ne
Msp 64 and Mgy mix -

For the various choices of this parameter the memory spacesqguired by the preconditioners
on each processor are given in Table5.1.

| [ 0 [ 10° [ 107 [ 10° [ 102 |
Memory 367uB 29:3uB 7:3us 1:4uB 0:4uB
Percentage 100% 8% 2% 0.4% 0.1%

Table 5.1: Amount of memory in Mg, 64 V.S. My 64 for various choices of the dropping param-
eter.

5.3.2 In uence of the mixed arithmetic

A distinctive framework feature of this work is the use of mixed-precision preconditioners in domain
decomposition [50], where the 32-bit calculations are expted to signi cantly reduce not only the
elapsed time of a simulation but also the memory required torinplement the preconditioner. In that
respect all but the preconditioning step are implemented inhigh precision. In our implementation
all the PCG variables are 64-bit variables but the precondiioner and the preconditioned residual
(denoted by z in Algorithm &) are 32-bit variables. As in the previous section, the performance and
robustness of the preconditioners are evaluated for the dierent PDE problems using a prescribed
mesh size with 43 millions unknowns solved using 1000 procgss/subdomains.

In order to compare the convergence rate of a fully 32-bit, adlly 64-bit, and a mixed-precision
implementation, we depict in Figure 5.4 and[55 the convergece history for the three implemen-
tations. We display in Figure 5.4 (a) the convergence histoy as a function of the iterations for
the Poisson problem, while Figure[5.4 (c) and Figurd 55 (a) ad (c) corresponds respectively to
Problem 2, Problem 3 and Problem 4.

It can be observed that for these not too ill-conditioned prablems, the 32-bit calculation of
the preconditioning step does not delay too much the convergnce of PCG. Down to the accuracy
of about 32-bit machine precision, the three curves have ver similar paths. As it could have
been expected, the 32-bit implementation of CG reaches a liiting accuracy at the level of the
single precision machine epsilon, while the full 64-bit andthe mixed arithmetic implementations
both attained an accuracy at the level of 64-bit machine pregsion. On the right-hand side of
these gures we display the convergence history as a functio of time. Again the initial plateaus
correspond to the setup of the preconditioner. As could havébeen expected, down to the single
precision machine precision, the 32-bit calculation is thefastest, then down to an accuracy (that is
problem dependent), the mixed precision approach is the fasst. Finally, at even higher accuracy
the 64-bit implementation outperforms the mixed one; the time saving per iteration is outweighed
by the few extra iterations performed by the mixed approach. We should point out that the mixed
strategy can only be considered for problems where the preaditioner is not too ill-conditioned
(respectively, the initial problem is not too ill-conditio ned) so that it is not singular in 32-bit
arithmetic. Finally, we point out the current lack of theore tical results to explain the surprising
numerical behaviour of the mixed arithmetic PCG.
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Figure 5.4: convergence history for a350 350 350 mesh mapped onto 1000 processors (Left:
scaled residual versus iterations, Right: scaled residualersus time).
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Figure 5.5: convergence history for a350 350 350 mesh mapped onto 1000 processors (Left:
scaled residual versus iterations, Right: scaled residualersus time).
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5.4 Parallel numerical scalability

For all the experiments reported in the this parallel scalahlity study the stopping criterion for the
linear solver is based on the normwise backward error on theight-hand side. It is de ned by

krkk 3.
kf k 107
where ry is the residual computed by PCG (i.e., given by the recurrene) and f the right-hand
side of the Schur complement system; the initial guess is alays the zero vector. We rst consider
experiments where the size of the initial linear system (i.e mesh size) is kept constant when the
number of processors is varied. Such iso-problem size exjraents mainly emphasize the interest of
parallel computation in reducing the elapsed time to solve gproblem of a prescribed size. We then
perform scaled experiments where the problem size is varidthearly with the number of processors.
Such iso-granularity experiments illustrate the ability of parallel computation in performing large
simulations (fully exploiting the local memory of the distributed platform) in ideally a constant
elapsed time. For all these experiments, each subdomain idlacated to one processor.

5.4.1 Parallel speedup experiments

In these experiments we consider both the Poisson problem aha heterogeneous anisotropic prob-
lem (Problem 4) discretized on a211 211 211 grid. The number of processors is varied from
216 to 1000 and Tabld 5P displays the corresponding parallelapsed time, memory requirements,
and number of iterations. The number of iterations carried aut is given in the row headed # iter".
The size of each of the local Schur complement matrices is gwn in Mbytes in the row entitled
Memory". We also display the wall-clock time taken in carrying out the computation of the Schur
complement, the construction and the factorization of the preconditioner ( Setup"), and the time
taken by one CG iteration ( Time/iter"). The total time to so Ive the problem is given by Total".
Finally we give the speedup computed using the elapsed timern216 processors as reference. We

# subdomains  # processors
216 | 343 | 512 | 729 | 1000
Poisson problem
Memory (MB) per processor 413 223 126 77 54
# iter 33 35 37 40 43
Timeliter 0.86 0.48 0.29 0.21 0.13
Setup 67.13 26.68 12.90 6.85 4.42
Total 95.45 43.63 23.84 15.47 10.15
speedup 1 2.18 4.00 6.17 9.40
Problem 4
Memory (MB) per processor 413 223 126 77 54
# iter 155 184 210 237 246
Timeliter 0.88 0.51 0.28 0.18 0.13
Setup 68.73 26.60 12.81 6.80 4.58
Total 205.40 121.72 72.15 51.22 38.45
speedup 1 1.69 2.84 4.01 5.34

Table 5.2: Classical speedups - Performance on on 211 211 211 mesh when the number of
processors is varied usingM 4 g4 for both Poisson and Problem 4.

note that, for a xed size problem, increasing the number of pocessors means decreasing the local
sub-problem size. This leads to smaller local Schur compleemts but the global Schur system
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becomes larger, which contributes to an increase in the numdr of iterations. We observe that the
growth in the number of iterations is not signi cant while th e reduction in the data storage is very
important. The amount of data managed by each processor is sailer, providing a speedup for the
BLAS-2 operations and BLAS-3 operations in the direct solves. The size of the local problems
becomes smaller and the sparse direct solver, the dense ditesolver, used on the subdomains,
to factorize the local problem and the assembled Schur respévely, becomes much faster. This
produces a signi cant drop in the setup time and in the time per iteration. Thus one can easily
conclude that the growth in the number of iterations was o set by decreasing the direct solver
execution time and by reducing the amount of data. We notice hat superlinear speedups (i.e.,
speedup larger than the increase in processor number) are sérved for all these experiments. This
is mainly due to the fact that when the number of processors isincreased the size of the local
subdomain decreases; because the complexity of the direablsers is superlinear the saving of time
is also superlinear.

5.4.2 Numerical scalability study on massively parallel pl atforms

In this section we study the numerical e ciency of the preconditioners. We perform scaled exper-
iments where either

the size of the subdomains is kept constant (i.e.,% constant where H is the diameter of
the subdomains and h the mesh size) when the number of subdomains is increased;

or the number of processors is kept xed while increasing thesize of the underlying subdomain
mesh (i.e., & varies).

5.4.2.1 E ect of the sparsi cation dropping threshold on th e performance

In this section, we illustrate the e ect of the sparsi catio n strategy both on the convergence rate
and the computation cost (memory and computing time). Although many experiments have been
performed, we only report here numerical results obtained o Problem 2; similar behaviours have
been observed on the other model problems. The size of the sdbmains is equal to about 27,000
degrees of freedom and we vary the number of subdomains fron72up to 1000 (i.e., varying the
decomposition of the cube from3 3 3 upto 10 10 10). In Table B3 we display the

# subdomains  # processors

27 | 64 | 125 | 216 | 343 | 512 | 729 | 1000

-0 # iterations 24 34 35 46 49 61 65 71
elapsed time 39.2 | 469 | 478 | 56.2 | 589 | 688 | 725 | 79.4

-10 5 # iterations 25 34 38 48 50 64 69 76
elapsed time 26.3 | 30.1 | 32.0 | 365 | 37.3 | 43.7 | 458 50.2

~10 4 # iterations 27 37 41 53 57 74 77 85
elapsed time 246 | 28.7 | 30.7 | 36.0 | 37.7 | 454 | 46.6 | 51.7

_10 2 # iterations 35 49 56 74 78 100 108 122
elapsed time 269 | 32.7 | 36.0 | 439 | 456 | 556 | 589 | 67.3

- 10 2 # iterations 44 64 69 95 100 127 133 152
elapsed time 30.2 | 384 | 41.0 | 524 | 545 66.8 | 69.3 80.3

Table 5.3: Number of preconditioned conjugate gradient iteations and corresponding elapsed time
on Problem 2 when the number of subdomains and the dropping pameter is varied.

number of iterations and the corresponding computing time b solve the associated linear system.
It can be seen than smaller the dropping threshold faster is the convergence ( =0 reduces to
dense calculation). Allowing more entries by decreasing aipping parameter close to zero generally
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helps the convergence. On the other hand, larger the droppia faster is one PCG iteration as the
cost of the preconditioner is smaller. The best trade-o, beaween memory saving to store the
preconditioner and its ability to reduce the solution time is for =10 *. For this choice of the
dropping parameter we only retain around 1% 5% of the entries of the dense preconditioning
matrix.

5.4.2.2 E ect of the mixed arithmetic on the performance

In order to illustrate the e ect on the convergence rate, we report in the tables below (Tables
B4 E7) the number of PCG iterations for the four considered preconditioners on various model
problems and various local problem sizes. Recall that the theshold used to construct the sparse
preconditioners Mgy 64 and Msp mix is 10 4 which enables us to retain around 2% of the entries
of the local Schur complements. In these tables reading acss a row shows the behaviour with
xed subdomain size when the number of the processors goesofn 27 up to 1000 while the overall
problem size increases; for every column the number of proseors (subdomains) is kept constant
while re ning the mesh size within each subdomain. In optimd situations, numerical scalability
would mean that the convergence rate would not depend on the umber of subdomains; this would
lead to constant computing time when the overall size of the poblem and the number of processors
increase proportionally.

# subdomains  # processors

| subdomain gridsize [ 27 | 64 [ 125 | 216 | 343 | 512 | 729 | 1000
Md 64 16 23 25 29 32 35 39 42

Md mix 18 24 26 31 34 38 41 46

20 20 20 Msp 64 16 23 26 31 34 39 43 46
Msp mix 18 25 27 34 37 41 45 49

My 64 17 24 26 31 33 37 40 43

My mix 19 | 26 28 33 36 40 44 47

25 25 25 Msp 64 17 | 25 28 34 37 42 45 49
Msp mix 19 26 29 36 41 44 48 53

My 64 18 25 27 32 34 39 42 45

Md mix 20 27 29 34 38 41 48 49

30 30 30 Msp 64 18 26 29 36 40 44 48 52
Msp mix 19 28 31 39 42 46 52 57

Md 64 19 26 30 33 35 40 44 47

My mix 21 29 30 35 39 42 46 50

3% 35 3 Msp 64 19 28 30 38 46 46 50 56
Msp mix 21 30 33 41 44 49 54 59

Table 5.4: Number of preconditioned conjugate gradient iteations for the Poisson problem when
the number of subdomains and the subdomain mesh size is vade

Table 5.4 is devoted to experiments on the Poisson problem, dble [5.5 to Problem 2, and
Tables[5.8,[5.7 reports respectively results on the heter@neous and anisotropic Problem 3, Prob-
lem 4. We can rst observe that the problems with both heterogeneity and anisotropy are the
most di cult to solve and that the Poisson problem is the easiest.

For all the problems, the dependency of the convergence raten the mesh size can be observed
although it is moderated. This behaviour is similar for the four preconditioners. When we go from
subdomains with about 8,000 degrees of freedom (dof) to sulmnains with about 43,000 dof, the
number of iterations can increase by over 25%. Notice that wh such an increase in the subdomain
size, the overall system size is multiplied by more than ve;on 1000 processors the global system
size varies from eight million dof up to about 43 million dof.
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# subdomains  # processors

| subdomain grid size || 27 | 64 | 125 | 216 | 343 | 512 | 729 [ 1000
My 62 22 32 34 41 45 55 60 67

Md  mix 23 33 37 44 48 58 63 70

20 20 20 Msp 64 23 34 39 47 49 62 70 76
Msp  mix 24 35 40 48 52 64 70 79

My 64 23 33 36 44 47 58 64 69

My mix 24 34 39 45 50 60 67 72

25 25 25 Msp 64 25 34 41 50 53 67 74 82
Msp  mix 26 36 43 51 57 69 78 84

Ma 6 24 | 34 | 35 | 46 | 49 61 65 71

My mix 25 35 38 47 52 64 69 74

30 30 30 Msp 64 27 37 41 53 57 74 77 85
Msp mix 28 39 44 57 61 76 82 92

My 64 25 35 40 47 50 61 67 73

My mix 25 37 42 49 54 65 70 77

3% 3% Msp 64 28 41 45 56 60 74 84 90
Msp mix 29 43 49 59 64 80 88 96

Table 5.5: Number of preconditioned conjugate gradient iteations for Problem 2 when the number
of subdomains and the subdomain mesh size is varied.

# subdomains  # processors

| subdomain gridsize || 27 | 64 | 125 | 216 | 343 | 512 | 729 | 1000
My 64 39 56 67 87 90 104 123 132
20 20 20 My mix 45 58 69 91 94 108 126 135

Msp 64 39 57 69 90 92 106 126 134
Msp mix 42 59 71 93 96 111 129 139

[\ 43 57 70 91 93 106 125 138
Md mix 48 61 73 94 97 111 131 142
Msp 64 44 60 73 94 97 112 131 143
Msp mix 45 63 76 98 101 116 135 148

My 64 44 60 71 93 95 109 129 138
30 30 30 Md mix 50 63 74 96 99 114 136 143
Msp 64 45 63 75 99 100 118 139 145
Msp mix a7 65 78 103 104 121 140 151

Md 64 44 62 72 94 96 111 131 137
35 35 35 My mix 52 65 76 97 101 115 136 142
Msp 64 46 66 77 102 105 120 141 149
Msp mix 49 69 80 106 108 126 145 155

25 25 25

Table 5.6: Number of preconditioned conjugate gradient iteations for the heterogeneous and
anisotropic Problem 3 when the number of subdomains and thelugdomain mesh size is varied.
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# subdomains  # processors

subdomain grid size 27 64 125 216 343 512 729 1000
My 64 49 69 81 110 127 152 156 174

Md mix 51 71 85 116 132 158 160 179

20 20 20 Msp 64 50 69 84 111 131 154 159 177
Msp mix 52 72 87 116 132 157 163 181
Md 64 52 72 85 114 129 154 162 178
o5 25 o5 Md mix 55 76 89 119 134 162 171 183

Msp 64 53 74 89 116 136 158 168 184
Msp mix 56 77 92 121 138 166 174 188

M4 64 54 75 88 118 132 158 167 180
30 30 30 My mix 56 79 91 122 140 163 175 186
Msp 64 55 77 92 121 146 164 173 189
Msp mix 58 81 96 125 143 172 180 194

M4 64 55 77 89 120 133 158 169 183
35 35 35 My mix 57 80 92 126 141 166 178 188
Msp 64 58 81 96 124 148 167 177 195
Msp mix 60 84 99 129 147 175 187 200

Table 5.7: Number of preconditioned conjugate gradient iteations for the heterogeneous and
anisotropic Problem 4 when the number of subdomains and theluddomain mesh size is varied.

None of the preconditioners implements any coarse space aection to account for the global
coupling of the elliptic PDE's, hence they do not scale perfetly when the number of subdomains
is increased. However, the numerical scalability is not thabad and clearly much better than that
observed on two dimensional example§[25]. The number of itations is multiplied by about two to
3.5 when going from 27 to 1000 processors (i.e., multiplyingy about 40 the number of processors).
The trend of the growth is similar for all the problems and is comparable for all the variants of the
preconditioners on a given problem.

5.4.3 Parallel performance scalability on massively paral lel platforms

In the sequel, we mainly report experiments with xed subdomain size of about 43,000 degrees
of freedom while increasing the number of processors from 52to 1000. We look at the scaled

experiments from a parallel elapsed time perspective condering the overall elapsed time to solve

the problems as well as the elapsed times for each individuatep of the solution process. These
steps are initialization, preconditioner setup, and the iterative loop.

The initialization phase, referred to as initialization, i s shared by all the implementations. It
corresponds to the time for factorizing the matrix associaed with the local Dirichlet problem
and constructing the local Schur complement using the MUMPSpackage. This phase also
includes the nal solution for the internal dof, once the interface problem has been solved
(i.e., solution of the local Dirichlet problem). The computational cost of this initialization
phase is displayed in Tabld5.B for various subdomain sizes.

The preconditioner setup time is the time required to build the preconditioner, which is the
time for assembling the local assembled Schur matrix, usingeighbour to neighbour commu-
nication, and factorizing this local assembled Schur matrk using LAPACK for My 64 and
Mg mix , Or rst sparsifying and then factorizing using MUMPS for Mg, 62 and Mgy mix -
The elapsed time for various problems sizes are reported inable[5.9.

The iterative loop is the PCG iterations.
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The initialization times, displayed in Table 58] are independent of the number of subdomains
and only depend on their size. We can again observe the nonkar cost of the direct solver with
respect to the problem size. This nonlinear behaviour was tB main origin of the superlinear
speedups observed in the iso-problem size experiments in Sien 5.4.7.

Subdomain grid size 20 20 20 25 25 25 30 30 30 35 35 35
Time 1.3 4.2 11.2 26.8

Table 5.8: Initialization time (sec).

The setup time to build the preconditioner is reported in Table[59. We should mention that
the assembly time does not depend much on the number of procesrs (because the maximum
communication is performed among 26 neighbours for the intenal subdomains), but rather on
whether 64-bit or 32-bit calculation is used. Using a mixed @proach enables a reduction by a
factor around 1.7 for the dense variants and 1.3 for the spaesones. Larger savings are observed
when dense and sparse variants are compared, the latter begnabout three times faster.

|  Subdomaingridsize [ Mg e | Mg mix | Mg e | Mg mix |
20 20 20 0.93 0.56 0.50 0.23
25 25 25 3.05 1.85 1.64 1.15
30 30 30 8.73 4.82 3.51 3.01
35 35 35 21.39 12.36 6.22 4.92

Table 5.9: Preconditioner setup time (sec).

| #processors || 125 | 216 | 343 | 512 | 729 | 1000 |
My 64 0.76 0.76 0.77 0.78 0.79 0.82
Md  mix 0.73 0.75 0.75 0.76 0.77 0.80
Msp 64 0.40 0.41 0.41 0.42 0.42 0.44
Msp mix 0.39 0.39 0.40 0.41 0.42 0.43

Table 5.10: Parallel elapsed time for one iteration of the peconditioned conjugate gradient (sec).

In Table .10 we illustrate the elapsed time scalability of the parallel PCG iteration. In that
table we only give times for 43,000 dof subdomains. The rst dservation is that the parallel
implementation of the preconditioned conjugate gradient nethod scales almost perfectly as the
time per iteration is nearly constant and does not depend mub on the number of processors (i.e,
0.76 seconds on 125 processors and 0.82 on 1000 processordffg 64 ). The main reason for this
scalable behaviour is the e ciency of the global reduction involved in the dot product calculation
that does not depend much on the number of processors; all thether communications are neigh-
bour to neighbour and their costs do not depend on the number bprocessors. Furthermore, the
relative cost of the reduction is negligible compared to theother steps of the algorithm. It can be
observed that 32-bit arithmetic does not reduce much the tire per iteration for both My mix and
Msp mix in comparison with the 64-bit ones My s4 and Msp 64, respectively. This is due to the
fact that the ratio of the 64-bit to the 32-bit forward/backw ard substitution time is only about 1.13
(compared to almost two for the factorization involved in the setup of the preconditioner phase).
This reduces the impact of the 32-bit calculation in the premnditioning step and makes the time
per iteration for both full 64-bit and mixed arithmetic very similar. Finally, it is clear that the
sparsi ed variants are of great interest as they cut in half the time per iteration compared to their
dense counterparts. Applying the sparsi ed preconditioneas is almost twice faster than using the
dense ones.
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A comparison of the overall solution times is given in Table[511 for the standard Poisson
problem, in Table 512 for Problem 2, and in Table[5.IB and Tale [5.124 for the two heterogeneous
and anisotropic problems. The block row Total is the parallel elapsed time for the complete
solution of the linear system. It corresponds to the sum of tke times for all the steps of the
algorithm, which are the initialization, the setup of the pr econditioner, and the iterative loop. We
notice that the row Total permits us to evaluate the parall el scalability of the complete methods
(i.e., combined numerical and parallel behaviour); the time should remain constant for perfectly
scalable algorithms. It can be seen that the growth in the saltion time is rather moderate,
when the number of processors grows from 125 (about 5.3 miin unknowns) to 1000 (about 43
million unknowns). Although the methods do not scale well nunerically, their parallel elapsed
time performances scale reasonably well. The ratio of the t@al elapsed time for running on 1000
processors to the time on 125 processors is about 1.22 fdly ¢4 and around 1.28 for the other
three variants for the Poisson problem. These ratios are lager for the more di cult problems as
the number of iterations grows more.

For the Poisson problem represented in Tabl€ 511, we obsezwthat the most expensive kernels
are the initialization and the preconditioner setup. Thus for the two mixed arithmetic algorithms
Md mix and Mg, mix the slight increase in the number of iterations that introduces a slight
increase in the elapsed time for the iterative loop is swifty covered by the vast reduction in the
preconditioner setup time, especially for the dense mixed geconditioner My mix . Therefore, the
mixed arithmetic algorithms outperform the 64-bit ones in terms of overall computing time. By
looking at the sparsi ed variants we observe a considerableeduction in the time per iteration and
in the preconditioner setup time induced by the use of the spese alternatives. Since the use of
these variants only introduces a few extra iterations compaed to their dense counterparts, this
time reduction per iteration is directly re ected in a signi cant reduction of the total time.

Total solution time
| # processors 125 | 216 | 343 | 512 | 729 [ 1000
My 64 71.0 73.3 75.1 79.4 83.0 86.7
Md mix 61.1 65.4 68.4 71.1 74.6 79.2
Msp 64 45.0 48.6 51.9 52.3 54.0 57.7
Msp mix 44.6 47.7 49.3 51.8 54.4 57.1
Time in the iterative loop
| # processors 125 | 216 | 343 | 512 | 729 [ 1000
Ma 64 22.8 251 26.9 31.2 34.8 385
Md mix 21.9 26.2 29.2 31.9 354 40.0
Msp 64 12.0 15.6 18.9 19.3 21.0 24.6
Msp  mix 12.9 16.0 17.6 20.1 22.7 25.4
# iteration

| # processors 125 | 216 | 343 | 512 | 729 | 1000

My 64 30 33 35 40 44 47

My mix 30 35 39 42 46 50

Msp 64 30 38 46 46 50 56

Msp mix 33 41 44 49 54 59

Table 5.11: Parallel elapsed time for the solution of the Pason problem (sec).

The performances on Problem 2 are displayed in Table’5.12. Téaresults show that the most
time consuming part is the iterative loop. We see that the time saved in the preconditioner setup
by the use of mixed-precision arithmetic still compensatedor a slight increase in the number of
iterations. Consequently on the heterogeneous di usion poblem the mixed-precision algorithm
outperforms the 64-bit one. If we now look at the sparsi ed vaiant, the tremendous reductions in
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both the time per iteration (two times faster than the dense one) and the preconditioner setup time

(three times faster than the dense one) o set the gap in the nunber of iterations. Consequently,

the sparse alternatives clearly outperform the dense onesSimilar comments can be made for
the performances on Problems 3 and Problems 4 as shown in Tab5. I3 and Table[5.I¥. In all

the experiments the sparsi ed versions outperform their dexse counterparts and the mixed sparse
variant often gives the fastest scheme.

Total solution time

| # processors 125 | 216 | 343 | 512 | 729 | 1000
Md 64 78.6 83.9 86.7 95.8 101.1 108.0
Md mix 69.8 75.9 79.7 88.6 93.1 100.8
Msp 64 51.0 56.0 57.6 64.1 68.3 72.6
Msp mix 50.8 54.7 57.3 64.5 68.7 73.0

Time in the iterative loop

| # processors 1250 | 216 | 343 [ 512 | 729 [ 1000
Md 64 30.4 35.7 38.5 47.6 52.9 59.9
Md mix 30.7 36.8 40.5 49.4 53.9 61.6
Msp 64 18.0 23.0 24.6 311 35.3 39.6
Msp mix 19.1 23.0 25.6 32.8 37.0 41.3

# iteration

| # processors 1250 | 216 | 343 [ 512 | 729 [ 1000
Md 64 40 47 50 61 67 73
My  mix 42 49 54 65 70 77
Msp 64 45 56 60 74 84 20
Msp mix 49 59 64 80 88 96

Table 5.12: Parallel elapsed time for the solution of Problen 2 (sec).

Total solution time

| # processors 125 | 216 | 343 | 512 | 729 [ 1000
My 64 102.9 119.6 122.1 134.8 151.7 160.5
Md mix 94.6 111.9 114.9 126.6 143.9 152.8
Msp 64 63.8 74.8 76.1 83.4 92.2 98.6
Msp mix 62.9 73.1 74.9 83.4 92.6 98.4

Time in the iterative loop

| # processors 125 | 216 | 343 | 512 | 729 | 1000
My 64 54.7 71.4 73.9 86.6 103.5 112.3
Md  mix 55.5 72.8 75.8 87.4 104.7 113.6
Msp 64 30.8 41.8 43.0 50.4 59.2 65.6
Msp mix 31.2 41.3 43.2 51.7 60.9 66.7

# iteration

| # processors 125 | 216 | 343 | 512 | 729 | 1000
My 64 72 94 9% 111 131 137
Md  mix 76 97 101 115 136 142
Msp 64 77 102 105 120 141 149
Msp mix 80 106 108 126 145 155

Table 5.13: Parallel elapsed time to solve the heterogenesuand anisotropic Problem 3 (sec).
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Total solution time

| # processors 125 | 216 | 343 [ 512 [ 729 | 1000
My 64 115.8 139.4 150.6 171.4 181.7 198.2
My mix 106.3 133.7 144.9 165.3 176.2 189.6
Msp 64 71.4 83.9 93.7 103.2 107.4 118.8
Msp mix 70.3 82.0 90.5 103.5 110.3 117.7

Time in the iterative loop

| # processors 125 | 216 | 343 [ 512 [ 729 [ 1000
My 6a 67.6 91.2 102.4 123.2 133.5 150.1
My mix 67.2 94.5 105.8 126.2 137.1 150.4
Msp 64 38.4 50.8 60.7 70.1 74.3 85.8
Msp mix 38.6 50.3 58.8 71.8 78.5 86.0

# iteration

| # processors 125 | 216 | 343 [ 512 [ 729 | 1000

My 6a 89 120 133 158 169 183

My mix 92 126 141 166 178 188

Msp 64 96 124 148 167 177 195

Msp mix 99 129 147 175 187 200

Table 5.14: Parallel elapsed time to solve the heterogeneswand anisotropic Problem 4 (sec).

| Subdomain gridsize || Mg 64 | Mg mix | Msp 6a | Msp mix |
20 20 20 35:8ue 1798 1:8us ( 5%) 0:9vB ( 5%)
25 25 25 91:2uB 456\ 2:7TvB ( 3%) 1:3vB ( 3%)
30 30 30 1944y5 97 2us 38us (2%) | Lb6ws (2%)
35 35 35 367:2uB 18365 7:3vB ( 2%) 3:6ms ( 2%)

Table 5.15: Local data storage for the four preconditioners
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We now examine the four variants from a memory requirement pespective. For that, we depict
in Table 5.15 the maximal amount of memory required on each pocessor of the parallel platform.
We report in each column of Table[5.T5 the size in megabytes fa preconditioner when the size of
the subdomains is varied. For the sparse variants, we give iparenthesis the percentage of retained
entries. These gures indicate that both the mixed arithmetic approach and the sparse variant
reduce signi cantly the memory usage. A feature of the spars variants is that they reduce the
memory usage dramatically. The mixed precision strategy ctiin half the required data storage,
which has a considerable e ect in terms of computing system peration and execution time, and
also cut in half the time for assembling the local Schur matrk, due to halving the total neighbour
to neighbour subdomain communication.

5.4.4 Inuence of the coarse component correction

Although these preconditioners are local, consequently nonumerically scalable, they exhibit a
fairly good parallel time scalability as the relative cost dof the setup partially hides the moderate
increase in the number of iterations. A possible remedy to ogrcome this lack of numerical scala-
bility is to introduce a coarse grid component. To illustrate the ability of our preconditioners to
act e ciently as the local component of a two-level scheme, ve consider a simple two-level precon-
ditioner obtained by adding an additional term to them. For our experiments, the coarse space
component extracts one degree of freedom per subdomain assteibed in Section 3.5[[26]. We start
brie y by some experiments for 2D problems and show the e ect of the coarse grid correction.
For these experiments, we consider two model problems:

the Poisson Problem 1,

the discontinuous Problem 2 described in Sectioi 512 wherehe jump between coe cient is
in the xy plan.

Total solution time
| # processors 256 | 400 | 676 | 1024 | 1296 | 1600 | 1764 | 2025
My 64 278 [ 302 | 335 | 375 | 411 | 436 | 456 | 545
My g4t coarse | 245 24.9 25.1 25.4 25.8 26.0 26.4 27.2
Time for coarse setup
| # processors 256 | 400 | 676 | 1024 | 1296 | 1600 | 1764 | 2025
My 64
My g4+ CcOarse 0.44 0.45 0.52 0.57 0.68 0.80 0.89 1.05
Time in the iterative loop
| # processors 256 | 400 | 676 | 1024 | 1296 | 1600 | 1764 | 2025

My 64 8.7 11.0 14.4 18.3 22.0 24.4 26.5 35.4

My g4+ CcOarse 4.9 5.3 55 5.7 6.0 6.0 6.3 7.0
# iterations

| # processors 256 | 400 | 676 | 1024 | 1296 | 1600 | 1764 | 2025

My 64 79 96 123 150 173 185 199 262

Mg e4+ coarse 41 43 43 43 43 42 43 46

Time per iteration
| # processors 256 | 400 | 676 | 1024 | 1296 | 1600 | 1764 | 2025

My 64 0.110 | 0.125 | 0.117 | 0.122 | 0.127 | 0.132 | 0.133 | 0.135
Mg sat+coarse | 0.120 | 0.124 | 0.127 | 0.132 | 0.140 | 0.144 | 0.147 | 0.152

Table 5.16: Performance of a parallel two-level precondittner on Problem 2 using a600 600
subdomain mesh.



76 Numerical investigations on di usion equations
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Figure 5.6: The number of PCG iterations (left) and the computing time (right) fora 600 600
grid when varying the number of subdomains from 256 to 2025.



5.4 Parallel numerical scalability 77

In Figure 5.6, we report on the number of preconditioned conjigate gradient iterations (left)
and the computing time (right) for each model problem. Its detailed performance on Problem 2 is
displayed in Table[5.16. For these tests, we vary the number fosubdomains while keeping constant
their sizes (i.e., H variable with % constant). In these experiments each subdomain is #00 600
grid and the number of subdomains goes from 256 up to 2025 ugina box decomposition; that is
16 16 decomposition up to 45 45 decomposition. Notice that with the increase in the number
of subdomains, the overall system size is multiplied by aboueight; that is the global system size
varies from 92 million dof on 256 processors up to about 729 iiion dof on 2025 processors. The left
graphs show the growth of the number of iterations of the lochpreconditioner without any coarse
grid correction (the blue line with triangular). Ultimatel y one wants to compare the green line with
x with the blue line with triangle. One can see that the performance of the two-level preconditioner
(green line with x) comes close to the ideal numerical scaldlity. That is, the number of iterations
stagnates close to 33 for Poisson problem and to 43 for disctmuous Problem 2, whereas for
the standalone local preconditioner (the blue line with triangular) the growth in the number of
iterations is notable. The graphs on the right gives the glotal computing time to solve the linear
system. The scalability is also observed when the coarse cgmanent is introduced, the computing
time remains constant when varying the number of subdomaingrom 256 to 2025. The solution of
the coarse problem is negligible compared to the solution athe local Dirichlet problems. Finally
for the 2D case the method scale well, when the number of processors gr®from 256 (to solve a
problem with 79 million unknowns) up to 2025 (to solve a probkem with 729 million unknowns).
The ratios between the total elapsed time expended for runmg on 2025 and on 256 processors is
1.09.

The behaviour is slightly di erentin 3D . We consider two similar model problems as for the2D
case. Furthermore, we illustrate the e ect of the coarse spee correction in combination with the
sparse preconditionerMg, 4. In Figure B4, we report the number of preconditioned conjwate
gradient iterations (left) and the computing time (right) f or each model problem. Its detailed
performance on Problem 2 is displayed in Tablé_5.17 for the aobination with the dense My ¢4
preconditioner, and in Table [5.18 for the combination with the sparse Mg, 64 preconditioner.
For these tests, we vary the number of subdomains while keepg constant their sizes (i.e., H
variable with % constant). In these experiments each subdomain is 85 35 35 grid and the
number of subdomains goes from 27 up to 1728. We can notice th#he setup time for the coarse
space component is larger in3D compared to 2D for comparable number of subdomains. This
is mainly due to the fact that the local Schur matrices are larger in 3D and the number of coarse
degree of freedoms that touch a subdomain is also higher; re@ing more matrix-vector product
to compute Sy . We recall that the overall system size varies from 1.1 millon dof on 27 processors
up to about 75 million dof on 1728 processors. The left graphshow the growth of the number of
iterations of the local preconditioner without any coarse gid correction (the blue and the red line
with triangular). We observe that the coarse grid correction signi cantly alleviates the growth in
the number of iterations when the number of subdomains is ineased (the green and the magenta
line with x). On 1728 processors, almost half the number of irations are saved. The numbers
of iterations with the two-level preconditioner tends to be asymptotic stable for these problems.
The coarse component gives rise to preconditioners that arendependent of, or weakly dependent
on, the number of subdomains. We note that for the 3D case the convergence of all the local
preconditioners depends slightly on the number of subdomais. In other term the gap in the number
of iterations between the local preconditioner and the twolevel one is less impressive on theD
problems in comparison with the 2D problems for similar number of subdomains. Furthermore,
the saving of iterations does not directly translate into time savings (the right graphs). We observe
that each iteration becomes marginally more expensive, buthe dominating part is clearly spent
in the setup.
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Total solution time

| # processors 125 | 216 | 343 | 512 | 729 [ 1000 | 1331 | 1728
My 64 78.6 83.9 86.7 95.8 101.1 108.0 112.0 123.9

Mgy g4+ cCOarse 80.2 87.2 86.0 915 94.2 97.9 100.8 103.5

Time for coarse setup

| # processors 125 | 216 | 343 | 512 | 729 [ 1000 | 1331 | 1728
Ma 64

My 4+ cCOarse 2.04 2.05 2.20 2.38 2.76 3.68 412 4.89

Time in the iterative loop

| # processors 125 | 216 | 343 | 512 | 729 | 1000 | 1331 | 1728

M4 64 30.4 35.7 38.5 47.6 52.9 59.9 63.8 75.7
Mg ga+ coarse 29.9 37.0 35.6 41.0 43.2 46.1 48.5 50.4
# iterations
| # processors 125 | 216 | 343 | 512 | 729 | 1000 | 1331 | 1728
Md 64 40 47 50 61 67 73 76 87
Mg sa+ coarse 34 42 40 45 47 48 48 48

Time per iteratio
| # processors 125 | 216 | 343 | 512 | 729 1000 | 1331 | 1728

My 64 0.76 0.76 0.77 0.78 0.79 0.82 0.84 0.87
Mg sat COarse 0.88 0.88 0.89 0.91 0.92 0.96 1.01 1.05

=

Table 5.17: Performance of a parallel two-level precondittner on Problem 2 using a35 35 35
subdomain mesh for the dense preconditioner.

Total solution time
| # processors 125 | 216 | 343 | 512 | 729 | 1000| 1331| 1728

Msp 64 51.0 56.0 57.6 64.1 68.3 72.6 77.2 88.1
Ms, 64+ COarse 49.8 54.9 55.9 58.4 59.2 61.6 64.7 67.6
Time for coarse setup
| # processors 125 | 216 | 343 [ 512 | 729 | 1000 | 1331 | 1728

Msp 64
Ms, 64+ COarse 2.04 2.05 2.20 2.38 2.76 3.68 4.12 4.89
Time in the iterative loop
| # processors 125 | 216 | 343 | 512 | 729 | 1000 | 1331 | 1728

Msp 64 18.0 23.0 24.6 31.1 35.3 39.6 44.2 55.1

Mg, 64t COarse 14.7 19.8 20.7 22.9 23.4 24.9 27.5 29.7
# iterations

| # processors 125 | 216 | 343 | 512 | 729 | 1000 | 1331 | 1728

Msp 64 45 56 60 74 84 90 94 108

Mg, 64t COarse 35 46 47 51 52 53 54 54

Time per iteration
| # processors 125 | 216 | 343 | 512 | 729 | 1000 | 1331 | 1728

Msp 64 0.40 0.41 0.41 0.42 0.42 0.44 0.47 0.51
Msp 64+ cCOarse 0.42 0.43 0.44 0.45 0.45 0.47 0.51 0.55

Table 5.18: Performance of a parallel two-level precondittner on Problem 2 using a35 35 35
subdomain mesh for the sparse preconditioner.
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Figure 5.7: The number of PCG iterations (left) and the computing time (right) fora 35 35 35
grid when varying the number of subdomains from 27 to 1728. amparison between the local and
the two-level preconditioner for the dense and the sparse véants.
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5.5 Concluding remarks

In this chapter, we have studied the numerical and implemenation scalability of variants of the
additive Schwarz preconditioner in non overlapping domaindecomposition techniques for the so-
lution of large 3D academic elliptic problems. The numericd experiments show that the sparse
variant enables us to get reasonable numerical behaviour ahpermits the saving of a signi cant
amount of memory. Although we have not yet any theoretical aguments to establish the backward
stability of the mixed precision approach, this technique gpears very promising in the context of
multi-core heterogeneous massively parallel computers, ere some devices (such a the graphic
cards) only operate in 32-bit arithmetic. Some works deserg to be undertaken to validate the
approach in this computing context as well as theoretical deelopments to assess their numerical
validity.

Although these preconditioners are local, consequently nonumerically scalable, they exhibit a
fairly good parallel time scalability as the relative cost o the setup partially hides the moderate
increase in the number of iterations. In order to compensatehe lack of numerical scalability we
investigated their numerical behaviour when the local compnents are used in conjunction with a
simple coarse grid correction. This latter component enal#s to recover the numerical scalability
while not penalizing much the time per iteration. In the curr ent experiments, the coarse problems
are solved redundantly on each processor. On large massiyetomputers with tens of thousands
processors, the size of the coarse problems might require twonsider parallel solution. Di erent
variants can be foreseen. The most promising would be to dedate a subset of processors to the
solution of this additive component while the others compute the local parts. Special attention
would have to be paid to ensure a good work balance among the kiaus processors that no longer
work in a SPMD mode.



Chapter 6

Numerical investigations on
convection-di usion equations

6.1 Introduction

In the previous chapter, we study the numerical and parallelscalability of the algebraic additive
Schwarz preconditioners for the solution of symmetric pogive de nite systems arising from the
discretization of self-adjoint elliptic equations. This chapter is devoted to a similar study for 3D
convection-di usion problems [48] of the form given by Equdion (B.1)

div(Kiru)+ viru = f in ;
u =0 on @: (6.1)

Such problems appear in many mathematical modeling of wide ange of scienti ¢ and tech-
nical phenomena such as heat and mass-transfer, ow and trasport in porous media related to
petroleum and ground water applications, etc. The matricesresulting from the discretization of
these problems are unsymmetric, even if the original elliptt operator was self adjoint due to the
convection component.

In this chapter, we consider academic problems associateditli the discretization of Equa-
tion (BI) in the unit cube for various di usion and convecti on terms in order to study the robust-
ness of the preconditioners.

6.2 Experimental environment

We investigate the parallel scalability of the proposed impgementation of the preconditioners. The
studies were carried out using the local parallel computingfacility at CERFACS. The target com-
puter is the revolutionary IBM eServer Blue Gene/L superconputer. Blue Gene/L already rep-
resents a phenomenal leap in the supercomputer race, with agak performance of 5.7 TFlops.
From a practical point of view, Blue Gene/L is built starting with dual CPU (processor) chips
placed in pairs on a compute card together with2 512V Bytes of RAM ( 512MB for each dual
core chip). Blue Gene/L consists of 1024 chips, where each ighhas two modi ed PowerPC 440s
running at 700 MHz and each CPU can perform four oating-point operations per g/cle, giving
a theoretical peak performance of 2.8 GFlops/chip. The CPU sed here has a much lower clock
frequency than other players in the eld such as AMD Opteron, IBM POWER, and Intel Pentium
4. Also, it has not been designed to run server OS's like LINUXor AIX. Thus, the applications
that can be run on this supercomputer are of a very speci c s@nti ¢ and technical nature. These
chips are connected by three networks:
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3D torus: bandwidth of 2:1 GBytes=s, o ered latency between 4 and 10 s, dedicated
to one to one MPI communications.

Tree: o ers a bandwidth of 700 MBytes=s and a latency of 5 s for I/O. The collective
network connects all the compute nodes in the shape of a tregny node can be the tree root
(originating point). MPI implementation will use that netw ork each time it happens to be
more e cient than the torus network for collective communic ation.

The barrier (global interrupt) network: as the number of tasks grows, a simple (software)
barrier in MPI costs more and more. On a very large number of ndes, an e cient barrier
becomes mandatory. The barrier (global interrupt) network is the third dedicated hardware
network Blue Gene/L provides for e cient MPlI communication with a latency of 1.3 s.

All interactions between the Blue Gene/L computing nodes ard the outside world are carried
through the 1/O nodes under the control of the service node. There are 16 nodes dedicated to I/O
and two networks connecting the service node to the 1/0O nodegqa gigabit network and a service
network). This platform is equipped by di erent software an d scienti c libraries such as:

IBM compilers: XL Fortran and XL C/C++ for Linux Blue Gene/L v  ersions.
IBM Engineering and Scienti ¢ Subroutine Libraries (ESSL).

MPI library (MPICH2) V0.971.

Mathematical Acceleration Subsystem (MASS) libraries.

GNU Tool-chain (glibc, gcc, binutils, gdb).

Java Runtime JRE 1.4.1.

IBM LoadLeveler.

IBM General Parallel File System (GPFS).

We brie y recall the di erent problems investigated in the p revious chapter to de ne the di usion
term in Equation (EI). We then introduce two elds to de ne t he convection terms considered in
our numerical simulations. A scalar term is used in front of the di usion term that enables us to
vary the Péclet number so that the robustness with respect tothis parameter can be investigated.
These various choices of3D model problems are though to be di cult enough and representtive
for a large class of applications.

We consider for the di usion coe cient as in the previous chapter, the matrix K in (E1) as
diagonal with piecewise constant function entries de ned n the unit cube as depicted in Figure[6.1.
The diagonal entries a(x;y;z), b(x;y;z), c(x;y;z) of K are bounded positive functions on
enabling us to de ne heterogeneous and/or anisotropic prokems.

To vary the di culties we consider both discontinuous and anisotropic PDE's where constant
di usion coe cients are de ned along vertical beams according to Figure B pattern. For the
sake of completeness we also consider the simple homogengdliiusion where all the coe cient
functions a, b and c are identically one. More precisely we de ne the following st of problems:

Problem 1: Poisson wherea( )= b()=c¢c()=1.
Problem 2: heterogeneous di usion problem based on Pattern 1;

i 1 3 5.
a0=0)=c0= 15 i 2t af
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Figure 6.1: Pattern for heterogeneous di usion: variable @e cient domains.

Problem 3: heterogeneous and anisotropic di usion problem based on Regern 1; a()=1 and
N | Y R

u)_ d)_ 1@ in 2[ 4[ 6
For each of the diusion problems described above we de ne a anvection term for all the

directions. We choose two types of convection problems:

Convection 1: models a circular ow in the xy direction while a sinusoidal ow in the z
direction. Figure shows the streamlines of the conveabn eld. This convection eld is:

8
< w() = (x X3y 1)

— 2 .
w() = (y y)@x 1)
V.() = sin(z):
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Figure 6.2: circular convection ow.

Convection 2:is an example of a four area sinusoidal ow depicted in Figur@&.3. It is speci ed
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by the convection eld:

g Vy () 4sin(y) e X y? (cogx)  2xsin (x));
w() = 4sin(x) e Y (cody) 2ysin(y));
v.() = 0:

,,,,,,,

VRERRENT |

N B Y

I

il ~ 7

VA B BN

......

(@) xy plane. (b) surface of the velocity eld.

Figure 6.3: four area sinusoidal convection ow.

Each problem is discretized on the unit cube using standard econd order nite di erence dis-
cretization with a seven point stencil.

6.3 Numerical performance behaviour

The discretization of the problems that we consider here gie rise to linear systems that are
unsymmetric, and we therefore have to replace the conjugatgradient solver by a suited Krylov
subspace solver. Because of the theoretical results availee for GMRES [84] in nite precision

calculation we consider this solver and its closely relatedzariants (FGMRES) for our numerical

investigations. Furthermore, GMRES in practice has proved quite powerful for a large class of
unsymmetric problems. In this section we present the convegence results and the computing time
of the sparsi ed and mixed arithmetic preconditioners. We dso compare them to the classical
Mg 64 . Furthermore, we intend to evaluate the sensitivity of the preconditioners to the convection
term. For that we analyze the e ect of the Péclet number on the convergence rate. As in the
previous chapter we consider the convergence history of theormwise backward error on the right-
hand side that is de ned by kkrfkkk along the iterations. In that expression f denotes the right-hand
side of the Schur complement system to be solved andy the true residual at the k" iteration

(e, ry =1 S x) ). We remind that only right preconditioner is considered sothat the backward

error is independent from the preconditioner which enablesus to make fair comparison between
the various variants.

6.3.1 Inuence of the sparsi cation threshold

The sparse feature of the preconditioner was originally desloped for SPD matrices, for which
properties of the resulting preconditioner such as SPD can & proved [25]. However this strategy
has been successfully applied in much more general situatis as the unsymmetric case here. We
presented here several test problems that can help us to deteine the behaviour of the sparse
preconditioner. For these tests, the size of the system is aatomposition of 300 300 300
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Figure 6.4: Convergence history for a300 300 300 mesh mapped onto 1728 processors for various
sparsi cation dropping thresholds (Left: scaled residual versus iterations, Right: scaled residual
versus time). The convection term is de ned by Convection 1 and low Péclet number (" =1).
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mesh mapped onto 1728 processors. That is, each subdomainsha size of about 15,000 dof. We
will brie y compare and show the e ect of the sparsi cation p arameter for the di erent problems
mentioned above. We display in Figure[6.% the convergence siiory for di erent choices of the
dropping parameter  de ned in Equation (8%6) and compare them with the dense one. The
left graphs of Figure [6.4 show the convergence history as a mation of the iterations, whereas
the right graphs gives the convergence as a function of the coputing time. The shape of these
graphs is typical: as is increased the amount of kept entries is decreased, the agt time of the
preconditioner (initial plateaus of the graphs) becomes fater but the convergence is deteriorated.
For a large sparsi cation threshold (magenta line), there a'e not enough nonzero entries in the
preconditioner to allow for a convergence behaviour similato the dense variant. For a small
sparsi cation threshold (red line), the numerical performance of the sparse preconditioner is closer
to the dense one and the convergence behaviours are simila®imilarly to what we observed for pure
di usion problem, a nice trade-o between memory and elapsel time is obtained for a sparsi cation
threshold =10 “ (the green line). Even though the sparse variants require mee iterations, with
respect to time they converge faster as the preconditioneretup is more than twice cheaper and
the time per iteration is also smaller. This trend was already observed for the symmetric case in
Chapter B.

6.3.2 In uence of the mixed arithmetic

In this section we consider the mixed precision approach [40 In this framework, only the pre-
conditioning step is performed in 32-bit arithmetic; the rest of the calculation is carried out in
64-bit. In the right preconditioned GMRES context, the backward stability result indicates that
it is hopeless to expect convergence at a backward error leiemaller than the 32-bit accuracy. To
overcome this limitation the preconditioner can be consideed as variable along the iterations. At
each step the 32-bit preconditioner can be viewed as variablperturbed 64-bit preconditioner. In
this context, our choice is to use the exible GMRES method instead of GMRES.

We focus in this section, in the numerical behaviour of the mked approach and compare it with
a fully 64-bit approach. For this purpose we consider the sara example as the previous section,
and also the same decomposition. The left graphs of Figure“8.show the numerical performance
comparison between the mixed precision algorithm, and the #-bit algorithm for a decomposition
of 300 300 300 mesh mapped onto 1728 processors. These results show thatethmixed
arithmetic implementation compares favorably with the 64-bit one. We observe for this algorithm,
that the number of iterations slightly increases. We noticethat the increase induced by the mixed
arithmetic is smaller than the one encountered in the previais section when a sparsi cation is
used. Attractive enough, the attainable accuracy of the mixed algorithm compares very closely
to the 64-bit one. This feature is illustrated in the graphs of Figure where is plotted the
backward error associated with the two algorithms. We can cbarly see that the mixed algorithm
reaches the same accuracy level as the 64-bit algorithm. Welso display in the right graphs, the
backward error as a function of the elapsed time in sec. Becae the computing platform used for
these experiments does not allow higher processing rate in23it compared to 64-bit the saving
in computing time is less distinctive, than those presentedin the Section[5.3.2 of the previous
chapter. Larger computing time gains can be achieved by usipanother platform, such as the ones
described in Sectio 5. To summarize, we can omit the e ecbf the computing gain because it
is related to the machine architecture. There are some limiations to the success of this approach,
such as when the conditioning of the problem exceeds the regmiocal of the accuracy of the single
precision computations.

Furthermore, the gain in memory space due to the 32-bit storge of the preconditioner is
partially consummated by the extra storage of the Z basis required by the exible variant of
GMRES.
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6.3.3 E ect of the Péclet number

A crucial characteristic of a preconditioner is the way its response to disturbances changes when the
system parameters change. For that, we intend to evaluate tk sensitivity of the preconditioners to
discontinuity with or without anisotropy in the di usion co e cients, and to convection dominated
problem. The convection dominated case which is most di cult to solve is particularly interesting,
and can occur in many practical problems. Thus, the diusion coe cient of Equation (6.1) is
supposed to be very small0 < 1 compared to the norm of the velocity eld v which governs
the convection. As a consequence, the solutioru of Equation (1) frequently contains many
scales composed of a complex collection of exponential (oegular or parabolic) boundary layers.
We should mention that for very small value of ( =10 ° or =10 9), standard numerical
methods such as the nite element method (FEM) or the di erence method usually fail since they
introduce nonphysical oscillations. One possible remedyivolves additional stabilization. The most
successful approaches are the streamline upwind Petrov Gailkin method (SUPG), also known as
streamline di usion nite element method (SDFEM), the Gale rkin least squares approximation
(GLS), and the Douglas-Wang method. We are not concerned intis thesis by the stabilization
techniques, we can refer the reader to a extensive literatw work of [45,[75/ 83791/, 97].
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Figure 6.6: Convergence history for a300 300 300 mesh mapped onto 1728 processors for
various convection trend.

In this context, we present here experiments for di erent value of , from the easiest example
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with low Péclet number (= 1) to the hardest dominated convection ( =10 °). These exam-
ples allow us to highlight the numerical e ect caused by large convection. For these experiments,
the mesh size of300 300 300 is mapped onto 1728 processors. We present the convergence
history plot as a function of the number of iterations, to reduce normwise backward error on the
right-hand side below 10 8. Notice that the discontinuity and the anisotropy in the coe cients
are considered. We will brie y present here graphs for the dase 64-bit preconditioner and show
the e ect of the convection parameter for the di erent probl ems mentioned above. More detailed
experiments results for all variants of the preconditionerand for the dierent  will be presented
in the next two sections. In Figure[6.8, we present results fo Problem 1 applying either Convec-
tion 1 (see Figure[6.6(a)) or Convection 2 (see Figur€6l6()) We then display in Figure B.8(c)
the heterogeneous di usion Problem 2 with the Convection 1,and the heterogeneous anisotropic
Problem 3 applied with Convection 1 is displayed in Figure[66(d).

The following examples presented here, underline and conm the theoretical predictions, that
is, increasing the convection term make harder the problemd solve. These results show that the
number of iterations required by the GMRES grows with large mnvection term. This grow in the
number of iterations remains reasonable, it depends slighy of the strength of the convection . More
precisely, the mesh Péclet number should not exceed a certavalue of the nest grid. This upper
bound for the Péclet number coincides with the applicability of the central di erencing scheme in
the discretization. It was found that the case =10 * represents the rigorous test, while larger
choice of exhibits faster convergence. For stronger convection =10 °, the convergence does
not hold. This case con rms the sensitivity to the nonphysical oscillations and dissipation schema,
we omit the study of this case in this work and we propose to sthilize the discretization method
and to control the dissipation in stretched regions of the meh in a future work.

To summarize, the additive Schwarz preconditioner was foud to be robust with respect to
convection-di usion equation, the results presented are atisfactory. The experiments with the
di erent alternatives of the dense 64-bit additive Schwarz preconditioner have showed similar be-
haviour.

6.4 Parallel numerical scalability

The studies in this section present a more detailed look at pgormance from the point of view
of the numerical and parallel scalability and their dependeacy on the di erent convection trends.
We perform scaled experiments where the global problem sizis varied linearly with the number
of processors. Such experiments illustrate the ability of prallel computation to perform large
simulations (fully exploiting the local memory of the distributed platform) in ideally a constant
elapsed time. In the numerical experiments of the followingsubsections, the iterative method used
to solve these problems is the right preconditioned GMRES foall variants and exible GMRES for
the mixed algorithm. We choose the ICGS (Iterative Classicd Gram-Schmidt orthogonalization)
strategy which is suitable for parallel implementation. The iterations began with a zero initial
guess and were stopped when the normwise backward error benes smaller than 10 & or when
1000 steps are taken.

6.4.1 Numerical scalability on massively parallel platfor ms

We intend to present, evaluate and analyze the e ect on the cavergence rate of the dierent
preconditioners considered on various model problems andavious convection trends. Various
results are presented in Table§6]1 and6l2. We divide the disission into two steps:

we illustrate the numerical scalability of the Krylov solver when the number of subdomains
increases,

we present performance based on the increase of the convemwtiterm.
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Experiments when increasing the size of the subdomain haveden performed, we observe that
the subdomain size has only a slight e ect on the convergenceate. For the sake of readability,
we omit to present these results and only report on experimets with 25 25 25 subdomain
size. The preconditioners tested are the 64-bit dense addite Schwarz preconditioner My 4,
the mixed variant My mix and the sparse alternative oneMgp 4. We rst comment on the
numerical scalability of the preconditioners when the numter of subdomains is varied while the
Péclet number is constant. This behaviour can be observed itthe results displayed in Tables[6.1
and[6.2 by reading these tables by row. By looking at the numbe of iterations when the number
of subdomains increases from27 to 1728, that is, when increasing the overall problem size from
0.4 million dof up to 27 million dof. It can be seen that the increase in the number of iterations is
moderate. When we multiply the number of subdomains by 64, tle number of iterations increases
between 3 to 4 times. For the characteristics of the problemsand the associated di culties, we
can say that, the preconditioner which exploits the local ifformation available on each subdomain,
performs quite well. For example let us look at the Table[6.1,for the heterogeneous di usion
Problem 2 combined with the Convection 1. For = 10 3, when we increase the number of
subdomains from 27 to 1728, we see that, the number of iterabins of My 4 increases from 26 to
90; that is, a 300% increase of iterations for a problem sizehat is multiplied by 64.

Moreover, we study the e ect of changing the dropping threstold for the sparse variant of
the preconditioner. As explained in Section[6.311, as this lireshold increases, the sparsity of the
preconditioner increases, and the preconditioner behavegoorly. For example in Table 61, when
the di usion term associated with Problem 2 is considered. W& observe that gap betweenMy ¢4
and Mgy g4 With =10 2 is signi cant; more than 60 iterations (66%) on 1728 subdomans.

Furthermore, we see that, when we increase the number of sulednains, the sparser the pre-
conditioner, the larger the number of iterations is. The gapis larger when the Péclet number is
increased. Similarly to the pure di usion case presented inChapter 5, it appears that the choice

=10 * provides us with the best trade-o between memory and solutbn time saving. Finally,
we see that the mixed preconditionerMy mix performs very similarly to the 64-bit one.

Regarding the behaviour of the preconditioners for convedbn dominated problems, although
those problems are more di cult to solve the preconditioners are still e ective. We recall that the
preconditioners do not exploit any speci ¢ information about the problem (e.g., direction of ow).
From a numerical point of view, if we read the tables column-wise, we can observe the e ect of the
increase of the Péclet number on the di culties for the iterative scheme to solve the resulting linear
systems. The good news, is that, even with this increase, thpreconditioners perform reasonably
well. This robustness is illustrated by the fact that the solution is tractable even for large Péclet
numbers.

6.4.2 Parallel performance scalability on massively paral lel platforms

In this subsection, we attempt to analyze the features of thepreconditioners from a computational
point of view. In that respect, we look at the main three stepsthat compose the solver. As
described in the Sectiof5.4.8 of Chaptef]5, the main parts ofhe method are:

the initialization phase which is the same for all the variarts of the preconditioners (mainly
factorization of the local Dirichlet problems and calculation of the local Schur complements);

the preconditioner setup phase which di ers from one varian to another;
the iterative loop which is related to convergence rate.

In this chapter the parallel computer is di erent from the on e considered in Chapterb; con-
sequently the elapsed times of the initialization phase aredi erent even though the size of the
local subdomains are the same. In TableE 6.3 are depicted thelapsed time to factorize the local
Dirichlet problem of the matrix associated with each subdomain, and to construct the local Schur
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# subdomains

# processors

subdomain grid size

27| 64 | 125] 216 343 512 | 729 | 1000 | 1331 [ 1728

Homogeneous di usion term

Md 64 18 | 25 27 31 35 40 44 47 50 54
_q My mix 19| 26 | 29 | 33 | 37 | 42 | 46 50 53 57
Mep 6a ( =10 %) || 19| 26 | 30 | 35 | 40 | 44 | 49 54 58 62
Mep 64 ( =10 3) || 22| 30 | 37 | 43 | 48 | 55 | 61 67 72 78
My 64 23| 35 | 39 | 49 | 54 | 60 | 67 74 82 91
_10 3 Md mix 24| 38 | 41 | 51 | 59 | 66 | 76 85 95 106
Mep 6a ( =10 %) || 24 | 37 | 41 | 55 | 61 | 74 | 84 96 106 | 118
Mep 64 ( =10 3) || 31| 49 | 56 | 74 | 84 | 100 | 114 | 130 | 143 | 159
My 64 74 | 100 | 111 | 139 | 154 | 182 | 195 | 219 | 238 | 260
_10 4 My mix 84 | 120 | 137 | 173 | 194 | 225 | 247 | 273 | 297 | 322
Msp 64 ( =10 %) || 74 | 100 | 113 | 140 | 157 | 183 | 198 | 223 | 243 | 264
Mep 64 ( =10 3) || 76 | 101 | 117 | 147 | 162 | 195 | 213 | 243 | 265 | 289

Di usion term de ned by Problem 2
Md 64 23| 32 | 36 | 43 | 45 | 55 | 61 67 69 78
_q My mix 24 | 34 | 38 | 45 | 47 | 58 | 64 70 72 82
Mep 6a( =10 %) || 25| 34 | 39 | 49 | 52 | 64 | 71 77 79 92
Mep 64 ( =10 3) || 33| 44 | 50 | 66 | 68 | 86 | 97 104 | 104 | 125
My 64 26 | 36 | 41 | 47 | 53 | 63 | 70 77 83 90
~10 @ My mix 27| 37 | 43 | 49 | 56 | 65 | 72 80 86 93
Mep 64 ( =10 %) || 29| 39 | 46 | 56 | 63 | 74 | 83 91 98 109
Mep 64 ( =10 %) || 38| 50 | 58 | 77 | 82 | 103 | 116 | 126 | 130 | 153
My 64 32| 41 | 49 | 52 | 63 | 69 | 76 84 94 97
_10 4 Md mix 33| 43 | 50 | 54 | 65 | 72 | 78 86 96 100
Mep 64 ( =10 %) || 36| 45 | 54 | 62 | 72 | 82 | 92 100 | 111 | 118
Msp 64 ( =10 %) || 43| 58 | 68 | 83 | 92 | 111 | 124 | 137 | 142 | 162

Di usion term de ned by Problem 3
Md 64 33| 46 54 71 71 81 91 97 101 124
-1 Md  mix 33| 47 55 73 74 84 94 100 105 128
Msp 62 ( =10 %) || 33| 47 | 55 | 73 | 74 | 84 | 93 | 102 | 105 | 127
Mep 64 ( =10 3) || 38| 54 | 61 | 83 | 82 | 97 | 107 | 116 | 116 | 142
My 64 38| 48 | 58 | 75 | 79 | 91 | 107 | 108 | 114 | 135
-10 3 Md  mix 39| 50 60 78 82 94 | 110 | 112 117 139
Mep 64 ( =10 %) || 39| 50 | 61 | 79 | 83 | 97 | 112 | 116 | 121 | 141
Mep 64 ( =10 3) || 42| 58 | 70 | 90 | 96 | 114 | 127 | 138 | 141 | 164
My 64 46 | 61 | 76 | 93 | 110 | 129 | 152 | 168 | 190 | 216
—10 4 My mix 48 | 62 | 78 | 96 | 112 | 132 | 156 | 173 | 195 | 222
Mep 64 ( =10 %) || 47 | 65 | 82 | 102 | 117 | 140 | 167 | 185 | 206 | 237
Mep 64 ( =10 3) || 57 | 82 | 99 | 129 | 145 | 176 | 214 | 235 | 256 | 303

Table 6.1: Number of preconditioned GMRES iterations for vaious di usion terms combined with
Convection 1 when the number of subdomains and the Péclet nuber are varied.
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# subdomains  # processors
| subdomain grid size | 27 | 64 | 125] 216 ] 343 | 512 [ 729 | 1000 | 1331 | 1728
Homogeneous di usion term
My 64 21 | 27 | 29 | 34 | 39 | 44 | 48 52 57 61
_q My mix 22 | 28 | 32 | 36 | 41 | 46 | 51 55 60 64
Msp 62 ( =10 %) 22 | 28| 33 | 40 | 45 | 49 | 55 61 65 70
Mg 62 ( =10 3) 26 | 34 | 41 | 49 | 56 | 63 | 70 77 81 88
My 64 32 | 28| 29 | 58 | 38 | 46 | 76 54 62 90
_10 3 My mix 34 | 29 | 29 | 61 | 40 | 48 | 79 56 64 93
Msp 62 ( =10 %) 33| 28| 30| 61 | 43 | 51 | 81 63 72 98
Mg 62 ( =10 3) 35 | 34| 36 | 73 | 57 | 68 | 106 | 83 96 127
My 64 263 | 435 | 403 | 96 | 69 | 71 | 107 | 69 73 133
_10 4 My mix 375| O 0 101 70 | 72 | 110 | 70 74 136
Msp 64 ( =10 %) || 271 | 451 | 381 | 95 | 71 | 73 | 110 | 73 81 138
Msp 64 ( =10 3) || 283 | 494 | 363 | 95 | 73 | 79 | 132 | 88 99 167
Di usion term de ned by Problem 2
Md 64 23 | 32 | 36 | 43 | 46 | 56 | 62 68 69 79
_q My mix 24 | 34 | 38 | 45 | 49 | 58 | 64 70 73 82
Mep 64 ( =10 %) 26 | 34 | 39 | 49 | 53 | 64 | 71 77 80 92
Mg 62 ( =10 3) 35 | 46 | 51 | 67 | 70 | 87 | 98 | 105 | 106 | 127
My 64 27 | 37 | 43 | 49 | 56 | 66 | 72 79 87 93
_10 3 My mix 27 | 39 | 45 | 51 | 59 | 69 | 75 83 90 96
Mgp 62 ( =10 %) 29 | 40 | 48 | 58 | 66 | 77 | 85 94 101 | 111
Mg 62 ( =10 3) 38 | 54 | 60 | 79 | 85 | 106 | 118 | 127 | 131 | 154
My 64 28 | 62 | 56 | 60 | 71 | 80 | 86 98 112 | 116
_10 4 My mix 28 | 65 | 57 | 62 | 73 | 82 | 88 | 100 | 115 | 118
Msp 62 ( =10 %) 29 | 62 | 60 | 67 | 81 | 92 | 102 | 114 | 130 | 139
Msp 64 ( =10 %) || 38 | 70 | 74 | 87 | 100 | 121 | 134 | 148 | 167 | 183
Di usion term de ned by Problem 3
My 64 36 45 54 71 71 81 95 97 101 124
_q My mix 38 | 47 | 55 | 74 | 74 | 8 | 97 100 | 105 | 128
Mep 64 ( =10 %) 37 | 47 | 55 | 73 | 74 | 84 | 96 | 102 | 105 | 127
Mep 64 ( =10 3) 42 | 54 | 61 | 84 | 82 | 97 | 107 | 116 | 116 | 143
Md 64 44 | 56 | 75 | 100 | 114 | 132 | 169 | 181 | 196 | 235
_10 3 My mix 45 | 58 | 78 | 104 | 118 | 136 | 175 | 186 | 203 | 242
Mep 64 ( =10 %) 47 | 59 | 79 | 108 | 123 | 144 | 180 | 197 | 211 | 251
Mg 62 (=10 3) 50 | 75 | 95 | 135 | 152 | 183 | 218 | 248 | 257 | 308
My 64 203 | 222 | 281 | 147 | 107 | 128 | 158 | 179 | 213 | 230
_10 4 My mix 221 | 237 | 308 | 170 | 110 | 131 | 162 | 182 | 218 | 236
Msp 64 ( =10 %) || 206 | 231 | 288 | 168 | 120 | 147 | 175 | 204 | 234 | 255
Mgsp 64 ( =10 3) || 221 | 277 | 331 | 205 | 164 | 200 | 227 | 275 | 322 | 343

Table 6.2: Number of preconditioned GMRES iterations for vaious di usion terms combined with
Convection 2 when the number of subdomains and the Péclet nubrer are varied.

Subdomain grid size

20 20 20

25 25 25

30 30 30

Time

5.3

20.27

37.7

Table 6.3: Initialization time (sec).
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complement using theMumps package, and that for di erent problem sizes. The results ilustrate
again the nonlinear cost of the direct solver with respect tothe problem size.

Regarding the computational time to build the preconditioner which is the second step of the
method. This cost includes the time to assemble the local Salr complement, and to factorize
the assembled dense local Schur foMy g4 and My nix , Or to sparsify and then to factorize the
resulting sparse assembled local Schur foMsp, 64 . The elapsed time of this step is independent
from the number of subdomains, and depends only on two facta. They are, rst, the size of
the local problem (the leading size of the interface of this sbdomain), and second the number of
neighbour subdomains (which is equal to 26 for an internal dmain). We report in Table B4l the

| Subdomain grid size || Mg 64 | Mg mix | Msp sa With =10 * | Mg, ea With =10 ° |

20 20 20 4.1 3.4 2.4 1.2
25 25 25 175 141 6.4 3.5
30 30 30 40.1 33.0 10.5 4.2

Table 6.4: Preconditioner setup time (sec).

setup time for the di erent variants of the preconditioner a nd for di erent sizes of the subdomains.
Referring to Table[6.4, one can observe that the performancef the sparse preconditioner compared
to the dense one, is more than 3 time faster. In the case of the ixed arithmetic algorithm, and
as it could have been expected on that platform, no signi cann computational speedup can be
observed because the 64-bit calculation is as fast as the 3fit one. The small improvement can
be due to higher cache hit in 32-bit since the algorithm stillonly uses half of the memory space.
In order to study the performance of the iterative loop, we report in Table £.5lthe average
time per iteration. In contrast with the CG situation, the ti me per iteration in GMRES/FGMRES
does depend on the iteration number as a crucial step is the @imogonalization of the Krylov basis.
We present in Table[6.3, the average time per iteration of theiterative loop for a xed number of
iterations equal to 300, for a xed problem size, when increaing the number of subdomains. Thus,
we give the average time of one iteration for subdomains of ge 25 25 25 (15,625 dof). It can

[ #processors || 125 | 216 | 343 | 512 | 729 | 1000 | 1331 | 1728 |
Ma o4 0.200 | 0.205 | 0.211 | 0.216 | 0.235 | 0.235 | 0.236 | 0.245
M mix 0.189 | 0.191 | 0.198 | 0.217 | 0.216 | 0.216 | 0.220 | 0.225

Msp 64 ( =10 %) 0.176 | 0.177 | 0.177 | 0.191 | 0.195 | 0.197 | 0.198 | 0.209
Mg 64 ( =10 3) 0.169 | 0.170 | 0.174 | 0.187 | 0.194 | 0.195 | 0.196 | 0.205

Table 6.5: Parallel average elapsed time for one iteration fothe GMRES/FGMRES (sec).

be seen that the average elapsed time per iteration is nearlgonstant and does not depend much on
the number of processors. For example increasing the numbef processors from 125 to 1728, the
time goes from 0.2 seconds up to 0.24 seconds fdy4 g4, Which gives rise to a e cient parallel
implementation of the iterative solver. This very nice scahbility is mainly due to the network
available on the Blue Gene computer dedicated to the reductins. The second observation is that
the sparse alternative Mg, ¢4 leads to a smaller average time per iteration in comparison ¥th
the dense one. This is due to the fact that the the time to applythe preconditioner is more than
twice faster.

In the sequel, we consider the overall computing time with the aim of analyzing the parallel
scalability of the complete algorithms. We display in the I€ft graphs of Figures[6.7F6.9 the number
of iterations required to solve the linear systems. On the rght graphs we display the corresponding
elapsed time of the overall solution. For each of these testswe recall that the subdomains are
25 25 25 grid mesh with 15,625 dof. As expected, even if the number otérations to converge
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Figure 6.7: Parallel scalability of the three test problems when varying the number of processors
from 27 up to 1728. The convection term is de ned by Convectim 1 and low Péclet number (" = 1).
(Left: number of iterations, Right: overall computing time for the solution).
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Figure 6.8: Parallel scalability of the three test problems when varying the number of processors
from 27 up to 1728. The convection term is de ned by Convectim 2 and low Péclet number (" = 1).
(Left: number of iterations, Right: overall computing time for the solution).
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increases as the number of subdomains increases, the growththe solution time is rather moderate
for all variants. The growth in the number of iterations as the number of subdomains increases is
rather pronounced, whereas it is rather moderate for the glbal solution time as the initialization
step represents a signi cant part of the overall calculation.

Similarly, to what we observed in the previous chapter, the parse preconditioner Mgy 64
performs at its best when the dropping parameter =10 “. With this variant, the reduction in
the setup of the preconditioner is signi cant; this gain is large enough to compensate for the few
additional iterations required to converge. Dropping more entries by using = 10 ° often lead
to an increase of the elapsed time as the number of iterationgrows signi cantly.

6.5 Concluding remarks

In this chapter, we have studied the numerical and parallel salability of various variants of our
preconditioner for the solution of unsymmetric problems aising from the discretization of academic
3D convection di usion problems. Similarly to what was obseved for symmetric positive de nite
problems in the previous chapter, the variants based on spae approximations of the assembled
local Schur complement exhibit attractive features both in term of computation (memory and CPU
saving) but also numerically in term of convergence rate corpared to their dense counterparts.
On all our experiments they are the most e cient and reduce the solution time and the memory
space. For those problems, the behaviour with respect to theropping threshold is quite smooth.

For unsymmetric problems, the use of mixed arithmetic precaditioners requires to use the
exible variant of GMRES if a high accuracy is expected. In that context, the theoretical backward
stability result of GMRES indicates that the backward error cannot be lower than the 32-bit
machine precision; this limitation does not seem to exist fo FGMRES even though no theoretical
result exists yet. Such a theoretical study would deserve tde undertaken possibly following the
pioneer work [6]. Because of the parallel platform used forhe experiments has similar computing
speed in 32 and 64-bit, the potential bene t in time has not been illustrated. Nevertheless it would
have been observed on computers as the System-X or on the Crayonsidered in the previous
chapter.

For those problems with dominated convection it is known tha the numerical scalability can-
not be recovered thanks to the use of a coarse grid mechanisnOne alternative to avoid losing
computing power (due to the increase of the number of iteratbns) when the number of processors
is increased would be to dedicate more than one processor psubdomain. This possibility was
not considered on those problems but will be investigated irnthe next two chapters related to real
life applications.
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Part I1l; résumé

La validation de notre approche sur des cas réels est en n rdiaée sur des problémes de mé-
canique des structures en maillages non-structurés (en daboration avec la société SAMTECH-
Chapitre 7) et en imagerie sismique (en collaboration avea consortium SEISCOPE - Chapitre 8).
Dans ce dernier cas, on s'intéresse a la résolution des éqimts de Helmholtz en régime fréquen-
tiel. Plusieurs simulations sur des cas réels 2D et 3D ont étééalisés. L'objectif est d'évaluer la
robustesse et la performance de notre méthode hybride poualsolution des ces problémes grands
challenge qui sont classiquement résolus par des méthoddgectes.

Pour ces applications, la décomposition (partitioning en Anglais) jour un rA’le central. C'est un
sujet important pour les simulations concernant les appli@ations réelles et industrielles. Nous illus-
trons I'in uence des stratégies de décompositions sur la péormance de l'algorithme de résolution
dans le Chapitre 7.
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Figure 6.10: Comportement numérique de la variante creuse.
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Figure 6.11: Comportement numérique de la variante précigin mixte.

Une étude similaire aux chapitres précédents, sur I'in uerte de la sparsi cation (Figure[6.10) et de
la précision mixte (Figure[611) a été e ectuée. Les résultts observés sont prometteurs. Pour des
valeurs optimales du parametre de seuil, on observe un gairighi catif en mémoire et en temps

de calcul ce qui rend la variante creuse du préconditionneutres intéressante. De méme pour la
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variante mixte, surtout que ces applications nécessitent o espace de stockage énorme ; dans ce
contexte économiser la moitié de cet espace de stockage aigsi'un gain en temps de calcul est
aussi trés appréciable.

Fuselage 0.5 Mdof Fuselage 0.5 Mdof
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Figure 6.12: scalabilité numérique et paralléle performane.

Ensuite des études de performances numériques et parallélent été e ectuées. Par exem-
ple pour un probléme de mécanique des structures, la Figure.®d illustre a gauche le nombre
d'itérations lorsqu'on augmente le nombre de processeurdandis que celle de droite illustre le
temps de calcul correspondant. On remarque l'avantage de lanéthode hybride, la simulation
peut étre réalisée deux fois plus vite qu'une approche dirée. Ainsi on peut aussi remarquer
I'amélioration de la variante creuse du préconditionneur.

Pour des problémes en imagerie séismique, on note que les imétles directes ne peuvent pas étre
utilisées pour réaliser des grands simulations3D a cause du stockage mémoire qui est prohibitif ;
l'approche hybride o re une alternative prometteuse.

L'augmentation en nombre d'itérations et la taille mémoire nécessaire pour ces applications nous
a incité a développer une approche exploitant deux niveaux € parallélisme. Nous présentons les
détails des performances paralléles de notre approche exjant deux nivaux de parallélisme.

La Figure [&13 montre une comparaison entre un algorithme pallele classique {-level) et un
algorithme utilisant le deux niveaux de parallélisme @-levels). On note I'amélioration de la perfor-
mance paralléle ; dans cette con guration l'algorithme & deux niveaux de parallélisme est presque
deux fois plus rapide que les algorithmes paralléles clasgies. Par ailleurs, le tableal 6.6 montre
I'e et numérique des deux niveaux de parallélisme pour des pplications d'imagerie séismique. On
remarque qu'au lieu d'augmenter le nombre de sous-domaindsrsqu'on augmente le nombre de
processeurs, il est préférable d'allouer plusieurs procssurs par sous-domaine en limitant le nombre
de sous-domaines.
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Frequency equal to7 Hz

Available Algo # Processors| # |lterative |One right-
processorg subdomaing subdomain|iter| loop |hand side
1-level parallel 192 1 235 79.0 85.8
u 200 |2-level parallel 96 2 119 38.2 45.1
processorg2-level parallel 48 4 105 429 51.1
2-level parallel 50 4 81| 28.1 35.5
1-level parallel 96 1 119] 57.0 61.1
u 100 |1-level parallel 98 1 148 66.7 66.7
processors2-level parallel 48 2 105 62.1 67.8
2-level parallel 50 2 81| 39.1 451

Table 6.6: Performance numérique des deux niveaux de parélisme @2-level parallelmethod) pour
l'application 3D Overthrust SEG/EAGE.
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Chapter 7

Preliminary investigations on
structural mechanics problems

7.1 Introduction

Large-scale scienti ¢ applications and industrial numerical simulations are nowadays fully inte-
grated in many engineering areas such as aeronautical modief), structural mechanics, electrical
simulation and so on. Those simulations often involve the dicretization of linear or nonlinear PDE
on very large meshes leading to systems of equations with nlidns of unknowns. The use of large
high performance computers is mandatory to solve these prdbms.

In this chapter, we focus on a speci ¢ engineering area, thetaictural mechanics, where large
problems have to be solved. Our purpose it to evaluate the robstness and possibly the performance
of our preconditioner on the solution of the challenging lirear systems that are often solved using
direct solvers. In that respect we consider two di erent classes of problems.

The rstone, is related to the solution of the linear elasticity equations with constraints such as
rigid bodies and cyclic conditions. These constraints are &dndled using Lagrange multipliers, that
give rise to symmetric inde nite augmented systems. Such hear systems are preferably solved
using the MINRES [78] Krylov subspace method, that can be impemented using only a few vectors
thanks to the symmetry property that enables the use of shortrecurrences. In our study, because
we intend to perform comparisons in term of computing perfomance and also in term of accuracy,
we preferred using GMRES that is proved backward stable.

The second class of problems, is still related to linear eldigity equations. The linear systems
involved in such simulations are symmetric positive de nite linear systems and solved using the
conjugate gradient.

All the problems presented in this chapter have been generad using the Samcef V12.1-02 nite
element software for nonlinear analysis, Mecano developeoly Samtech http://www.samcef.com/.

7.2 Experimental framework

7.2.1 Model problems

In this chapter we consider a few real life problems from stratural mechanics applications. Those
examples are generated using the Samcef tool called Samdéécano V12.1-02.

Samcef-Mecano is a general purpose nite element softwarehait solves nonlinear structural
and mechanical problems. It minimizes the potential energyusing the displacement (translations
and/or rotations) as unknowns. For each kinematic constrant (linear constraint or kinematic joint),

a Lagrange multiplier is automatically generated. In orderto have a good numerical behaviour,
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an augmented Lagrangian method is used. The modi ed problentonsists in nding the minimum

of the potential F 0

F@=F@+k +357
where q is the degrees of freedom vector (translations and/or rotaions), k is the kinematic
constraint scaling factor, p is the kinematic constraint penalty factor, s the kinematic constraint
vector and is the Lagrange multiplier vector.
The equations of motion of the structure discretized by nite elements take the general form

Mq+fim :fext

where the notation is simpli ed by including in the internal forces f ™ the contribution of the
kinematic constraints and that of the elastic, plastic, damping, friction, ... forces. Three types of
analysis can be performed:

1. Static analysis;
2. Kinematic or quasi-static analysis;
3. Dynamic analysis.

At each time step, a set of nonlinear equations has to be soldeand a Newton-Raphson scheme
is used in order to solve this nonlinear problem. These equans express the equilibrium of the
system at a given time. In a static analysis, these equationsake sti ness e ects (linear or not)
into account. In a kinematic analysis, the e ects due to the kinematic velocities are added to the
e ects taken into account by the static analysis. Finally, t he dynamic analysis takes all the e ects
of the kinematic analysis into account including also inerfa e ects, that do not appear in the static
and the kinematic analysis.

For the numerical examples considered here, a static compation is performed. The materials

are elastic: the relation between the stress and the strains = H where H is the Hooks matrix.
For each test case we run our solver on the matrix generated ding the rst iteration of the rst
time step.

The geometry of the examples are displayed in Figur€711. Therst corresponds to a simple
cube (Figure[Z.1 (a)) where no constraints are imposed. Ther are three unknowns per nodes that
are the translations. Fixations are added in the planesx =0;y =0 and z =0 on displacement
coordinates x, y and z respectively. A uniform displacementis applied on the top of the cube.
This test example is referred to as PAMC. The associated linar systems are symmetric positive
de nite.

A more realistic problem is displayed in Figure[7.1 (b), thatis an impeller. This case represents
a 90 degrees sector of an impeller. It is composed of 3D volumaements. Cyclic conditions are
added using elements that link displacements of the slavesades on one side of the sector, to master
facets on the other side of the sector. These conditions areking into account using elements with
3 Lagrange multipliers. Angular velocities are introducedon the complete structure and centrifugal
loads are computed on the basis of the angular velocities andf the mass representation. This
example is called Rouet in the sequel, the associated lineaystem is symmetric inde nite.

Lastly, a parameterized barrel (section of a fuselage) is dected in Figure [Z.1] (c). Itis composed
of its skin, stringers (longitudinal) and frames (circumferential, in light blue on Figure Z.I1(c)).
Midlinn shell elements are used: each node has 6 unknowns (Banslations and 3 rotations). On
one extremity of the fuselage all the degrees of freedom arexed. On the other extremity a rigid
body element is added: all the degrees of freedom of the nodese linked to the displacement of
the master node of the element. In order to represent this depndency Lagrange multipliers are
added. A force perpendicular to the axis of the fuselage is gpied on the master node. This last
test example is referred to as Fuselage and the associatedhdiar system is symmetric inde nite.
The Fuselage example, although de ned in 3D is more 2.5D rathr than full 3D as the complete
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7.2 Experimental framework
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volume is not meshed.

In Table [Z1] we display for the di erent mesh geometries the warious sizes of the problems we
have experimented. For each problem, we give the number of ite elements and the number of
degrees of freedom.

PAMC example

# elements # degrees of freedoms # of Lagrange equations
PAMC50 125,000 0.81C° 0
PAMC80 512,000 3.210° 0

Rouet example

# elements

# degrees of freedoms

# of Lagrange equations

337,000 1.310° 13,383
Fuselage example

# elements # degrees of freedoms # of Lagrange equations
500,000 3.31C° 2,160
750,000 4.810° 2,592
1,000,000 6.510° 3,024

Table 7.1: Characteristics of the various structural mechanics problems.

7.2.2 Parallel platforms

Our target parallel machine is an IBM JS21 supercomputer intalled at CERFACS to address
diverse applications in science and engineering. It workswrently with a peak computing perfor-
mance of 2.2 TeraFlops. This is a 4-core blade server for apgphtions requiring 64-bit computation.
It is ideal for computer-intensive applications and transactional Internet servers.

This paragraph provides more detailed information about the IBM PowerPC 970MP micropro-
cessor, that is the processor of the BladeCenter JS21.

The BladeCenter JS21 leverages the high-performance, lowewer 64-bit IBM PowerPC
970MP microprocessor.

The 4-core con guration comprises two dual-core PowerPC 9@MP processors running at
2.5 GHz.

Each processor core includes 32/64 KB L1 (data/instruction) and 1 MB (nhon-shared) L2
cache.

Each node is equipped with 8 GBytes of main memory.

The AltiVec is an extension to the IBM PowerPC Architecture. It de nes additional reg-
isters and instructions to support single-instruction multiple-data (SIMD) operations that
accelerate data-intensive tasks.

The BladeCenter JS21 is supported by the AIX 5L, Red Hat Entemprise Linux, and SUSE Linux
Enterprise Server (SLES) operating systems. This latter isinstalled on our experimental JS21.
Distributed memory parallel applications might require th e installation of a high-performance,
low-latency interconnection network between BladeCenterJS21s. This requirement is supported
through the use of Myrinet2000 network o ering a bandwidth of 838 MBytes/sec between nodes
and a latency of 3.2 s. This platform is equipped by di erent software and scient ¢ libraries
such as:

IBM compilers: XL Fortran and XL C/C++.
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IBM Engineering and Scienti ¢ Subroutine Libraries (ESSL4.2).

MPI library (MPICH2 V0.971), LAM V7.1.1-3, and OpenMp V1.1. 1-2.
Mathematical Acceleration Subsystem (MASS) libraries.

GNU Tool-chain (glibc, gcc, binutils, gdb).

Java Runtime JRE 1.4.1.

IBM LoadLeveler.

IBM General Parallel File System (GPFS).

FFTW 3.1.

HDF5.

NETCDF 3.6.1.

7.3 Partitioning strategies

When dealing with large sparse linear systems arising fromhe discretization of PDE's on large 3D
meshes, most of the parallel numerical techniques rely on aggtition of the underlying mesh. For
nite element approaches, the partitioning is performed onthe set of elements. In that respect,
the dual graph of the mesh is split. In this graph, the vertices represent the elements and there
is a edge between two vertices if the elements associated Wwithese vertices share an node of the
mesh. When the work per element is independent of the element good partitioning should aim
at splitting the graph into subgraphs having comparable nunbers of vertices while minimizing
the size of the interfaces between the subgraphs. This latteconstraint is often seen as a way to
reduce the amount of communication between the subgraphsigbdomains; in our case it mainly
means reducing the size of the Schur complement system to beolged. In that framework, a
good partitioning should attempt to balance and minimize the sizes of the complete interface
associated with each subdomain; i.e., balance the size oféhlocal Schur complement matrices, as
the preconditioner cost (setup and application) and paralkl e ciency mainly depend on a good
balance of them.

For linear systems involving Lagrange multipliers an additonal constraint should be taken into
account. If the mesh is decomposed without considering the &grange multipliers we might end-
up with a splitting of the mesh for which Lagrange multiplier s coupled unknowns that are on the
interface while the Lagrange multiplier is considered as aninternal” unknown. In such a situation,
the matrix associated with the internal unknowns has a zero ow/column and is consequently
structurally singular. The Schur complement does not existand the hybrid technique breaks
down. A simple and systematic way to x this weakness it to enbrce the Lagrange multipliers
to be moved into the interface. If the partitioner has produced balanced subgraphs with minimal
interfaces, moving the Lagrange multipliers into the interfaces signi cantly deteriorates the quality
of the partition. A good partitioning strategy should then, balance the size of the subgraphs while
minimizing and balancing the interface sizes but also balaoe the distribution of the Lagrange
multipliers among the subgraphs. In that respect, when the lagrange multipliers are moved into
the interfaces, the interfaces remain balanced.

In order to achieve this, we do not apply a graph partitioner on the dual graph of the mesh but
add some weights to the vertices. The mesh partitioner we usis Metis [62] routine metis_partgraphVKway
that enables us to consider two weights per vertex, one assiated with the workload ( weight_ vertex )
and the other with the amount of communication ( weight_comm). In order to balance the La-
grange multipliers among the subgraphs, for the elements \h Lagrange multipliers we relax the
weight associated with the communication (i.e. communicaion weight set to zero) and penalize
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their workload by setting their work weight to a large value. For the other elements, the work
weights are set proportional to the number of degrees of frebom associated with them (ndof ),
while the communication weight is set to the number of adjacat elements (degree of the vertices
associated with the element in the dual graphnadj ). Among the numerous weighted variants that
we have experimented with, this following was the best we fond:

weight_comm(element) =0 if elementcontains Lagrange multipliers;
weight_comm(element) = nadj otherwise;

weight_ vertex(element) = large value if elementcontains Lagrange multipliers;
weight_ vertex(element) = ndof otherwise:

Thus, the objective is to try to t the maximum of unknowns ass ociated with Lagrange equa-
tions into the interface and to minimize the number of these guations belonging to one subdomain.
With this strategy, we rst attempt to have as much Lagrange u nknowns as possible in the inter-
face. Secondly, we try to have the remaining ones equitably idtributed among the subdomains.
This latter feature enables us to preserve a good balance ohé interface even after these Lagrange
unknowns are moved into the subdomain interfaces as treatn@ of the possible singularity.

Maximal Init Preconditi- # Iterative | Total

interface size | time | oner setup | iter loop time
PAMC50 0.8 Mdof Poor 21187 86 631 55 479 1196
16 subdomains Better 14751 91 200 40 70 361
PAMC50 0.8 Mdof Poor 12559 23 135 69 106 264
32 subdomains Better 11119 22 83 50 53 158
ROUET 1.3 Mdof Poor 13492 141 255 76 77 473
16 subdomains Better 10953 67 137 79 61 264
ROUET 1.3 Mdof Poor 11176 21 141 108 80 242
32 subdomains Better 7404 23 44 106 45 111
Fuselage 6.5 Mdof Poor 11739 35 168 162 144 347
32 subdomains Better 6420 36 30 176 58 124
Fuselage 6.5 Mdof Poor 10446 15 120 217 170 305
64 subdomains Better 4950 13 15 226 54 82

Table 7.2: Partitioning e ect for various structured/unst ructured problems when decomposed
di erently.

The e ect of the partitioning quality on the e ciency of the p arallel hybrid solver is illustrated
in Table[Z2Z. In that table poor partitioning" corresponds to un-weighted graph partitioning for the
problems with Lagrange multipliers; better partitioning " refers to weighted graph partition using
Metis and its communication volume minimization option. For the PAMC example, where there are
no Lagrange multipliers, poor partitioning" corresponds to a splitting of the mesh using the Metis
option based on the edges-cut minimization heuristic, whi¢ better partitioning" corresponds to
Metis splitting based on the volume communication minimization heuristic. This latter approach
often generates partition with smaller interface sizes. Asshown in Table[Z.2, poor load balance
causes inadequate performance of the algorithm. The main @wback is that the number of elements
assigned to each processor as well as the local interface eszvary uncommonly. Thus the local
Schur complement sizes highly vary causing unbalanced preaditioner setup where the fastest
processors should wait the slowest one before starting theerative step. It also induces large
idle time at each global synchronization points implementel for the calculation of the dot-product
(global reduction) in the iterative process. Moreover, the computing and memory cost of the
preconditioner is related to the interface size, thus largesubdomain interfaces imply ine ciency
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in both computing time and memory required to store the precanditioner. The importance of this
latter is clearly exposed in Table[Z.2. On the rst hand, we can see that for large subdomain sizes,
the preconditioner setup time, which cost increases as funion of O(n®), becomes very expensive.
On the other hand, the iterative loop time depends closely onthe matrix-vector product and
from the preconditioner application costs. For large interfaces (large local Schur complements),
both the matrix-vector calculation and the preconditioner application become expensive (because
unbalanced), thus increasing the overall computing time awl requiring a large amount of data
storage.

As consequence, it is imperative to strive for a very balancg load. We have resorted these
problems by the use of multiple constraints graphs partitioning. In our numerical experiments,
the partitioning is applied with weighted vertices based ona combination of the characteristics
described above.

7.4 Inde nite symmetric linear systems in structural mecha n-
icS

7.4.1 Numerical behaviour of the sparsi cation

While the primary purpose of this section is to focus on the wa the numerical performance of the
sparse preconditioner can be stated, it also gives us tips falescribing both computational bene ts
and data storage of the sparse algorithm. In this section we rst investigate the advantages in
term of setup cost and memory storage associated with the usef the sparsi cation strategy for
the preconditioner. Then we focus on the numerical behaviouof the resulting preconditioners.
We report results for an unstructured mesh with 1 million ni te elements (6.5 million dofs) for
the Fuselage test case, and on a unstructured mesh of 340,00tite elements (1.3 million dofs)
for the Rouet test case. We display in Table[Z.B, the memory spce and the computing time
required by the preconditioner on each processor for di erat values of the sparsi cation dropping
parameter . The results presented in this table are for both test cases ith 16 subdomains. The
maximal local subdomain interface size for the Fuselage pldem on this decomposition has 9444
unknowns whereas for the Rouet problem it has of 10953 unknawg. It can be seen that a lot of
storage can be saved. This also gives rise to a great time sayg in the preconditioner setup phase.

| [0 [ 5107 [ 10° [ 510° | 105 [ 5105 |
Rouet problem with 1.3 Mdof

Memory 96Qus 384y 297s 1538 105uB 48
Kept percentage 100% 40% 31% 16% 11% 5%

P reconditioner setup 137 145 96 37 26 11

Fuselage problem with 6.5 Mdof

Memory 710us 122us 92:7uB 46.3vB 35:6uB 17:8us
Kept percentage 100% 17% 13% 7% 5% 2.5%

P reconditioner setup 89 26 19.5 10.8 8.8 5.8

Table 7.3: Preconditioner computing time (sec) and amount of memory (MB ) in Mg, 64 V.S.
Mg g4 for various choices of the dropping parameter, when the prolems are mapped onto 16
processors.

The cost of the preconditioner is not the only component to casider for assessing its interest.
We should analyze its numerical performance. For that purpse, we report in Figure[7.2, the
convergence history for various choices of depicted in Table [7.3, for both the Fuselage and the
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Rouet problem. For both test cases, we depict on the left-had side of the Figure the convergence
history as a function of the iterations, and on the right-hand side, the convergence history as a
function of the computing time. For the sake of completenesswe also report on the performance
of a parallel sparse direct solution, that can be consideredor these sizes of problems. It is clear
that the sparsi ed variant outperforms its dense counterpart. However, for these real engineering
problems, the sparse preconditioner has to retain more infionation about the Schur complement
than for the academic cases. For these problems, in order torpserve the numerical quality we
need to keep more than10% of the Schur entries whereas2% in the academic case were su cient.
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Figure 7.2: Convergence history of fullGMRES for Fuselageand Rouet problems mapped onto
16 processors, of the direct, the Hybrid-dense M4 64 ) and the Hybrid-sparse (Msp 64 ) solvers

for various sparsi cation dropping thresholds (Left: scaled residual versus iterations, Right: scaled
residual versus time).

One can observe that the attainable |, accuracies are di erent for the various choices of .
The largest e ect can be seen on the Fuselage test case (botto graphs). The explanation is as
follows. The normwise backward stability of GMRES is estabished for am:p (Y) = m
that can become of the order of the level of machine precision Consequently, if this quantity
was plotted it would be the same for all the preconditioners. They would exhibit a plateau at
the same level. In our experiments, becaus&AM k was expensive to compute, we only display
p(y) . Consequently, the attainable accuracy (i.e., the level ofthe plateau) depends on kAM k
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that varies with . To conclude on this accuracy aspect, we mention that the namwise backward
error p(x) for the solution computed with the direct solver is comparale to the one obtain with
the hybrid techniques. We point out that the componentwise backward error is much smaller (of
order 5:39 10 %) as expected for Gaussian elimination with partial pivoting.

In term of computing time, we can see that the sparse precondioner setup is more than 3
times faster than the dense one. For example if we look at Tale[Z.3 for the Fuselage example, we
can see that for =10 © it is 4 times faster than the dense one (19.5 v.s. 89 secondsh term
of global computing time it can be seen that the sparse algothm is about twice faster. The very
few extra iterations introduced by the sparse variant are canpensated by a faster iteration due to
the reduced oating-point operations associated with it.

For the Rouet test case the sparse variants behave comparaplas for the Fuselage problem.
For very small values of (for example =5:10 ’), the sparse preconditioner retains a large
amount of entries, more than 30% of the elements. The sparse computational cost to setup
the preconditioner becomes expensive, even more expensitlean the dense one. For example,
see Table[Z1l, the cost of the sparse preconditioner for = 5:10 7 on 8 or 16 subdomains is
respectively 283 seconds and 145 seconds whereas it is regpely 235 seconds and 137 seconds
for the dense preconditioner. Furthermore, we can point tha the gap in the number of iterations
between very small choices of (for example =5:10 ’ onthe Rouet Table[ZI1) and a reasonable
choice of (for example =5:10 ¢ on the same Rouet example) is already small. A good tuning
of (for example =5:10 & on the same Rouet problem), can lead to the best ratio between
computational cost and numerical solution performance. Onthe Rouet example in Table[Z.11, for
the decomposition into 16 subdomains, the number of iteratbns for =5:10 7 is 80 and it is 87
for =5:10 ©, while the global computational cost is respectively 262 seonds and 151 seconds.
Finally, we should mention that the componentwise backwarderror associated with the solution
computed by the direct method for this example is about 9:17 10 1.

7.4.2 Parallel performance

In this section we report on parallel experiments. For inde nite systems we choose ful-GMRES as
Krylov solver and consider the ICGS (lterative Classical Gram-Schmidt) orthogonalization variant
The initial guess is always the zero vector and convergencs detected when the normwise backward
error becomes less thanl0 & or when 300 steps have been unsuccessfully performed.

7.4.2.1 Numerical scalability on parallel platforms

In this subsection we describe how both preconditioners Mg 62 and Msp 64 ) aect the con-
vergence rate of the iterative hybrid solver and what numertal performance is achieved. Hence,
we report test cases for di erent sizes of the Fuselage probm; only one Rouet problem size is
considered.

In Table [Z4] we display the number of iterations obtained for di erent problem sizes of the
Fuselage test case. Each original problem is split into 4, 816, 32, and 64 subdomains expect
for the problem with about 1 million elements that does not t into the memory available on 4
processors. First we test the quality of the sparse precontlbner Mg, ¢4 generated by varying
the sparsi cation threshold and compare the results to the dense preconditioneMy g4 . We
also indicate in Table [Z2 the percentage of kept entries in ie sparse preconditioner for each
value of  and for the di erent decompositions, and for di erent Fuselage problem sizes. The
results show that the sparse preconditioner convergence isimilar to the one observed using the
dense preconditioner. The Fuselage is a relatively di cult problem; when increasing the number of
subdomains, the reduced system (global interface system)dromes larger with high heterogeneity.
The values of the entries varies by more than 15 order of magtide. It is much more di cult
to compute the solution, thus the small increase in the numbe of iterations when increasing the
number of subdomains is not surprising. The attractive featre is that both preconditioners still
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| # processors 4 8 16 32 64

My 64 38 92 124 169 224
50010°lements| Mg, 64 ( =5:10 7)||39 (17%)| 92 (18%) 124 (22%)| 169 (29%)| 224 (38%)
3:310°dof  |Mgp es ( = 10 ©)||40 (13%)| 92 (14%) 124 (17%)| 169 23%()| 224 (31%)
Mep 6 ( =5:10 ©) || 51 (6%)| 99 ( 7%) | 130 ( 9%)| 173 (13%)| 228 (18%)

My 64 20 94 122 168 232
80010°elements| Mg, 64 ( =5:10 7)||24 (17%)| 94 (15%)|117 (20%)| 168 (25%)| 232 (33%)
4:810°dof  [Mgp 6s ( = 10 ©)||25 (12%)| 94 (11%)|123 (15%)| 168 (20%)| 232 (26%)
Mg 64 ( =5:10 ) || 41 (6%)| 104 ( 6%)| 134 ( 8%)| 177 (11%)| 242 (15%)

My 64 - 98 147 176 226
10Pelements Mgy 64 ( =5:10 7) - 99 (13%)| 147 (17%)| 176 (22%)| 226 (30%)
6:510Pdof  |Mgp 64 ( = 10 ) - 101 (10%)| 148 (13%)| 177 (18%)| 226 (24%)
Mep 64 ( =5:10 ©) - 121 (5%)| 166 ( 7%)| 194 ( 9%)| 252 (13%)

Table 7.4: Number of preconditioned GMRES iterations and pecentage of kept entries for the
di erent Fuselage problems. The number of processors is vad for the various variants of the

preconditioner and for various choice of

. =" means that the result is not available.

| # processors 8 | 16 | 32 64 |
My 64 59 79 106 156
Mep 64 ( =5:10 7) || 59 (31%) | 80 (40%) | 107 (45%) | 156 (56%)
33710°lements | Mg 64 ( = 10 ©) || 59 (24%) | 83 (31%) | 108 (39%) | 157 (47%)
1:3 10°dof Mg 64 ( =5:10 ©) || 60 (11%) | 87 (16%) | 114 (21%) | 162 (27%)
Mep 6a ( = 10 %) || 63 (7%) | 89 (11%) | 116 (15%) | 166 (20%)
Mep 6s ( =5:10 %) || 70 (3%) | 103 (5%) | 131 (7%) | 191 ( 9%)

Table 7.5: Number of preconditioned GMRES iterations and pecentage of kept entries for the
Rouet problem with about 500,000 elements and 1.3 Mdof. The umber of processors is varied for
the various variants of the preconditioner and for various doices of

is not available.

. =" means that the result
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achieve the same backward error level even for large nhumberf subdomains. Moreover, we study
the e ect of increasing the size of the mesh, that leads to ineasing the subdomain size for a xed
number of processors (vertical reading in the Tablé7}4). Tle growth in the subdomain size keeping
xed the number of processors only has a very slight e ect on he convergence rate. For example,
we can observe that when increasing the size of the Fuselagegblem from 500,000 elements to
one million elements for a xed number of subdomains let say 3 subdomains, the numbers of
iterations remain around 170 iterations for both preconditioners.

A similar analysis was performed for the Rouet test case, ingstigating the e ect of domain
decomposition. We report in Table[Z3, results when varyingthe number of subdomains from 8
to 64 for a xed mesh size of 337,000 elements. As expected, éhsparse preconditioner performs
as well as the dense preconditioneMy g4, for the di erent decomposition considered here. In
Table[Z.5, we display the percentage of kept entries in the sprse preconditioner for each value of
and for each decomposition. We can observe that for percentges between10% to 20%, the sparse
preconditioner behaves closely to the dense one for all deepositions. The gap in the number of
iterations is between 1 and 5 for the most di cult cases, whereas the sparse variants save lot
of computing resources as described in the next subsectiorRegarding the number of iterations
when increasing the number of processors, we can still obsar, as in the Fuselage test case, a
slight growth in the iteration numbers. For example when we ncrease the number of subdomains
8 times, the iteration number is multiplied by 2.8.

To conclude on this aspect, we would like to underline the fatthat either the dense precon-
ditioner My 64, Or the sparse variant Mg, 64 are able to ensure fast convergence of the Krylov
solvers on our test cases of structural mechanical applicans, and even when increasing the num-
ber of subdomains. More precisely some tests on the Fuselagdgth one million elements were
performed on more than 64 processors. The results show thathe preconditioner still guarantee
reasonable numerical performance (for example 275 iteraths on 96 processors).

7.4.2.2 Parallel performance scalability

This subsection is devoted to the presentation and analysi®f the parallel performance of both
preconditioners. A brief comparison with a direct method sdution is also given. It is believed that
parallel performance is the most important means of reducig turn around time and computational
cost of real applications. In this context, we consider expements where we increase the number
of processors while the size of the initial linear system (e., mesh size) is kept constant. Such
experiments mainly emphasize the interest of parallel comptation in reducing the elapsed time to
solve a problem of a prescribed size.

For the sake of completeness, we report in Tabl€718 to TablEZT1 a detailed description of
the computing time for all problems described above, for bab preconditioners, and for di erent
choices of the dropping parameter . We also report the solution time using the parallel sparse
direct solver, where neither the associated distribution o redistribution of the matrix entries, nor
the time for the symbolic analysis are taken into account in ar time measurements. The main
aim of this detailed presentation is to evaluate the perfornance of the three mains phases of the
hybrid solver in a very comprehensive way. We recall the mairthree phases of the method:

Phasel: the initialization phase that is the same for all the variants of the preconditioners.
It consists into the factorization of the local internal problem and the computation of the

Schur complement. It depends only on the size of the local sudbmains and on the size of
the local Schur complements;

Phase2:the preconditioner setup phase that di ers between the dens and the sparse variants.
It depends also on the size of the local Schur complements, dron the dropping parameter
for the sparse variants;

Phase3: the iterative loop which is related to the convergence rate ad to the time per iter-
ation. This latter depends on the e ciency of the matrix-vec tor product kernel (explicit v.s.
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implicit), and on the preconditioner application, that is t he forward/backward substitutions
(dense v.s. sparse).

Initialization  phasel

The results of the parallel e ciency of the initialization p hase Phase) of all test cases when
increasing the number of processors are given in Table~71.8 téable [Z.I1. It consists in the factor-
ization time of the local internal problem associated with each subdomain, and on the computing
time of the local Schur complement using theMumps package. Because the problem (mesh) size is
xed, when we increase the number of processors, the subprtédms become smaller and the initial-
ization times decrease in a superlinear manner. We can obser this superlinear speedup especially
for very large problems as Fuselage with 1 million elements.For this test case the initialization
time decreases from 223 seconds on 8 processors down to 1308es on 64 processors. Although
less important, the same trend was observed on the other testases.

We note that to compute our preconditioner we need an explidi calculation of the local Schur
complement. Among the few available parallel distributed drect solvers, Mumps o ers a unique
feature, which is the possibility to compute the Schur compéments de ned in equation (Z.1) using
e cient sparse calculation techniques:

S=A,, A L ATA (7.1)
There are several advantages of this approach. It enable ustconstruct our preconditioner that is
based on the explicit form of the Schur complement. It is alsceasy to build either mixed precision
or sparsi ed preconditioner. In addition, in the explicit ¢ ase, the matrix-vector product needed
at each iteration step of the Krylov solver is performed by a @ll to the high performance Blas-2
Dgemv routine whereas it needs two sparse triangular solves in thémplicit case. On the other
hand, there are also some drawbacks for this method. First, hie factorization step takes more time
as we have more oating-point operations to perform in orderto compute the Schur complement.
This method also requires some additional storage to hold th local Schur complement as a dense
matrix.

In order to compare the two approaches, we report in Tablé€7ZJ6the computing time to factorize
the A, matrix with or without Schur computation. Those results cor respond to the Fuselage
test cases, for the di erent decompositions.

| # processors | 8 | 16 | 32 | 64 |

Interface size 11004 10212 8022 4338
Interior size 595914 | 278850 | 133122 | 73056

Fuselage4:8 10fdof | explicit (A, ;, + Schur) 131 51 22 9
implicit ( Ay,1,) 53 19 9 4
Interface size 12420 9444 6420 4950
Interior size 806712 | 381804 | 201336 | 99060

Fuselage6:5 10Pdof explicit (A,,,, + Schur) 218 48 35 12
implicit ( Ay,1,) 95 30 13 6

Table 7.6: Parallel elapsed time (sec) for the factorizatio of A, with or without Schur com-
plement.

If we compare the factorization of A, , with or without Schur, it is easy to see that, even if
the factorization step takes more time, only a small number & Krylov iterations is usually enough
to make the explicit method more e cient than the implicit on e as illustrated in the next paragraph
related to the time per iteration.

Preconditioner setup  phase2

In order to study the preconditioner costs of our algorithms we report in Table [7.8 to Table[Z.11
the required time to build the preconditioner. This cost includes the time to assemble the local
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Schur complement, and to factorize the assembled dense Sahior My ¢4, Or to sparsify and then
to factorize the resulting sparse assembled Schur foMs, 4. To assemble the preconditioner,
neighbour to neighbour communication is performed to exchage informations with processors
owning neighbouring regions. The key is that this communic&ion cost is relatively small compared
to the factorization of the preconditioner. The assemblingpart of the preconditioner setup has
little e ect even when increasing the number of processors.

Regarding the factorization time, we can again see the advaage of the sparse variants of the
preconditioner. This is especially noticeable for small nmbers of subdomains where the precon-
ditioner size is large. In this case, it is interesting to noe that the sparse variant can build the
preconditioner more than 3 times faster than the denseMy 4 counterpart. For example in Ta-
ble[Z8, the sparse preconditioner setup with =5:10 ©, is ve times faster as the dense algorithm
on 8 or 16 processors. However, the performance is related the percentage of kept entries in
the preconditioner. So for very small values of the droppingparameter  a lot of entries are kept,
the sparse factorization of the preconditioner becomes exnsive, sometimes more expensive than
the dense My 4. This can be observed for example in Tabl€711, where, with rocessors, the
setup costs 283 seconds for = 5:10 7 about 220 seconds for =10 ©, whereas its cost is 235
seconds for the denseMy ¢4 . For the same case, it costs 43 seconds for=10 °, the resulting
sparse preconditioner converges with only 4 extra iteratios compared to the dense preconditioner.
From a speedup point of view, it can be seen that as more and merprocessors are added, the size
of the preconditioner components becomes smaller and thushée cost of the computation becomes
faster. Becausd.apack algorithms are used to factorize the dense preconditioneMy ¢4, it is not
surprising that the computing cost of the preconditioner has a superlinear speedup when increasing
the number of subdomains. It is well known that the number of oating-point operations of a dense
LU factorization is in order of O(n®), thus decreasing the size oh leads to a superlinear speedup.
For similar reasons, superlinear speedups are also obsedvéor the sparse preconditioners.

Iterative loop  phase3

We study now the performance of the iterative loop. We reportthe average of the time per
iteration required by each of the problem described above t@onverge when increasing the number
of processors. The iterative kernel is divided into three séps: the matrix-vector product, the
preconditioner application, and the dot-product calculation. For the matrix-vector product, each
processor computes the matrix-vector product and updates lie results of only the interface in
its region. So, communication here is performed each step dnbetween processors sharing an

interface. The matrix-vector product sx™® is a common step to all variants. It can be performed
explicitly, if local Schur complement matrices are explictly built and stored in memaory; an implicit
calculation can be implemented otherwise. The Schur complaent is de ned by

S=A,, A 1 ATA, (7.2)

In the implicit approach, the factors of A, are used to perform the local matrix-vector prod-
ucts for the local Schur complement de ned by equation [Z2) This is done via a sequence of
sparse linear algebra computations, namely a sparse matrixector product by A;, , , then sparse
forward/backward substitutions using the computed factors of A;,;, , and nally a sparse matrix-
vector product by A | .

In the explicit case, it consists in a single call toDgemv , the dense level Blas subroutine that
implements a dense matrix-vector product. In this case, thenumber of oating-point operations
might be smaller and the access to the memory is more regular.., dense versus sparse calculation),
this explains the large decrease of computing time observedhen using the explicit matrix-vector
product. In all our experiments we consider the use of the exiit approach.

In order to compare the two approaches, we report in Tabld_Zl7the time spent in the matrix-
vector product for both explicit and implicit cases, for all experiments. For the Fuselage example
(that is 2.5D rather than full 3D), it is clear that the use of t he explicit approach is the fastest.
In the implicit case, the core of the matrix-vector product needs two sparse triangular solves on
the internal unknowns of each subdomain. So it is related rg, to the ratio between the number
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of unknowns belonging to the interior and the number of unknavns belonging to the interface of
the subdomains. For example on the Fuselage 06:5 10°dof , the ratio % is around 65 on
8 subdomains and 20 on 64 subdomains; that is, the number of ierior unknowns is very large
compared to those on the interfaces. Similar ratio can be olesved on the other Fuselage test cases.
As results, the growth in the matrix-vector product time, wh en the size of the local subdomain
increases, is rather pronounced for the implicit case, whemas it is rather moderate for the explicit
case. On those examples, the explicit calculation clearly utperforms the implicit one; for the
Fuselage test with 1 million elements, on 8 processors, thexplicit variant is 5 times faster than
the implicit one. For the overall iterative loop it enables us to reduce the time from 270 seconds
for implicit calculation down to 94,1 seconds for the explit one.

For the Rouet problem, the local subdomain sizes are smallecompared with the Fuselage test
problems. The ratio between the interior and the interface tnknowns is smaller. It is around 10
on 8 subdomains and around 3.7 on 32 and 64 subdomains. In thisase, the number of interior
unknowns is comparable with the number on the interfaces. Cnsequently the backward/forward
substitutions perform comparably to a dense matrix-vector product kernel on the interface. As a
result the gap between explicit and implicit is reduced, butthe explicit approach still outperforms
the implicit one.

Regarding the preconditioning step, it is still clear that the sparsi ed variant is of great inter-
est as it reduces considerably the time to apply the precondioner, which leads to a signi cant
reduction of the time per iteration compared to the dense couaterpart.

At each iteration, the third step also performs global redudion. It was observed that, the
relative cost of this reduction is negligible compared to tke other steps of the algorithm, it increases
by less than 2:10 3 seconds when increasing the number of processors from 8 to.64

Thus, by looking at the time per iteration, we might conclude that the extra number of iterations
cost introduced when increasing the number of subdomains ialmost (in most cases) compensated
by the cheaper cost of the resulting time per iteration. Regading the sparse variants, we notice
a signi cant gain in computing time for suited dropping thre sholds. We should mention that
dropping too many entries often lead to a signi cant increase of the iterative loop time as the
number of iterations grows notably. For example in Table[Z8for =5:10 ©. On the other side,
only dropping a very few entries (very small ) also leads to higher time per iteration than a
dense approach. For example in Tablg 711 for =5:10 7. A good trade-o between numerical
robustness and fast calculation should be found to ensure # best performance of the sparsi ed
approach.

Finally, we compare in Figure[7.3 and Figure[ 7%, the two varants of the preconditioners and

| # processors I 4 | 8 | 16 | 32 | 64 |
_ explicit - 0.43 0.30 0.16 0.0
Rouet  1:3 10°dof implicit - 1.06 0.54 0.27 0.16
_ explicit 0.40 0.28 0.16 0.06 0.04
Fuselage 3:3 1GPdof implicit 2.12 1.00 0.49 0.31 0.17
_ explicit - 0.32 0.29 0.20 0.05
Fuselage 4:8 10°dof implicit - 151 0.71 0.42 0.21
_ explicit - 0.42 0.30 0.13 0.08
Fuselage 6:5 10°dof implicit - 221 1.01 0.61 0.32

Table 7.7: Parallel elapsed time (sec) for one matrix-vectoproduct step. -" means that the result
is not available.
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Total solution time
# processors | 8 | 16 | 32 | 64
Direct 655.5 330.0 201.4 146.3
My 64 525.1 217.2 124.1 82.2
Mep 64 ( =5:10 7) 338.0 129.0 94.2 70.2
Mep 6s ( = 10 ©) 322.8 120.1 87.9 65.1
Mg 64 ( =5:10 6) 309.8 110.9 82.8 63.2
Time in the iterative loop
# processors 8 | 16 | 32 | 64
My 64 94.1 77.9 58.1 54.2
Mep 6s ( =5:10 7) 59.4 52.6 42.2 42.9
Mep 64 ( = 10 ©) 57.6 50.3 38.9 40.7
Msp 64 ( =5:10 6) 60.5 49.8 40.7 45.4
# iteration
| # processors 8 | 16 | 32 | 64
Md 64 98 147 176 226
Msp 64 ( =5:10 7) 99 147 176 226
Msp 64 ( = 10 6 101 148 177 226
Msp 64 ( =5:10 6) 121 166 194 252
Time per iteration
| # processors 8 | 16 | 32 | 64
My 64 0.96 0.53 0.33 0.24
Msp 64 ( =5:10 ) 0.60 0.36 0.24 0.19
Msp 64 ( = 10 6) 0.57 0.34 0.22 0.18
Mep 64 ( =5:10 ©) 0.50 0.30 0.21 0.18
Preconditioner setup time
| # processors 8 | 16 | 32 | 64
My 64 208.0 89.0 30.0 15.0
Msp 64 ( =5:10 ) 55.6 26.1 16.0 14.3
Msp 64 ( = 10 ©) 42.2 19.5 13.0 11.4
Mep 6s ( =5:10 ©) 26.3 10.8 6.1 4.8
Max of the local Schur size
| # processors 8 | 16 | 32 | 64
| All preconditioners 12420 | 9444 | 6420 | 4950
Initialization time
| # processors 8 | 16 | 32 | 64
| All preconditioners I 223.0 | 50.3 | 36.0 | 13.0

Table 7.8: Detailed performance for the Fuselage problem wh about one million elements and 6.5
Mdof when the number of processors is varied for the variousariants of the preconditioner and
for various choices of . We also report the factorization+solve" time using the parallel sparse
direct solver.
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Total solution time
| # processors | 8 | 16 | 32 | 64
Direct 376.0 283.9 171.3 98.8
My 64 344.4 232.5 151.6 62.1
Msp 64 ( =5:10 ) 214.9 143.7 84.6 55.1
Msp 64 ( = 10 6) 203.4 129.2 80.6 51.6
Msp 64 ( =5:10 ©) 189.2 115.6 78.1 44.5
Mgy 64 ( = 10 5) 190.7 120.9 79.7 no cvg
Time in the iterative loop
# processors 8 | 16 | 32 | 64
My 64 65.9 69.8 72.7 42.0
Msp 64 ( =5:10 7) 41.2 61.5 47.4 34.6
Mg 64 ( = 10 6) 39.5 58.7 46.4 33.6
Mep 6s ( =5:10 ©) 38.7 52.8 47.6 30.5
Msp 64 ( = 10 °) 43.8 58.5 50.7 no cvg
# iteration
| # processors 8 | 16 | 32 | 64
Md 64 94 122 168 232
Mep 6s ( =5:10 7) 94 122 168 232
Msp 64 ( = 10 6) 94 123 168 232
Msp 64 ( =5:10 6) 104 134 177 242
Mgp 64 ( = 10 9) 123 158 201 no cvg
Time per iteration
| # processors 8 | 16 | 32 | 64
My 64 0.70 0.57 0.43 0.18
Msp 64 ( =5:10 ) 0.44 0.50 0.28 0.15
Msp 64 ( = 10 6) 0.42 0.48 0.28 0.14
Mep 6s ( =5:10 ©) 0.37 0.39 0.27 0.13
Mgp 64 ( = 10 9) 0.36 0.37 0.25 no cvg
Preconditioner setup time
# processors 8 | 16 | 32 | 64
My 64 142.8 110.0 55.9 104
Mep 64 ( =5:10 7) 38.0 290.5 14.3 10.8
Mep 6s ( = 10 ©) 28.2 17.8 11.3 8.3
Msp 64 ( =5:10 ) 14.8 10.1 75 4.2
Msp 64 ( = 10 %) 11.2 9.7 6.1 3.2
Max of the local Schur size
| # processors 8 | 16 | 32 | 64
| All preconditioners 11004 | 10212 | 8022 | 4338
Initialization time
| # processors 8 | 16 | 32 | 64
| All preconditioners I 135.7 | 52.7 | 23.0 | 9.7

Table 7.9: Detailed performance for the Fuselage problem wh about 0.8 million elements and 4.8
Mdof when the number of processors is varied for the variousariants of the preconditioner and
for various choices of . We also report the factorization+solve" time using the parallel sparse
direct solver.
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Total solution time
| # processors | 4 | 8 | 16 | 32 | 64
Direct - 314.4 162.5 83.0 78.5
My 64 411.1 1994 107.7 59.3 38.2
Msp 6a ( =5:10 7) 334.2 133.0 79.4 51.0 37.3
M 64 ( = 10 ©) 311.6 125.1 72.9 46.0 35.6
Mg 64 ( =5:10 ©) 282.8 114.3 65.0 40.7 30.6
Msp 64 ( = 10 %) 282.3 114.1 67.3 39.5 29.7
Time in the iterative loop
| # processors 4 | 8 | 16 | 32 | 64
My 64 32.5 46.2 37.2 32.3 26.7
Mg 64 ( =5:10 7) 23.2 31.6 27.5 24.3 23.3
Msp 64 ( = 10 6) 225 30.3 25.9 23.3 23.1
Msp 64 ( =5:10 6 25.1 29.5 24.8 225 21.0
Mep 6a ( = 10 5) 29.5 31.9 28.8 22.7 20.8
# iteration
| # processors 4 | 8 | 16 | 32 | 64
My 64 38 92 124 169 224
Msp 64 ( =5:10 ) 39 92 124 169 224
Mep 6a ( = 10 ©) 40 92 124 169 224
Msp 6a ( =5:10 ©) 51 99 130 173 228
Mep 64 ( = 10 B) 64 114 155 191 248
Time per iteration
# processors 4 | 8 | 16 | 32 | 64
My 64 0.85 0.50 0.30 0.19 0.12
Msp 624 ( =5:10 ) 0.60 0.34 0.22 0.14 0.10
Msp 6a ( = 10 ©) 0.56 0.33 0.21 0.14 0.10
Msp 64 ( =5:10 6 0.49 0.30 0.19 0.13 0.09
Msp 64 ( = 10 %) 0.46 0.28 0.19 0.12 0.08
Preconditioner setup time
| # processors 4 | 8 | 16 | 32 | 64
Mg 64 182.0 79.1 37.9 13.8 5.3
Msp 64 ( =5:10 7) 114.3 27.4 19.2 13.4 7.8
Msp 64 ( = 10 6) 92.5 20.8 14.4 9.4 6.3
Msp 64 ( =5:10 6) 61.0 10.8 7.5 4.9 34
Msp 6a ( = 10 5) 56.2 8.2 5.8 3.5 2.7
Iterative system unknowns
| # processors 4 | 8 | 16 | 32 | 64
| All preconditioners 17568 | 28644 | 43914 | 62928 | 88863
Max of the local Schur size
| # processors 4 | 8 | 16 | 32 | 64
| All preconditioners 11766 | 8886 | 7032 | 4908 | 3468
Initialization time
| # processors 4 | 8 | 16 | 32 | 64
| All preconditioners | 1967 | 740 | 327 | 13.2 | 6.2

Table 7.10: Detailed performance for the Fuselage problem ith about 0.5 million elements and
3.3 Mdof when the number of processors is varied for the varigs variants of the preconditioner and
for various choices of . We also report the factorization+solve" time using the parallel sparse

direct solver.

-" means that the result is not available because of the memory requirement.
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Total solution time
| # processors | 8 | 16 | 32 | 64
Direct 435.1 350.0 210.7 182.5
My 64 453.7 264.6 110.9 70.1
Msp 64 ( =5:10 7) 499.4 262.2 143.6 64.4
M 64 ( = 10 ©) 433.4 212.6 124.6 59.7
Msp 64 ( =5:10 ©) 2775 151.7 86.5 51.4
Msp 64 ( = 10 %) 246.7 134.6 70.5 47.2
Msp 64 ( =5:10 %) 214.0 122.1 63.4 46.2
Time in the iterative loop
| # processors 8 | 16 | 32 | 64
My 64 57.2 60.8 445 42.1
Msp 64 ( =5:10 ) 54.9 50.4 39.6 37.4
Msp 64 ( = 10 6) 51.9 49.8 36.7 37.7
Mg 64 ( =5:10 ©) 42.0 47.9 37.6 35.6
Mep 6s ( = 10 5) 42.2 41.8 30.2 33.2
Mep 64 ( =5:10 5) 38.5 44.3 34.1 34.4
# iteration
# processors 8 | 16 | 32 | 64
My 64 59 79 106 156
Msp 64 ( =5:10 7) 59 80 107 156
M 64 ( = 10 ©) 59 83 108 157
Msp 64 ( =5:10 6) 60 87 114 162
Msp 64 ( = 10 %) 63 89 116 166
Msp 64 ( =5:10 %) 70 103 131 191
Time per iteration
| # processors 8 | 16 | 32 | 64
Md 64 0.97 0.77 0.42 0.27
Msp 64 ( =5:10 ) 0.93 0.63 0.37 0.24
Msp 64 ( = 10 6) 0.88 0.60 0.34 0.24
Mep 64 ( =5:10 ©) 0.70 0.55 0.33 0.22
Msp 64 ( = 10 5) 0.67 0.47 0.26 0.20
Mep 64 ( =5:10 5) 0.55 0.43 0.26 0.18
Preconditioner setup time
# processors 8 | 16 | 32 | 64
M4 6a 235.0 137.0 435 19.0
Msp 64 ( =5:10 7) 283.0 145.0 81.2 18.0
Mep 64 ( = 10 ©) 220.0 96.0 65.0 13.0
Msp 64 ( =5:10 6) 74.0 37.0 26.0 6.8
Msp 64 ( = 10 %) 43.0 26.0 17.5 5.0
Mg 64 ( =5:10 5) 14.0 11.0 6.5 2.8
Max of the local Schur size
| # processors 8 | 16 | 32 | 64
| All preconditioners 13296 | 10953 | 7404 | 5544
Initialization time
| # processors 8 | 16 | 32 | 64
| All preconditioners I 161.5 | 66.8 | 22.9 | 9.0

Table 7.11: Detailed performance for the Rouet problem withabout 0.33 million elements and 1.3
Mdof when the number of processors is varied for the variousariants of the preconditioner and
for various choices of . We also report the factorization+solve" time using the parallel sparse
direct solver.
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a direct solver. The direct solver is used in the context of geeral symmetric matrices, where
with the default parameters automatically set by the Mumps package. In term of permutation,
we have performed some experiments to compare between the sied dissection Metis routine of
ordering and the Approximate Minimum Degree (AMD) ordering. The best performance was
observed when we used the Metis routine. We performed runs ugg assembled and distributed
matrix entries. We mention that neither the associated distribution or redistribution of the matrix
entries, nor the time for the symbolic analysis are taken inb account in our time measurements.
For the direct method, we only report the minimum elapsed time for the factorization and for the
backward/forward substitutions. We illustrate the corres ponding computing time when increasing
the number of processors, for all the tests cases. Figute T8esents the three Fuselage test cases,
whereas Figurd_Z# describes the Rouet one. The graphs on theft of these gures give the number
of iterations required by each variant, whereas the right gaphs summarize the overall computing
time and compare them with the time required by the direct solver. Compared with the direct
method, our hybrid approach gives always the fastest schemeOver the course of a long simulation,
where each step requires the solution of a linear system, o@pproach represents a signi cant saving
in computing resources; this observation is especially val for the attractive sparse variant.

We now investigate the analysis in term of memory requiremet We depict in Table the
maximal peak of memory required on the subdomains to computehe factorization and either the
dense preconditioner for thehybrid Mg ¢4 method or the sparse preconditioner with =5:10 ©
for the hybrid Mg, 62 method. We report also the average memory required by the dict
method.

For each test case, we report in each row of TableE7.12 the amatiof memory storage required
(in MB ) for the di erent decomposition described in this subsecton. This amount is huge for
small number of subdomains. This is due to the fact that the ste of the local Schur complements
is extremely large. Furthermore the large number of unknowrs associated with the interior of
each subdomain leads to local factorizations that are memagr consuming. A feature of the sparse
variants is that they reduce the preconditioner memory usa@.

| # processors | 4 | 8 | 16 | 32 | 64 |
Direct - 5368 2978 1841 980
Rouet 1:3 10°dof Hybrid My 64 - 5255 3206 1414 739
Hybrid Mgy 64 - 3996 2400 1068 560
Direct 5024 3567 2167 990 669

Fuselage 3:3 10°dof Hybrid My 64 6210 3142 1714 846 399
Hybrid  Msgp 64 5167 2556 1355 678 320

Direct 9450 6757 3222 1707 1030
Fuselage 4:8 10°dof Hybrid My 64 8886 4914 2994 1672 623
Hybrid Msgp 64 7470 4002 2224 1212 495

Direct - 8379 5327 2148 1503
Fuselage 6:5 10°dof Hybrid My 64 - 6605 3289 1652 831
Hybrid  Msgp 64 - 5432 2625 1352 660

Table 7.12: Comparison of the maximal local peak of the data terage (MB ) needed by the
hybrid and the direct method. -" means that the result is not available because of the memory
requirement.
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Figure 7.3: Parallel performance for the Fuselage test case when increasing the number of pro-
cessors. Left graphs display the numerical behaviour (numér of iterations), whereas the right
graphs display a comparison of the computing time between th hybrid solver and the direct

solver. Moreover, the results for both preconditioners andfor di erent values of

are reported.
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Figure 7.4: Parallel performance for the Rouet (1.3 Mdof) test case, when increasing the number
of processors. Left graphs display the numerical behaviou(humber of iterations), whereas the

right graphs display a comparison of the computing time between the hybrid solver and the direct
solver. Moreover, the results for both preconditioners andfor di erent values of  are reported.

7.5 Symmetric positive de nite linear systems in structura I
mechanics

7.5.1 Numerical behaviour

As discussed in the previous chapters, we study in this sean the numerical behaviour of the
preconditioners. For that purpose, we compare the numerichperformance of the sparsi ed pre-
conditioner Msp 64 and compare it to the classicalMy 4. We also perform a comparison with
the mixed arithmetic preconditioner My mix . To be exhaustive, we also consider a direct solver.
We note that for these problems, the discretization gives rge to linear systems that are symmetric
positive de nete. Therefore we use the conjugate gradient Kylov solver in the iterative phase. The
performance and robustness of the preconditioners are evsted for the PAMC50 test problem.

7.5.1.1 Inuence of the sparsi cation threshold

In order to study the e ect of the sparse preconditioner on the convergence rate we display in
Figure[7.3 the convergence history for various choices of thdropping parameter involved in the
de nition of Mg, 64 in Equation (B.6). We also compare them to the convergence Biory of the
dense My 64 and to a direct solution method. On the left-hand side we dispay the convergence
history as a function of the iterations. On the right-hand side, the convergence is given as a function
of the computing time. The results presented here are for a m&h with 125,000 nite elements (0.8
million dof) on the PAMC50 test case mapped onto 32 processast

These results show again the attractive features of the spae variant. They illustrate the
main advantage of the sparse preconditioners that is, theirvery low costs both in memory and
in computing time compared to the dense preconditioner or tothe direct method. Again, the
preconditioning quality is not signi cantly degraded, the sparse approach behaves very closely to
the dense one for suited choices of (for example 10 ° or 10 #). We report in Table I3 the
memory space and the computing time required to build the preonditioner on each processor. The
maximal subdomain interface in this test case is 11119 unknens. The results demonstrate the
e ectiveness of the sparsi ed preconditioners. When conglering both memory and computational
aspects of the sparse approach we believe that it exhibits mgy advantages, in particular when
dealing with large subdomain interfaces.
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(a) PAMC50 0.8 Mdof (history v.s. iterations). (b) PAMC50 0.8 Mdof (history v.s. time).

Figure 7.5: Convergence history for PAMC50 problem mapped oto 32 processors, of the direct, the
Hybrid-dense (Mq 64 ) and the Hybrid-sparse (Msp 64 ) solvers for various sparsi cation dropping
thresholds (Left: scaled residual versus iterations, Righ scaled residual versus time).

| | © | 10° | 107 | 10° | 107 |
PAMC50 problem with 0.8 Mdof
Memory 943us 160y 38ue 11ve 3vB
Kept percentage 100% 17.0% 4.1% 1.1% 0.3%
P reconditioner setup 83.3 17.7 9.5 5.9 5.0

Table 7.13: Preconditioner computing time(sec) and amount of memory(MB ) in Mgy 64 V.S.
Mg 64 for various choices of the dropping parameter.

7.5.1.2 Inuence of the mixed arithmetic

We focus in this subsection on the numerical behaviour of themixed arithmetic approach [50] and
compare it with the full 64-bit and with a direct solution met hod. In this respect, we consider
the same example as in the previous subsection. We plot the coergence history for the PAMC50
test problem when it is decomposed into 32 subdomains. As pxously, the performance and the
robustness of the mixed arithmetic preconditioner are evalated. On the left graph of Figure[Z.8,

the convergence history is a function of the iterations and a the right one the convergence history
is a function of time. Again, it can be observed that for this type of 3D problems, the mixed

precision algorithm behaves very closely to the 64-bit algathm. It does not delay the convergence.
As expected the two preconditioners reach the same accuracgs the direct method. That is, at

the level of 64-bit arithmetic. When looking at the right gra ph, one observes that the saving in
computing time is not as signi cative as it was in Section[5.32. We should mention that the

computing platform that we use here does not allow higher 3it processing speed compared with
64-bit. The main advantage of this approach is that it gives lise to similar behaviour as the 64-bit
algorithm with low cost in both memory and marginately less computing time.

7.5.2 Parallel performance experiments

For the sake of completeness, we would like to illustrate thgerformance of these implementations
for both the numerical and the computing time point of view. We require that the normwise
backward error becomes smaller than10 8. We perform experiments for a xed mesh size, when
decomposed into di erent number of subdomains. In the rst subsection below, we analyze the
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Figure 7.6: Convergence history for PAMC50 problem mapped nto 32 processors, of the direct,
the Hybrid-64 bit ( My 64 ) and the Hybrid-32 bit ( My mix ) solvers (Left: scaled residual versus
iterations, Right: scaled residual versus time).

numerical performance of the three preconditioners, wheras the next subsection is devoted to the
study of their parallel features and e ciency.

7.5.2.1 Numerical scalability

We now illustrate the numerical behaviour of the conjugate gadient Krylov solver, when the
number of subdomains increases. The preconditioner testedre the dense 64-bit additive Schwarz
preconditioner Mgy 64 , the sparse alternative Msp 64 and the mixed arithmetic variant Mg mix .
These preconditioners were presented in Sectidn_3.2, Sewti[3.3 and Sectior"3¥. The numerical
experiments are performed on the PAMC50 (0.8 Mdof) test prollem, when decomposed into 16, 32,
64 and 96 subdomains. Another comparison is presented on tHRAMCS80 (3.2 Mdof) mapped onto
192 processors. We note that this latter simulation cannot ke performed using a direct method
neither on 96 nor on 192 processors. The main drawback is thait typically requires more than
400 GBytes on 96 processors and 507 GBytes on 192 processor$is amount of memory is not
available on our test platform that has only 384 GBytes on 192processors.

Table [Z.14 presents the number of iterations. The results otained with di erent choices of
the dropping parameter of Mg, s4 are also given. In addition, we report in Table[Z.14, the
percentage of kept entries for the sparsi cation strategis. We see that, except in one case, the
choice of the preconditioner does not really in uence the cavergence of the iterative scheme.
The only degradation is observed with the sparse preconditiner Mg, ¢4 for the very small value

=10 2. When multiplying the number of subdomains by 6, the number d iterations is multiplied
by less than 2 for all variants. This trend is similar to the one observed on academic examples in
Chapter[H.

On a larger problem, we present in TabldZ.Tb the number of iteations required on the PAMC80
problem mapped onto 96 and 192 processors. The preconditien performs as well as in the
previous simulations for this bigger test example. Using 9&rocessors, the convergence is reached
in 76 iterations for My 64, While 73 iterations were required by PAMC50 on the same numbr of
processors. Also PAMCB80 requires 89 iterations withMg, 64 using = 10 4 while PAMC50
needs 76. This is a promising behaviour, that shows that wherincreasing the overall size of
the problem four times (from 0:8 10° dofs to 3:2 1(° dofs), for the same decomposition (96
subdomains) only 3 extra iterations are needed byMy ¢4, and 13 extra iterations are required by
Mg 64 Using =10 *.
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7.5.2.2 Parallel performance scalability

We devote this subsection to the discussion of the parallel erformance and analysis of the precon-
ditioners. We also report a comparison of all the preconditoners with a direct method. Similarly
to the inde nite case, we report in Table [Z18, the detailed @mputing time for the PAMC50 test
problem.

For a xed mesh size, we vary the number of subdomains from 1632, 64 up to 96. For each
of this partition, we report the maximal size of the local subdomain interface, and the computing
time needed by each of the three main phases of our hybrid metid in addition to the required
time per iteration. We would like to underline the fact that, whatever the preconditioner is, a
very signi cant decrease in the computing time can be obsergd when we increase the number
of processors. We may remark that the behaviour of the precaditioners is similar to what was
described above as well as in Chaptdr]5 and Chaptérl 6. The spse preconditioners perform more
than twice faster than My ¢4 Whereas the mixed precision preconditioneM g mix is still reducing
the overall computing time even on this platform where 32 and64-bit calculation are performed
at the same speed. For the sparse techniques, we can remarkat here the choice of =10 4
gives us the best parallel performance and thus by looking iable [Z.14, we can conclude that for
this type of problem, it is su cient to retain between 3% to 10% of the local Schur complement
entries.

In order to be exhaustive, we also report in Table[ 7.6 the elpsed time to factorize the A,
matrix with or without Schur computation. Finally in Table 7[CI7 we display the elapsed time to
perform the matrix-vector product using both explicit or im plicit approaches described in Subsec-
tion [LZ.Z2. The results of Table[Z1b indicate that when the size of the interface (Schur comple-
ment) is comparable to the number of interior unknowns, the partial factorization that builds the
Schur complement (explicit method) becomes much more expeive than the factorization of the
local problem. By looking in Table[Z11, it can be seen that, m that context the implicit approach
slightly outperforms the explicit one. This behaviour is clearly observed on the PAMC50 where
the ratio % is 2.7 on 16 subdomains and 0.8 on 96 subdomains. That is, theumber of
interior unknowns is very closed to the number of unknowns orthe interface. This ratio is clearly
much smaller than for the Fuselage problem considered in S&on

| # processors I 16 | 32 | 64 | 96 |
My 64 40 50 69 73
Md mix 40 50 66 74
12510%lements | Mgy 64 ( =10 %) || 47 ( 3%) | 55 ( 4%) | 70 ( 6%) 76 ( 8%)
0:8 10°dof Mep 6s ( =10 3) || 58 (0.7%) | 65 (1.0%) | 83 (1.6%) | 87 (2.0%)
M 64 ( =10 2) || 73 (0.2%) | 86 (0.3%) | 103 (0.5%) | 113 (0.6%)

Table 7.14: Number of preconditioned conjugate gradient ierations and percentage of kept entries
in the sparse preconditioner for the PAMC50 problem with abait 125,000 elements and 0.8 Mdof
The number of processors is varied for the various variants fothe preconditioner using various
choices of

PAMC 80 M4 6a M4 mix M sp 64 with M sp 64 with M sp 64 with
3:2 10Pdof =10 *4 =10 3 =10 ?
96 processors 76 - 89 - -
192 processors 96 103 106 126 158

Table 7.15: Number of preconditioned conjugate gradient ierations for the PAMC80 problem

with about 512,000 elements and 3.2 Mdof when the number of rcessors is varied for the various
-" means that the run is not available.

variants of the preconditioner and for various choices of .
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| # processors | 1.6 | 32 | 64 | 96 |
Interface size 14751 11119 8084 6239
Interior size 40012 19009 8666 5365
P AMC 50 0.8 10fdof explicit (Ay,;, + Schur) 90.1 215 7.1 4.0
implicit (Ay,1,) 15.0 4.1 15 0.8
Table 7.16: Parallel elapsed time (sec) for the factorizatin of A;,;, with or without Schur com-
plement.
| # processors I 16 | 32 | 64 | 9% |
licit 0.65 0.32 0.18 0.10
PAMC 50 08 10°dof explic
© implicit 0.52 0.29 0.13 0.09
Table 7.17: Parallel elapsed time (sec) for one matrix-vear product step.
PAMCCS50 0.8 Mdof PAMCCS50 0.8 Mdof
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Figure 7.7: Parallel performance for the PAMC50 (0.8 Mdof) test case, when increasing the number
of processors.
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Total solution time
# processors | 16 | 32 | 64 | 96
Direct 451.0 222.5 161.1 1394
My 64 361.0 158.0 90.4 48.3
My mix 334.2 153.7 74.8 42.7
Msp 64 ( =10 4 146.0 62.9 37.2 22.9
Mep 6a ( =10 3) 142.2 60.9 37.9 22.2
Mg 64 ( =10 2) 152.2 70.5 43.1 26.3
Time in the iterative loop
# processors 16 | 32 | 64 | 96
Mg os 70.0 52.7 49.6 26.2
Mg mix 43.2 48.4 34.0 20.6
Mg 64 ( =10 4 38.7 315 26.7 16.3
Mg 64 ( =10 3) 43.0 33.0 28.4 16.7
Msp 64 ( =10 2) 54.5 43.5 34.0 20.9
# iteration
| # processors 16 | 32 | 64 | 96
My 64 40 50 69 73
Md mix 40 50 66 74
Mep 64 ( =10 %) 47 55 70 76
Mep 64 ( =10 3) 58 65 83 87
Mep 64 ( =10 ?) 73 86 103 113
Time per iteration
| # processors 16 | 32 | 64 | 96
My 64 1.75 1.05 0.72 0.36
My mix 1.08 0.97 0.52 0.28
Msp 64 ( =10 4 0.82 0.57 0.38 0.21
Msp 64 ( =10 2) 0.74 0.51 0.34 0.19
Mg 64 ( =10 2) 0.75 0.51 0.33 0.18
Preconditioner setup time
# processors 16 | 32 | 64 | 96
My 64 200.0 83.3 33.6 18.0
Mg mix 171.0 64.3 30.0 14.6
Mep 6a ( =10 %) 16.3 9.4 3.3 2.5
Mep 6a ( =10 3) 8.2 5.9 2.3 1.4
Mg 64 ( =10 2) 6.7 5.0 1.9 1.2
Max of the local Schur size
| # processors 16 | 32 | 64 | 96
| All preconditioners 14751 | 11119 | 8084 | 6239
Initialization time
| # processors 16 | 32 | 64 | 96
| All preconditioners I 91.0 | 22.0 | 7.2 | 4.1 |

Table 7.18: Detailed performance for the PAMC50 problem wit about 125,000 elements and 0.8
Mdof when the number of processors is varied for the variousariants of the preconditioner and
for various choices of . We also report the factorization+solve" time using the parallel sparse
direct solver.
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In order to summarize and compare with the direct method, we ot in Figure [.7] the per-
formance of the solution techniques on the PAMCS50 test caseOn the left plot, we display the
number of iterations when the number of subdomains is varied On the right, we depict the overall
solution time. In that latter plot, we also report on the para llel performance of a sparse direct
solution (again we do not take into account the symbolic anaysis time and the distribution time
of the matrix entries). On that example, we can see that the hyrid approaches outperform the
sparse direct solution technique.

We now look at the memory requirement, for that, we depict in Table[Z.I9 the maximal peak
of memory required on one processor for the hybrid method wh either the dense preconditioner
(hybrid Mg ¢4), the mixed preconditioner (hybrid Mg mix ), and the sparse preconditioner
(hybrid Mgy e4) with = 10 3. We report also the average of the memory required by
the direct method. We report the size in megabytes of the memry storage required for the
di erent decompositions described in this subsection. Thg amount is very large for small number
of subdomains, especially due to the fact that the size of thdocal Schur complements is large. A
feature of the sparse variants is that they reduce the precoditioner memory usage, which has also
a considerable e ect in the execution time as it reduces the amber of oating-point operations
required by the factorization.

| # processors | 16 | 32 [ 64 | 96 |
Direct 4175 | 2265 | 1507 | 1027
_ Hybrid Mg 64 5318 | 2688 | 1282 802
PAMC 50 of 0:8 10°dof Hybrid Mg mix 4280 | 2114 986 623
Hybrid Mg 64 3422 | 1630 733 474

Table 7.19: Comparison of the maximal local peak of the data terage needed by the direct and
the hybrid method for the di erent studied preconditioners .

7.6 Exploiting 2-levels of parallelism

7.6.1 Motivations

Classical parallel implementations of domain decompositin techniques assign one subdomain per
processor. Such an approach has two main drawbacks:

1. For many applications, increasing the number of subdomais often leads to increasing the
number of iterations to converge. If no e cient numerical mechanism, such as coarse space
correction for elliptic problems, is available the solution of very large problems might become
ine ective.

2. It implies that the memory required to handle each subdomén is available on each processor.
On SMP (Symmetric Multi-Processors) node this constraint an be relaxed as we might
only use a subset of the available processors to allow eachqmessor to access more memory.
Although such a solution enables an optimal use of the memorgome processors are wasted".

One possible alternative to cure those weaknesses is to cater parallel implementations that
exploit 2-levels of parallelism [49]. Those implementations consist in usig parallel numerical
linear algebra kernels to handle each subdomain.

In the next sections we study the numerical bene ts and paralel performance advantages of
the 2-level parallel approach in the context of structural mechanical simulations. We draw the
attention of the reader on the fact that in those sections thenumber of processors and the number
of subdomains are most of the time di erent. A 2-level parallelimplementation will be e ective for
hybrid solver if the three main phases of these numerical tédmiques can be e ciently performed
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in parallel. Due to some features of the version of the paradll sparse direct solverMumps the

rst phase that consists in factorizing the local internal problems and computing the local Schur
complement was still perform sequential. This limitation should disappear in the next release of the
solver that would enable us to better assess the advantagesd weaknesses of th@-level parallel

scheme.

7.6.2 Numerical bene ts

The numerical attractive feature of the 2-level parallel approach is that increasing the number of
processors to speedup the solution of large linear system®ds not imply increasing the number of
iterations to converge as it is often the case with thel-level parallel approach.

We report in Table both the number of iterations and the parallel computing time spent
in the iterative loop, for the problems depicted in Section[Z4. For each problem, we choose a xed
number of processors and vary the number of subdomains thatra allocated to di erent number
of processors.

In this table it can be seen that decreasing the number of subdmains reduces the number of
iterations. The parallel implementations of the numerical kernels involved in the iterative loop is
e cient enough to speedup the solution time. On the largest Fuselage example, when we have
32 processors, standard i-level parallel) implementation partitions the mesh into 32 subdomains
requiring 176 iterations to convergence and consuming 58.8econds. With the 2-level parallel
implementation, either 16 or 8 subdomains can be used. The 18ubdomain partition requires 147
iterations performed in 44.8 seconds and the 8 subdomain aallation needs 98 iterations performed
in 32.5 seconds. This example illustrates the advantage ohe 2-level parallelimplementation from
a numerical viewpoint. We should mention that using the 2-levels of parallelism leads also to
decrease the computing time needed to setup the preconditi@rs. This will be explained in details
in the next section. Whereas the performance of the initialzation phase is momently omitted due
to the version of the direct solver we used.

7.6.3 Parallel performance bene ts

When running large simulations that need all the memory avalable on the nodes of an SMP-
machine, standard parallel codes 1-level parallel) are enforced to use only one processor per node,
thus leaving the remaining processors idle. In this contextthe goal of the 2-level parallel method,
is to exploit the computing facilities of the remaining processors and allows them to contribute to
the computation.

We report in Table [.27], the performance results of the2-level parallelmethod for the Fuselage
with 6.5 million degrees of freedom. This is the analogous tdlable [Z.8 of Subsection7.4.2]2.
We use the 2-level parallel algorithm only for the simulations that left idle processors when the
standard (1-level parallel) algorithm was run due to memory constraints. In that case, the 8 or
16 subdomain decompositions require respectively 7 GByteand 5 GBytes of memory; so that
the 1-level parallelimplementation can only exploits one of the four SMP processrs. That means
that the 8 subdomain simulation using the 1-level parallel approach requires the use of 8 SMP
nodes, where only one processor per node is used,; its leavdsi@le processors. Even worse, the 16
subdomain simulation requires 16 SMP nodes where still onlypne processors per node is used. It
leaves 48 idle processors. In such a context the bene t of the-level parallelapproach is clear. The
parallel performance of the My ¢4 and Mg, 64 are reported in this table and similar results are
given for the other test problems (Table[Z.2Z2 for the Fuselag with 3.3 millions degrees of freedom
and Table [7.Z3 for the Rouet with 1.3 million degrees of freedm)

To study the parallel behaviour of the 2-level parallelimplementation we discuss the e ciency
of the three main steps of the algorithm.

We recall, that these preliminary experiments were perforned with a version of the sparse
direct solver that does not enable us to perform e ciently th e factorization of the local
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# total Algo # # processors/ # iterative
processors subdomains subdomain iter loop time
| Fuselagel million elements with 6:5 1 dof
1-level parallel 16 1 147 77.9
16 processors | 5 el gara||e| 8 2 98 51.4
1-level parallel 32 1 176 58.1
32 processors | 2-level parallel 16 2 147 44.8
2-level parallel 8 4 98 325
1-level parallel 64 1 226 54.2
2-level parallel 32 2 176 40.1
64 processors 2-level Sarallel 16 4 147 31.3
2-level parallel 8 8 98 27.4
| Fuselage0:5 million elements with 3:3 10° dof
8 processors 1-level parallel 8 1 92 46.2
2-level parallel 4 2 38 18.6
1-level parallel 16 1 124 37.2
16 processors | 2-level parallel 8 2 92 25.9
2-level parallel 4 4 38 10.1
1-level parallel 32 1 169 32.3
32 processors 2-level parallel 16 2 124 22.1
2-level parallel 8 4 92 14.3
2-level parallel 4 8 38 11.8
| Rouet 0:33 million elements with 1:3 1¢° dof
1-level parallel 16 1 79 60.8
16 processors 2-level Sarallel 8 2 59 34.1
1-level parallel 32 1 106 44.5
32 processors | 2-level parallel 16 2 79 38.6
2-level parallel 8 4 59 21.1
1-level parallel 64 1 156 42.1
2-level parallel 32 2 106 22.4
64 processors 2-level Sarallel 16 4 79 26.2
2-level parallel 8 8 59 25.5

Table 7.20: Numerical performance and advantage of th@-level parallelmethod compared to the
standard 1-level parallel method for the Fuselage and Rouet problems and for di erent ¢&eccompo-
sition proposed.
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problem and the calculation of the local Schur complement e ciently in parallel. Conse-
quently we preferred to keep this calculation sequential ad do not discuss?2-level parallel
implementation of this step.

Preconditioner setup phase2 This phase includes two steps, the assembling the local Sah
complement, and the factorization of either Mq ¢4 Or Mg, 64 depending on the selected
variant. The factorization of Mq ¢4 is performed using Scalapack, whileMs, 64 is factorize
using a parallel instance ofMumps.

The results reported in Tables[Z.Z1{7.2B highlight the advatage of the 2-level parallel al-
gorithm. For the dense preconditioner My g4, We can observe that even if we not take
advantage of all the working nodes and use only 2 of the 4 avaible processors to perform
the preconditioner setup phase, the benet is considerable The computing time is divided
by around 1.8 for all test cases. For the sparse preconditicer, the gain is also important, it
varies between 1.5 to 2.

The objective of the 2-level parallelmethod is to take advantage of all the available resources
to complete the simulation. That is, take advantage of all the processors of the nodes. We
emphasize that the discussion in this section should pertai to the use of the 4 processors
available on each node, which constitutes the main objectig of our 2-level parallel investi-
gation. The rst observation highlights the success of the 2-level parallel algorithm on the
achieved performance. For the denseMy g4 preconditioner, the calculation is performed
around 3 times faster thanks to the e ciency of the parallel dense linear algebra kernels of
Scd.apack . For the sparse preconditioner, the speedups vary between&to 3. This speedup
is pronounced for small values of ( =5:10 7 for the Fuselage tests and =5:10 © for
the Rouet test) and for large interface sizes, whereas it isather moderate for very large
values of , and for small interface sizes.

Finally, it can be noticed that, the best execution times are obtained using the 2-level parallel
method for all test problems. The 2-level parallelmethod is nheeded to attain the best parallel
performance.

The phase3of the method is the iterative loop, that mainly involves 3 numerical kernels
that are: the matrix-vector product implemented using PBLA S routines; the preconditioner
application that relies either on Scalapack kernels for My ¢4 or Mumps for Mg, 64 and
a global reduction for the dot-product calculation. The results reported in these tables,
show similar speedups as the ones observed fphase2(preconditioner setup). For the dense
preconditioner the execution of the iterative loop is 2 to 3 imes faster than for the 1-level
parallel algorithm. Also, for the sparse preconditioner, the convegence is achieved 1.7 to 3
times faster.

To visualize the time saving enabled by the2-level parallelimplementation we display in Fig-
ure [Z.8 the global computing time for the di erent decompostions. For the sake of readability,
we only display the results for the dense preconditioner. Tlose curves illustrate the bene t of the
2-level parallel implementation that enables us to get much better computing throughput out of
the SMP nodes.

7.7 Concluding remarks

In this chapter, we have investigated the numerical behaviar of our preconditioner for the solu-
tion of linear systems arising in three dimensional structual mechanics problems representative of
di culties encountered in this application area. In order t o avoid the possible singularities related
to the splitting of the Lagrange multiplier equations we propose a rst solution that can surely
be improved. In particular, other partitioning strategies would deserved to be studied and investi-
gated. Some work in that direction would deserve to be underaken prior the possible integration
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# subdomains 8 16 32
or SMP-nodes
1-level 2-levels 1-level 2-levels 1-level 2-levels
# processor§ parallel parallel parallel parallel parallel parallel
per subdomain 1 5 | 7 1 5 | 7 1 > | 7
Total solution time
My 64 525.1 | 399.1| 326.4 217.2 147.8 | 112.0 1241 | 97.2 | 71.7
=5:10 ’ 338.0 | 2914 | 2655 129.0 103.8 | 90.7 94.2 83.8 | 65.3
= 10 ¢ 322.8 | 279.4| 260.3 120.1 95.3 84.0 87.9 79.7 | 62.1
=5:10 © 309.8 | 2704 | 251.1 110.9 87.8 79.7 82.8 71.6 | 56.0
Time in the iterative loop
Mg 64 94.1 51.5 325 77.9 44.8 31.3 58.1 40.8 | 22.7
=5:10 * 594 36.8 20.6 52.6 32.9 24.8 42.2 32.0| 18.8
= 10 °© 57.6 34.3 19.9 50.3 29.6 21.6 38.9 31.2 | 18.2
=5:10 © 60.5 35.8 20.1 49.8 29.5 23.2 40.7 28.7 | 16.1
# iterations
My 64 98 147 176
=5:10 7 99 147 176
= 10 °® 101 148 177
=5:10 ® 121 166 194
Time per iteration
My 64 0.96 0.53 0.33 0.53 0.30 0.21 0.33 0.23 | 0.13
=5:10 ’ 0.60 0.37 0.21 0.36 0.22 0.17 0.24 0.18 | 0.11
= 10 ¢ 0.57 0.34 0.20 0.34 0.20 0.15 0.22 0.18 | 0.10
=5:10 ® 0.50 0.30 0.17 0.30 0.18 0.14 0.21 0.15 | 0.08
Preconditioner setup time
My 64 208.0 1246 | 70.8 89.0 52.7 304 30.0 204 | 13.0
=5:10 * 55.6 31.6 | 219 26.1 20.6 15.5 16.0 15.7 | 10.5
= 10 °© 42.2 221 | 174 19.5 154 12.1 13.0 12.6 7.9
=5:10 © 26.3 11.6 8.0 10.8 8.0 6.1 6.1 6.9 3.9
Iterative system unknowns
| All preconditioners 40200 61251 I 87294
Max of the local Schur size
| All preconditioners 12420 9444 I 6420
Initialization time
| Al preconditioners || 223.0 50.3 I 36.0

Table 7.21: Detailed parallel performance of the2-level parallel method for the Fuselage problem
with about one million elements and 6.5 Mdof when the number & subdomains is varied, for the
various variants of the preconditioner and for various choces of
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# subdomains 4 8 16
or SMP-nodes
1-level 2-levels 1-level 2-levels 1-level 2-levels
# processors_ parallel parallel parallel parallel parallel parallel
per subdomain 1 5 | 7 1 5 | 7 1 > | 7
Total solution time
Mg 64 411.1 | 315.3 | 262.7 1994 146.0 | 114.7 107.7 | 79.0 | 61.1
=5:10 ’ 334.2 | 262.5| 2435 133.0 111.3 | 100.0 79.4 63.2 | 55.9
= 10 °® 311.6 | 247.5| 235.0 125.1 105.5| 95.0 72.9 59.0 | 53.0
=5:10 © 282.8 | 2253 | 2141 114.3 98.1 88.6 65.0 62.9 | 52.9
= 10 ° 282.3 | 2235 | 2129 1141 98.4 88.1 67.3 53.6 | 46.2
Time in the iterative loop
Mg 64 325 18.6 10.1 46.2 25.9 14.3 37.2 221 | 134
=5:10 ’ 23.2 15.2 9.0 31.6 18.9 11.9 275 179 | 13.0
= 10 °® 225 14.0 9.4 30.3 18.1 10.7 25.9 16.2 | 12.2
=5:10 © 251 14.4 8.1 29.5 16.7 9.2 24.8 24.7 | 16.2
= 10 ° 29.5 16.5 9.3 31.9 18.5 10.0 28.8 16.6 | 104
# iterations
Mg 64 38 92 124
=5:10 7 39 92 124
= 10 °® 40 92 124
=5:10 ° 51 99 130
= 10 ° 64 114 155
Time per iteration
My 64 0.85 0.49 0.27 0.50 0.28 0.15 0.30 0.18 | 0.11
=5:10 * 0.60 0.39 0.23 0.34 0.20 0.13 0.22 0.14 | 0.10
= 10 °® 0.56 0.35 0.23 0.33 0.20 0.12 0.21 0.13 | 0.10
=5:10 © 0.49 0.28 0.16 0.30 0.17 0.09 0.19 0.19 | 0.12
= 10 ° 0.46 0.26 0.15 0.28 0.16 0.09 0.19 0.11 | 0.07
Preconditioner setup time
My 64 182.0 100.0 | 55.8 79.1 46.0 26.4 37.9 24.3 | 15.0
=5:10 ’ 114.3 50.6 | 37.8 27.4 18.4 14.1 19.2 12.7 | 10.3
= 10 °© 92.5 36.9 | 28.9 20.8 13.3 10.3 14.4 10.1 8.2
=5:10 © 61.0 14.2 9.4 10.8 7.4 53 7.5 5.6 4.0
= 10 ° 56.2 10.3 6.9 8.2 5.8 4.0 5.8 4.4 3.1
Iterative system unknowns
| All preconditioners 17568 28644 I 43914
Max of the local Schur size
| All preconditioners 11766 8886 I 7032
Initialization time
| All preconditioners || 196.7 74.0 I 32.7

Table 7.22: Detailed parallel performance of the2-level parallel method for the Fuselage problem
with about 0.5 million elements and 3.3 Mdof when the number & subdomains is varied, for the
various variants of the preconditioner and for various choces of
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# subdomains 8 16 32
or SMP-nodes
1-level 2-levels 1-level 2-levels 1-level 2-levels
# progzssors_ parallel parallel parallel parallel parallel parallel
per subdomain 1 > | 4 1 2 | 4 1 > | 4
Total solution time
Mg 64 453.7 | 322.9| 257.6 264.6 | 180.3 | 136.9 110.9 729 | 65.1
=5:10 * 499.4 | 488.8 | 435.1 262.2 | 202.3| 166.1 143.6 | 109.1| 92.4
= 10 °® 433.4 | 397.8 | 332.0 212.6 | 184.3 | 165.3 1246 | 103.4 | 85.2
=5:10 © 2775 | 238.8| 2155 151.7 | 130.4 | 111.7 86.5 73.5 | 65.9
= 10 ° 246.7 | 215.6 | 200.1 134.6 | 122.6 | 101.6 70.5 - 54.5
=5:10 ° 2140 | 193.8 | 185.2 122.1 | 106.2 | 91.2 63.4 - 45.9
Time in the iterative loop
Ma 64 57.2 34.3 21.1 60.8 38.7 26.2 445 224 | 25.1
=5:10 * 54.9 56.7 33.7 504 45.2 251 39.6 27.0 | 294
= 10 °® 51.9 36.4 | 30.3 49.8 41.0 28.4 36.7 294 | 299
=5:10 © 42.0 26.8 18.8 47.9 28.8 20.3 37.6 274 | 26.1
= 10 ° 42.2 23.8 17.9 41.8 28.0 18.0 30.2 - 21.3
=5:10 ° 38.5 21.2 15.5 44.3 29.7 17.1 34.1 - 18.9
# iterations
Mg 64 59 79 106
=5:10 ' 59 80 107
= 10 °® 59 83 108
=5:10 © 60 87 114
= 10 ° 63 89 116
=5:10 ° 70 103 131
Time per iteration
My 64 0.97 0.58 0.36 0.77 0.49 0.33 0.42 0.21 | 0.24
=5:10 * 0.93 0.96 0.57 0.63 0.56 0.31 0.37 0.25 | 0.28
= 10 °® 0.88 0.62 0.51 0.60 0.49 0.34 0.34 0.27 | 0.28
=5:10 © 0.70 0.45 0.31 0.55 0.33 0.23 0.33 0.24 | 0.23
= 10 ° 0.67 0.38 0.28 0.47 0.32 0.20 0.26 - 0.18
=5:10 ° 0.55 0.30 0.22 0.43 0.29 0.17 0.26 - 0.14
Preconditioner setup time
Mg 64 235.0 | 127.1| 75.0 137.0 74.8 43.9 435 27.7 | 17.2
=5:10 * 283.0 | 270.6 | 239.9 145.0 90.3 74.2 81.2 59.3 | 40.1
= 10 °® 220.0 | 199.9| 140.2 96.0 76.5 70.1 65.0 51.2 | 325
=5:10 © 74.0 50.5 35.2 37.0 34.8 24.6 26.0 23.3 | 16.9
= 10 ° 43.0 30.3 20.7 26.0 27.8 16.9 175 - 10.3
=5:10 ° 14.0 11.1 8.3 11.0 9.8 7.3 6.5 - 4.2
Iterative system unknowns
| All preconditioners 31535 I 49572 I 73146
Max of the local Schur size
| All preconditioners 13296 I 10953 I 7404
Initialization time
| Al preconditioners || 161.5 I 66.8 I 22.9

Table 7.23: Detailed parallel performance of the2-level parallel method for the Rouet problem
with about 0.33 million elements and 1.3 Mdof when the numberof subdomains is varied, for the
various variants of the preconditioner and for various choces of . -" means run not available.
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Figure 7.8: Parallel performance of the2-level parallelmethod for the Fuselage and the Rouet test
cases, when consuming the same resource as thdevel parallel method.
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of this solution technique within the complete simulation chain. Other investigations should also
be developed to study the e ect of the stopping criterion threshold on the overall solution time
when the linear solver would be embedded in the nonlinear Neton solver. Although a loose ac-
curacy would certainly delay the nonlinear convergence som saving in computing time could be
expected thanks to cheaper linear solves. In that context, w might also reuse the preconditioner
from one nonlinear iteration to the next, specially close tothe nonlinear convergence. Another
possible source of gain for the sparse variant is a more sogghicated dropping strategy. More work

on this aspect would also deserve to be invested as well as ohet automatic tuning of the threshold

parameter.

In the context of parallel SMP platforms, we have illustrated the benet of a 2-level parallel
implementation when the memory storage is the main bottlenek. In this case, the 2-level parallel
algorithm can be of great interest. Such an implementation @n also be attractive in situation where
the increase of the number of iterations is signi cant when tie number of domains is increased.
Finally, because the iterative part (phase 3 in contrast to phase 1 and 2) performs e ciently in
parallel, the possibility of reusing the preconditioner baween various consecutive Newton steps
could make this variant even more attractive in practice.
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Chapter 8

Preliminary investigations in seismic
modelling

8.1 Introduction

Important applications of the acoustic wave equation can befound in many elds, for instance, in
geophysics, marine, aeronautics and acoustics. The wave @gtion can be solved either in the time-
domain or in the frequency-domain. In this chapter, we invesigate the parallel performance of an
hybrid solver in the frequency-domain, for problems relatel to the seismic wave propagation[[82,
[I00]. The study presented in this chapter has been developpen collaboration with the members
of the Seiscope consortium (http://seiscope.unice.fr/ ).

Frequency-domain full-waveform tomography has been extesively developed during last decade
to build high-resolution velocity models [1Z,[80,[96]. One dvantage of the frequency-domain
is that inversion of a few frequencies are enough to build vekity models from wide-aperture
acquisitions. Multisource frequency-domain wave modelig requires the solution of a large sparse
system of linear equations with multiple right-hand sides RHS). In 2D , the traditional method
of choice for solving these systems relies on sparse direailgers because multiple right-hand side
solutions can be e ciently computed once the LU factorization of the matrix was computed.
However, in 3D or for very large 2D problems, the matrix size becomes very large and thus the
memory requirements of the sparse direct solvers precludepplications involving hundred millions
of unknowns. To overcome this limitation, the development d e cient hybrid methods for large
3D problems remains a subject of active research. Recently, wavestigate the hybrid approach
in the context of the domain decomposition method based on te Schur complement for 2D=3D
frequency-domain acoustic wave modeling[95].

A possible drawback of the hybrid approach is that the time canplexity of the iterative part
linearly increases with the number of right-hand sides, wha traditional Krylov subspace method
is simply used on the sequence of right-hand sides. For a seguce of right-hand sides that do
not vary much, a straightforward idea is to use the former solition as an initial guess for the next
solve. More sophisticated changes in the Krylov solver can & envisaged ranging from the seed
approach [92], where the initial guess vector is chosen sodhit complies with an optimum norm or
an orthogonality criterion over the Krylov space associate with the previous right-hand sides, to
the more elaborated approaches as GCRO-DR recently propodd79] that further exploits de ating
ideas present in GMRES-E[[78] or GMRES-DRI[74]. The underlyng idea in these latter techniques
is to recycle Krylov vectors to build the space where the minmal residual norm solution will be
searched for the subsequent systems. Other possibly compientary alternatives would consist in
improving a selected preconditioner[[46]. In most of the siiations, the linear systems are solved
using an application dependent preconditioner whose e ciency and cost are controlled by a few
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parameters. Because the preconditioner is used for all theéght-hand sides some extra e ort can be
dedicated to improve it because the extra work involved in its construction can be amortized along
the solution of the right-hand sides. Even though such an appoach is certainly bene cial, other
complementary techniques can be envisaged such as the useZslevel parallelalgorithm that aims
at reducing the number of iterations by decreasing the numbeof subdomains. This latter technique
can be also combined with more sophisticated algorithms thaexploit the multiple right-hand side
feature.

We omit the description of such approaches in this thesis, wécus only on the traditional Krylov
solver method. Our goal is the study of the numerical behaviar and the parallel performance of
the hybrid method. However, we analyze the2-level parallel algorithm that can be used in both
traditional or sophisticated Krylov solvers. The outline of this chapter is as follow. We briey
describe the Helmholtz equation, then in Sectiol 81, we prent our experimental environment
with the description of the test problems. In Section[8.3, weanalyze the accuracy of the hybrid
approach by comparing to the results obtained from an analyical solution for a homogeneous media
and with a direct method solution for a 3D heterogeneous media. In Section 8.4, and Sectidn 8.5,
a parallel performance study for respectively large2D and 3D models arising in geophysical
applications are reported. A performance comparison with adirect approach is also presented.
Finally, we evaluate the parallel performance of the2-level parallel algorithm, and report a set of
numerical results.

Helmholtz equation ~ The visco-acoustic wave equation is written in the frequeng-domain as

1 2

PO L) = sl (8.1)

(x)

where (x) isthe density, (X) isthe bulk modulus, ! is angular frequency,p(x;!) and s(x;!)
denote the pressure and source respectively. Equatiof (8. tan be recast in matrix form as

Ap =s;

where the complex-valued impedance matrixA dependson! , and . The vector p and s
are of dimension equal to the product of the dimensions of theartesian computational grid. We
discretized Equation (8.1) with the mixed-grid nite-di e rence stencil [/6] which has an accuracy
similar to that of 4™ -order accurate stencils while minimizing the numerical badwidth of A .
This is a key point to mitigate the llI-in during LU factoriza tion.

8.2 Experimental framework

We start with a brief description of the proposed implementaion framework for these applications.
The direct method used in the local subdomains is based on a nitifrontal approach implemented
by the sparse direct solverMumps. The iterative method used to solve the interface problem
is the right preconditioned GMRES method. We choose the ICGS(lterative Classical Gram-
Schmidt orthogonalization) strategy which is suitable for parallel implementation. The iterations
began with a zero initial guess and were stopped when the norwise backward error becomes
smaller than 10 3 or when 500 steps are taken. We use a variant of our precondiner based
on the introduction of a complex perturbation to the Laplace operator [40], resulting in a shifted
additive Schwarz preconditioner. The experiments were caied out in single precision arithmetic
using the IBM JS21 supercomputer described in Sectioh 7.2.2

To investigate the parallel performance of the hybrid appraach, we consider a few real life
problems from the geophysics applications. These test caseare described below.
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8.2.1 The 2D Marmousi Il model: synthetic data in a structurally com-
plex environment

The 2D Marmousill model is available on the University of Houston website (http://www.agl.uh.edu/ )
the velocity and the density are shown in Figure[81. We test sveral frequencies starting from
100Hz up to 200Hz . This model, covering an area of 17 3:5km?, was modeled by 4 grid
points per minimum wavelength, and with 20 layers of PML (Perfectly-Matched Layer [15]) in
each direction. We report in Table[81, the global mesh size rad the total number of unknowns,

for each of the tested frequencies.

| | 100Hz | 120Hz | 140Hz | 160Hz | 18Hz | 200Hz |
grid 1441 6841|1721 8201|2001 9521|2281 10921 2561 12281|2841 13641
unknowns 9.8 1(F 14 10° 19 10° 25 10° 31.4 10F 38.7 10°

Table 8.1: Grid size and number of unknowns for each of the téed frequencies.

Distance (km)

1000 1500 2000 2500 3000 3500 4000 4500
m/s
Distance (km)
0 5 10 15

1000 1200 1400 1600 1800 2000 2200 2400 2600
kg/m3

Figure 8.1: Velocity (top) and density (bottom) model of the Marmousi Il data set.
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8.2.2 The 3D Overthrust model: SEG/EAGE

The 3D SEG/EAGE Overthrust model is a constant-density acoustic model covering an area of
20 20 4:65km?® (Figure BZ). We performed simulations for the 7Hz frequency. The model
was resampled with a grid interval of 75 m corresponding to 4 gd points per minimum wavelength
at 7 Hz. This led to a velocity grid of 277 277 73 nodes including PML (Perfectly-Matched
Layer [15]) layers (5.6 millions of unknowns).

6000 m/s ™
_—

V (m/s)

“ 2178 m/s

q‘u'vhv ik ]
\”ntn"nﬂ |

j’,glﬂnm

Depth (km)
A wN - O

Figure 8.2: (top) 3D SEG/EAGE Overthrust model (a) 3D SEG/EAGE Overthrust model (b)
7Hz monochromatic wave eld computed solution.

8.3 Numerical accuracy analysis

This section is devoted to analyze the accuracy of the compwetd solution for the hybrid method.
Contrarily to the direct solvers that usually compute solutions that are accurate to machine pre-
cision level, the iterative solvers can be monitored to delier solution with a prescribed accuracy
controlled by the stopping criterion threshold. Since an iterative method computes successive ap-
proximations of the solution of a linear system, we performd an heuristic analysis of the stopping
criterion , required by our application. Because of the uncertainty of e data, the simulation
does not need very high level of accuracy, we can stop the itative process much before attain-
ing the machine precision level. On those problems, all theisulations are performed in 32-bit
arithmetic for both the direct and the iterative methods.
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We rst compare the analytical, direct and hybrid solver solution of a 3D Green function in a
homogeneous media (see Figuie3.3).

1 itr
G(r)= —-ev:
") 4 re

A value of , = 10 3 seems to provide the best compromise between accuracy andeiations
count.

Amplitude (real part)
0.5 0

Amplitude (real part)
0.5 0

Depth (km)
»

Depth (km)
Depth (km)

(a) p =10 L (b) p =10 2, (C) p =10 s,

Figure 8.3: Comparison of the solution of a 3D Green function in a homogeneous media for
di erent values of the stopping criterion . Note that a value of =10 2 provides a meaningful
solution compared to both the analytical and the direct solutions.

Secondly, we compare numerical solutions in2D heterogeneous media provided by a nite-
di erence frequency-domain method based on a direct and hyhid solvers respectively. The velocity
model is a corner-edge model composed of two homogeneousdes/delineated by a horizontal and
vertical interfaces forming a corner. The grid is 801 801 with a grid step size of 40 m. Velocities
are 4km=s and 6km=s in the upper-left and bottom-right layers respectively. The source wavelet
is a Ricker with a dominant frequency of 5 Hz. The snapshots amputed with the hybrid solver for
dierent values of (10 ', 10 ?, and 10 2), are shown in Figure[8:2 for a decomposition of
2 2 subdomains (top, a, b and c) and for a decomposition o#4 4 subdomains (bottom, d, e and
f). Avalue of , =10 ! clearly provides unacceptable solutions as illustrated bythe di raction
from the intersection between the subdomains in Figuré 8l 4 and d) while the solution computed
with  , =10 3 provides an accurate solution.

Time-domain seismograms computed with both the direct and he hybrid solvers for several
values of 1, are shown in Figure[85. Two hundred receivers have been use@omparison with the
direct solverat =10 3 showed quite similar results. Implementing the hybrid soher into a nite
di erence Frequency domain Full Waveform Tomography (FFWT ) code is the next step to assess
precisely which convergence tolerance is needed for imagimpplications. Preliminary results using
the inverse crime [12], i.e., the same solver is used to gerade the data and to perform inversion,
seems to conrm that , =10 3 is an appropriated value.

8.4 Parallel performance investigations on 2D problems

In this section, we strive to study the numerical behaviour and analyze the parallel e ciency of
the proposed hybrid method. We intend to present and evaluagé the parallel performance of the
hybrid approach and compare its computational cost with a drect approach.

In that respect, we investigate experiments of the Marmousil model, when we vary the tested
frequency from 100Hz to 200 Hz , that is, when we increase the overall size of the problem fio
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(d =10 1 (b) p,=10 2, (c) =10 3,
hybrid solver for 2 2 subdomains.

800 o 0 200 400 600 800

(d p,=10 1. (e) »,=10 2. (f) =10 3.
hybrid solver for 4 4 subdomains.

Figure 8.4: Snapshots computed in the corner-edge model witdi erent values of the stopping
criterion . Note the diraction at the intersection between the subdomains for , =10 1.

(@) direct . (b) p=10 1. () p=10 2. (d p,=10 3.

Figure 8.5: Seismograms computed in the corner-edge modelitiv direct solver (a) and with
di erent value of | for the hybrid solver.  is 10 * (b), 10 ? (c) and 10 3 (d).
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9.8 1P upto 38.7 1P unknowns. The global mesh size and the total number of unknows, for
each of the tested frequencies are reported in Table 8.1. Farach of these frequencies ( xed mesh
size), we also expose in Table 8.3, a detailed result of the pallel performance, when increasing
the number of subdomains. We note that the submesh of the borer subdomain, is increased by
40 points in each direction to include the PML layers.

To get an idea of the e ect of the size and the number of subdomias on the convergence of
the hybrid method, we report in Table 8.3, the number of iterations required to attain the desired
accuracy of 10 2. It is easy to see the pronounced increases in the number ofetations, when
increasing the number of subdomains. This behaviour is typally expected for such problems. For
example, for a xed mesh size at 9.810° unknowns (frequency equal to 100Hz ), the number
of iterations increases from 82 up to 313 iterations when ineasing the number of subdomains
from 16 up to 64 subdomains. That is, it increases linearly wth the number of subdomains. This
increase is rather moderate when increasing the overall szof the problem; that is, when increasing
the frequency, for a xed number of subdomains. For examplewe see that for a decomposition
into 16 subdomains, the number of iterations grows up from 820 110 when increasing the size
of the problem from 9.8 10° unknowns up to 38.7 10° unknowns. A rst conclusion regarding
the numerical behaviour of the method is, that we should strive to keep as small as possible the
number of subdomains.

When looking at the parallel e ciency of the hybrid method, w e should analyze the compu-
tational cost of the main three phases of our algorithm, as wedid in the previous chapters. A
comparison of the timing results of each of these three phasds illustrated in Table 8.3. We would
like to underline the fact that, even with the growth in the it eration numbers, a signi cant decrease
in the computing time can be observed when increasing the nulver of processors.

This speedup is highlighted for the rst two phases of our algorithm. Let us evaluate the phasel
which consists in the factorization of the local problem andthe computation of the local Schur
complement. When we increase the number of processors, thelsdomains size becomes smaller
and thus the factorization becomes faster decreasing thphaselcomputing time by a great ratio.
Likewise, the setup of the preconditioner phase? gives rise to an e ective speedup. For the same
reason, when we increase the number of subdomains, the inface size of a subdomain becomes
smaller; this decreases the computational cost required tdouild the preconditioner. Contrary
to the rst two phases, the cost of the phase3which is the iterative loop phase, increases with
the number of subdomains. This is due to the signi cant growth of the number of iterations,
when increasing the number of subdomains. For the solution foone right-hand side, the overall
computing time decreases linearly when the number of procesrs increases. It can be seen that,
the global computational cost is about 3.3 times faster whernincreasing the number of processors
from 16 up to 64.

We now compare the performance of the hybrid method with that of a direct method which
is popular in this application area. First of all, we depict in Table 8.2, the required memory to
perform the simulation with both the hybrid and the direct ap proaches. For the hybrid approach,
this corresponds to the sum of the memory allocated to perfan the concurrent factorizations,
the storage of both the Schur complement and the dense precditioner, and nally the sum of
the required workspace for the ful-GMRES solver. For the drect approach, it consists into the
memory required to perform the factorization. In Table 8.2, we report the required memory for
all the frequencies (except for 180 and 200Hz for the direct solver due to the una ordable
memory requirements) for the di erent decompositions illustrated. As shown in Table 8.2, the
memory needed by the direct solver increases with the numbeof processors. This behaviour
comes from the fact that the factorization needs a set of commnication bu ers to manage the
parallel load balancing between computational cost and comunication cost. Contrarily, for the
hybrid approach, it can be seen that the amount of required menory slightly decreases or remains
roughly constant when increasing the number of processoraNe should highlight the fact that, in
term of memory storage, the hybrid approach is more scalableand about 3 times less expensive
than the direct approach. For the 2D simulations, the memory complexity of the direct approach
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is a ordable, while for the 3D problems it might no longer be true.

| # processors I 16 | 32 | 36 | 64 | 72 |
100Hz Direqt 24.8 31.6 34.9 48.6 52.4
Hybrid 15.7 16.0 15.8 15.7 15.3
120Hz Dire(?t 35.7 46.7 49.1 69.4 76.3
Hybrid 23.7 23.3 23.3 22.8 22.8
140H7 Diregt 50.1 64.3 68.9 94.2 103.1
Hybrid 325 33.4 31.8 32.2 32.1
160 Hz Diregt 67.2 88.7 88.6 122.6 133.3
Hybrid 43.2 43.0 42.5 42.3 42.3
Direct - - - - -
180Hz Hybrid 54.9 54.0 55.7 54.3 54.8
Direct - - - - -
200Hz Hybrid 69.3 69.3 69.8 69.2 69.6

Table 8.2: Comparison of the data storage needed by the hybdi and the direct methods. Total
memory of all processors is reported here in GBytes. -" meamtoo large memory requirement.

From the computational point of view, we report in Table 8.4, the cost of the main step of a
direct approach. This consists into the analysis step, thedctorization step, and nally the solution
step. The direct solver used here isMumps, it was called in the context of unsymmetric complex
matrices. In term of permutation, we have performed experinents using the Metis nested dissection
routine. We have performed runs using the assembled matrixdrmat, that allows the solver to make
a full analysis and then distributes the matrix among the processors. We exclude the time of the
assembling and the distribution of the matrices entries, anl we report the minimum time required
after several runs. Experiments are reported for the frequecies 100Hz up to 160 Hz , where we
omit both the last two frequencies (180 and 200Hz ) and the 72 processor runs, due to memory
requirements that induce swap e ects. If we compare only thefactorization time (excluding the
analysis, the distribution and the solve time) of the direct method with the overall computing time
of the hybrid approach, we can clearly observe that the hybrd approach remains faster than the
direct one. It is around twice as fast as the direct method fora small number of subdomains (for
example on 16 subdomains), whereas it is around 3 times fast®n larger number of subdomains
(for example on 64 subdomains).

Multisource frequency-domain simulation, requires the stution for multiple right-hand sides.
On this respect, we should mention the required time for the slution of one right-hand side
with the two approaches. For that we report in Table 8.3, the dapsed time to solve one right-
hand side using the hybrid approach, that is the cost of the ierative loop, and the cost of the
forward/backward substitutions. We report also in Table 8.4, the required time for one solve
with the direct approach. On the hybrid method, it is clear th at when increasing the number
of processors, the computational cost of one right-hand bemmes more expensive. This behaviour
was expected because of the increase on the number of iteratis, which leads to an increase of
the time spent in the iterative loop. However, for the direct approach, we can observe that the
required time for one right-hand side slightly decreases wén increasing the number of processors.
For example, for a decomposition with 16 subdomains, we canliserve that the cost for the solution
with one right-hand side of the hybrid approach is similar to the direct one, while it performs 1.5
times slower than the direct solver on 64 subdomains. Consegntly for a moderate number of
subdomains the hybrid and the direct solvers behave compatay for multiple right-hand sides.
For a large number of subdomains, the hybrid approach is arond 3 times faster than the direct
method for one right-hand side. Due to the lack of numerical salability of the preconditioner
and the e ciency of the forward/backward substitutions of t he sparse direct solver, the hybrid
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Total solution time
| # processors | 16 | 32 | 36 | 64 | 72
100Hz 55.8 33.2 28.6 17.9 18.1
120Hz 94.2 53.6 46.4 26.6 27.8
140Hz 145.1 84.3 68.7 454 41.9
160Hz 204.9 121.7 107.3 62.5 66.0
180Hz 288.2 1754 144.4 86.6 78.5
200Hz 392.0 238.7 199.0 116.8 109.4
Time for one RHS
| # processors 16 | 32 | 36 | 64 | 72
100Hz 4.7 6.4 6.6 7.2 9.4
120Hz 7.6 10.2 8.7 10.5 13.2
140Hz 10.3 14.4 13.8 18.5 19.8
160Hz 13.0 16.7 21.0 25.3 32.3
180Hz 20.3 26.1 29.2 34.9 32.0
200Hz 21.6 29.9 34.0 47.3 44.4
Time in the iterative loop
| # processors 16 | 32 | 36 | 64 | 72
100Hz 3.0 55 5.8 6.7 9.0
120Hz 5.1 8.9 7.6 9.8 12.6
140Hz 6.9 12.6 12.2 17.5 18.9
160Hz 8.5 14.4 18.9 24.0 311
180Hz 14.6 23.0 26.5 33.2 30.5
200Hz 14.5 25.9 30.6 45.3 42.2
# iterations
| # processors 16 | 32 | 36 | 64 | 72
100Hz 82 121 158 313 318
120Hz 102 137 152 295 346
140Hz 102 138 183 292 384
160Hz 97 127 213 305 485
180Hz 125 162 241 380 385
200Hz 110 148 223 472 451
Preconditioner setup time
| # processors 16 | 32 | 36 | 64 | 72
100Hz 4.9 5.8 3.8 1.7 14
120Hz 8.2 9.8 6.3 2.8 2.3
140Hz 12.9 15.7 10.1 4.3 3.9
160Hz 19.0 23.1 14.7 6.4 5.7
180Hz 26.8 32.8 20.8 9.0 8.0
200Hz 35.7 52.3 28.5 12.3 10.7
Initialization time
| # processors 16 | 32 | 36 | 64 | 72
100Hz 46.2 20.9 18.2 9.0 7.3
120Hz 78.5 33.6 314 13.3 12.2
140Hz 121.9 54.2 44.8 22.6 18.3
160Hz 172.9 81.9 71.6 30.8 28.0
180Hz 241.1 116.5 944 42.8 385
200Hz 334.6 156.5 136.4 57.2 54.4
Table 8.3: Detailed performance for the Marmousi Il  test case when varying the frequency, that

is varying the global size of the problem from 9.8 10° unknowns up to 38.7 1° unknowns, and
also when the number of processors is varied from 16 to 72.
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Time for analysis
| # processors 16 32 | 36 64
100Hz 295.5 290.4 342.3 292.6
120Hz 459.0 444.0 537.7 452.6
140Hz 705.3 695.5 824.6 704.0
160Hz 1061.3 1058.0 1184.0 1043.2
Time for factorization
| # processors 16 32 | 36 64
100Hz 97.2 63.9 57.1 48.5
120Hz 167.1 108.4 107.7 79.0
140Hz 283.5 181.1 182.6 122.1
160Hz 517.4 318.4 268.4 247.3
Time for one RHS
# processors 16 32 | 36 64
100Hz 5.3 4.8 4.8 4.6
120Hz 8.0 7.1 7.0 6.9
140Hz 11.0 10.0 9.5 11.3
160Hz 18.2 20.5 12.8 18.9
Total solution time
# processors 16 32 | 36 64
100Hz 398.0 359.0 404.2 345.7
120Hz 634.1 559.5 652.4 538.6
140Hz 999.8 886.7 1016.7 837.4
160Hz 1596.9 1396.9 1465.2 1309.5
Table 8.4: Detailed computing time needed by the direct soler for the Marmousi Il  test case

when varying the frequency from 10(Hz to 160Hz , that is varying the global size of the problem

from 9.8 10° unknowns up to 25 10° unknowns, and also when the number of processors is
varied from 16 to 64.
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solver becomes slower if more than 15 right-hand sides have tbe considered. We notice that only
the factorization time of the direct method is taken into account here. If we take into account
the analysis time of the direct method, then the hybrid method is still faster up to a number of
right-hand sides around 120.

8.5 Parallel performance investigations on 3D problems

In this section, we present a preliminary work on a more reaktic 3D case that is the Overthrust
SEG/EAGE problem. We rst illustrate comparison of the comp utational cost of both approaches
(direct and hybrid), and then we evaluate the parallel performance of the hybrid method.

Due to the memory requirement of the direct solver, the simuations based on the direct solver
can only be performed on 75% of the model corresponding to 452 10° unknowns using 192
processors of our target machine. Whereas the hybrid apprazd allows us to perform a simulation
on the complete model only using 48 processors}8=6 4 2 subdomains.

Algorithm || All memory | Max memo Init or Precond- # Time per | Total
GBytes per proc | factorization | itioner | iterations RHS time

Direct 234.9 15 2876 - - 9.1 2885
Hybrid 101.3 0.5 36 40 231 52.2 128

Table 8.5: Comparison between direct and hybrid methods to slve the Overthrust SEG/EAGE
problem mapped onto 192 processors. Timings and storage obth methods are reported. Total
memory of all processors in GBytes is also reported.

subdomains Memory (GB) | Initial- | Precond-| # of Time per | Total

# ] size linterface|| All | Max/proc |ization | itioner |iterations| RHS time

48167 44 31| 11570 ||191.8 3.71 638 573.1 105 96.4 1307.5
50|54 54 31| 11056 (/191.6 3.57 614 497.1 81 67.8 1178.9
72145 45 31| 8833 |[179.3 2.01 334 2735 103 73.9 681.4
81130 30 63| 8760 ||182.1 1.87 224 256.3 109 77.4 557.7
96|45 33 31| 7405 ||167.8 1.53 184 153.8 119 61.1 398.9
98|38 38 31| 7216 |/169.7 1.52 189 141.5 148 66.7 397.2
128/33 33 31| 6121 ||161.2 1.08 116 88.5 134 53.7 258.2
16230 30 31| 5281 ||151.6 0.80 79 58.4 153 53.0 190.4
192|133 33 21| 5578 || 1474 0.74 90 78.2 235 85.8 254.0

Table 8.6: Parallel performance of the whole Overthrust SEGEAGE problem (5.6 Mdof) when
varying the number of subdomains. Timings and storage of thehybrid method are reported. Total
memory of all processors in GBytes is also reported.

For the sake of comparison between the two approaches, experental results are reported for
calculation performed on 75% of the model mapped onto 192 peessors. The results of these
simulations are summarized in Table 8.5. The hybrid solver equires 2.3 less memory than the
direct one. Moreover, the hybrid approach can perform such aimulation on a smaller number of
processors. From a computational viewpoint, it is clear tha the hybrid method is 22 times faster
than the direct one. This is true for one right-hand side and dill true for a number of right-hand
sides smaller than 64. Beyond this number, the high cost of th factorization is amortized and the
direct method starts to be faster. We note that we evaluate hee the iterative algorithm using a
sequence of solutions computed simply using full-GMRES; lolck or de ation strategies could be
considered that would improve the e ciency of the hybrid tec hnique.
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We now evaluate the parallel performance of the hybrid methal. All simulations were performed
at 7 Hz on the whole model corresponding to 5.6 millions of unknownsWe display in Table 8.6
results where we vary the number of subdomains from 48 up to 12 We report the computational
cost and the required memory to perform the simulation for e@h of the decompositions. Increasing
the number of subdomains reduces the memory requirement fra 191 down to 147 GBytes, and the
computational cost from 1307.5 seconds to 190.4 seconds. Wemark that, the required memory
storage decreases with the number of processors, contrarg the direct method where we observe
an increase of memory due to some buer overheads. We can nct that the best computing
performance of the three kernels of the algorithm is achievé when the subdomain shape is closed
to a cube (perfect aspect ratio). In other term, when the sizeof the interface is minimized that is
because, the three phases of the hybrid method are related tthe size of the local interface. For
example, we can observe that, the computing time for the deamposition into 162 subdomains,
each of size30 30 31 (size interface equal to 5281) is better than the decomposibn onto 192
subdomains, each of size33 33 21 (size interface equal to 5578). The solution time is for
this example 53.0 seconds on 162 subdomains versus 96.4 selsoon 192 subdomains, whereas
this latter is roughly similar for 128 and 162 subdomains whee the local size of subdomains is
respectively 33 33 31 and 30 30 31.

8.6 Parallel e ciency of the  2-level parallel implementation

Initially this work was motivated by the fact that, most acou stic simulations require multiple right-
hand side solution to build a good model of the continuum. We lelieve that exploiting 2-levels
of parallelism [49] can be very suitable for these simulatinos. Because of the lack of numerical
scalability, such an implementation might enable us to achéve higher e ciency and performance
of the hybrid solver. The goal of this section is to demonstrée and evaluate the performance of
the 2-level parallel algorithm. The rst subsection describes the e ciency of th e algorithm when
used to improve the numerical behaviour of the hybrid method whereas the second subsection
illustrates the ability of the 2-level parallelalgorithm to run at higher performance of the available
computing resources.

8.6.1 Numerical bene ts

In the Section 8.4 and Section 8.5, the discussion was closé¢al the fact that, for these simulations
an e cient algorithm has to perform the iterative loop as fast as possible. The goal is to keep very
small its computational cost especially when dealing with nultiple right-hand side simulations.
We should mention that, as analyzed above, the convergencd the iterative solver depends highly
on the number of subdomains. Thus, keeping small or xed the mmber of iterations is critical to
make reachable our goal. In other term, we should strive to inprove the numerical behaviour of
the hybrid method by, instead of increasing the number of suldlomains, increasing the number of
processors per subdomain.

We report in Table 8.7 the number of iterations, the computing time of the iterative loop, and
the required time for the solution of one right-hand side forthe 2D Marmousi Il problem. We
consider three frequencieslOHz , 120Hz , and 140Hz . For each frequency, we x the number of
processors, and compare the computational cost of the diréenethod, the 1-level parallelalgorithm
and the di erent possible decompositions for the2-level parallel algorithm.

We mention that, by decreasing the number of subdomains, thesize of the local problem
increases giving rise to larger Schur complements. In thesebles, it can be seen that even with
this latter constraint, the time of the iterative loop is red uced by a great factor. This is due to the
fact that each subdomain is handled in parallel and the requied number of iterations is reduced.
It is clear that for a xed number of processors, when reducig the number of subdomains by a
factor of 4, while running each subdomain in parallel over a gd of 4 processors, the iterative loop
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| Frequency equal to100Hz |
Available Algo # Processors/ | # Iterative | One right-
processors subdomains | subdomain | iter loop hand side
Direct - - - - 4.8
1-level parallel 32 1 121 5.5 6.4
32 processors| 5 | vel gara||e| 16 2 82 2.2 36
2-level parallel 8 4 17 0.6 2.9
Direct - - - - 4.7
36 processors| 1-level parallel 36 1 158 5.8 6.6
2-level parallel 18 2 59 15 2.7
Direct - - - - 4.6
1-level parallel 64 1 313 6.7 7.2
64 processors| 5 o el gara||e| 32 2 121 41 4.9
2-level parallel 16 4 82 1.6 2.7
Direct - - - - 4.6
72 processors 1-level parallel 72 1 318 9.0 9.4
2-level parallel 36 2 58 4.3 4.9
2-level parallel 18 4 59 1.2 2.2
| Frequency equal to120Hz |
Direct - - - - 7.1
1-level parallel 32 1 137 8.9 10.2
32 processors| el Sarallel 16 2 102| 38 5.8
2-level parallel 8 4 14 0.6 4.0
Direct - - - - 7.1
36 processors| 1-level parallel 36 1 152 7.6 8.7
2-level parallel 18 2 107 3.8 5.5
Direct - - - - 6.9
1-level parallel 64 1 295 9.8 10.5
64 processors| 5 o el gara||e| 32 2 137| 6.4 7.4
2-level parallel 16 4 102 2.6 4.0
Direct - - - - 6.7
1-level parallel 72 1 346 12.6 13.2
72 processors| 5 o e gara||e| 36 2 152 | 56 6.5
2-level parallel 18 4 107 3.0 4.4
| Frequency equal to140Hz |
Direct - - - - 111
1-level parallel 32 1 138 12.6 14.4
32 processors 2-level Sarallel 16 2 102 5.1 7.8
2-level parallel 8 4 16 0.9 5.5
Direct - - - - 111
36 processors| 1-level parallel 36 1 183 12.2 13.8
2-level parallel 18 2 117 5.5 7.9
Direct - - - - 11.3
1-level parallel 64 1 292 17.5 18.5
64 processors|  |cvel Sarallel 32 2 138 | 84 9.8
2-level parallel 16 4 102 3.4 5.7
Direct - - - - 11.2
1-level parallel 72 1 384 18.9 19.8
72 processors| 5 o e gara||e| 36 2 183| 88 10.1
2-level parallel 18 4 117 4.2 6.2

Table 8.7: Numerical performance and advantage of the&-level parallel method compared to the

standard 1-level parallel method for the Marmousi Il test cases and for di erent decompositions.
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becomes more than four times faster. This is explained by a lter numerical convergence and
good e ciency of the parallel kernels involved in the iterative loop when several processors are
dedicated to each subdomain. For example in Table 8.7, if weampare the cost of the iterative
loop for a xed number of processors, let say 64, it is easy toee that the standard implementation
on 64 subdomains requires 313 iterations to converge in 6.7%sonds whereas the-level parallel
implementation on 16 subdomains only requires 82 iteratios to converge in 1.6 seconds. It can
be seen that the2-level parallelalgorithm performs faster than both the 1-level parallel algorithm
and the direct method. For example, on Table 8.7, for 64 procssors, the direct method requires
4.6 seconds to solve for one right-hand side, thé-level parallel method requires 7.2 seconds,
whereas the2-level parallelmethod converges in only 2.7 seconds. This is not the only exaple, the
Table 8.7 illustrates a detailed comparison where we quanty the performance of the2-level parallel
approach. We mention that, in term of memory space, for the sane number of subdomains, the
2-level parallel algorithm requires slightly more memory space than thel-level parallel algorithm;
this accounts for the communication bu ers of the local factorization phase.

| Frequency equal to7 Hz |

Available Algo # Processors/| # Iterative | One right-
processors subdomains| subdomain | iter loop hand side
1-level parallel 192 1 235 79.0 85.8
u 200 processors 2-level parallel 96 2 119 38.2 45.1
2-level parallel 48 4 105 42.9 51.1
2-level parallel 50 4 81 28.1 35.5
1-level parallel 96 1 119 57.0 61.1
u 100 processors 1-level parallel 98 1 148 66.7 66.7
2-level parallel 48 2 105 62.1 67.8
2-level parallel 50 2 81 39.1 451

Table 8.8: Numerical performance of the2-level parallel method compared to the standard1-level
parallel method for the 3D Overthrust SEG/EAGE test case and for di erent decompositi ons.

We report in Table 8.8, the number of iterations, the computing time of the iterative loop,
and the required time for the solution of one right-hand sidefor the 3D Overthrust SEG/EAGE
problem introduced in Section 8.5. For two di erent numbers of processors, we compare the com-
putational cost of the 1-level parallel algorithm and the di erent possible con gurations for the
2-level parallel algorithm. It can be seen that handling in parallel each sub@main enables us to
signi cantly reduce the solution time for a xed number of pr ocessors. For instance on around
200 processors, running thel-level parallelmethod on 192 subdomains (192 processors) needs 85,9
seconds to solve for one right-hand side. The-level parallel algorithm on 50 subdomains with 4
processors per subdomain (200 processors) needs only 35¢g@nd for the same calculation. For
a set of 100 processors, running théd-level parallel algorithm on 96 subdomains (96 processors)
requires 61.1 seconds. The&-level parallel algorithm on 48 subdomains using 2 processors per
subdomain (96 processors) needs 67.8 seconds. In this lattease the penalty comes from the
poor numerical behaviour on 48 subdomains. This might be dudo the bad aspect ratio of the
subdomains for that 48 subdomain decomposition. However fiwe consider a 50 subdomain de-
composition using 2 processors per subdomains (100 process), we can see the improvement of
the 2-level parallelmethod. In this latter situation the solution time is around 45.1 seconds for the
2-level parallelalgorithm and 61.1 seconds for thel-level parallelalgorithm.

Therefore, we conclude, that the 2-level parallel approach is a promising candidate for the
2D=3D multisource acoustic simulations. The idea is that when thenumber of iterations sig-
ni cantly increases, the 2-level parallel algorithm should be preferred. It can be the method of
choice for a wide range of2D=3D simulations; it enables a better usage of both the memory
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and the computing capabilities. We should mention, that using the 2-level parallel method leads
also to decrease the computational cost of both the initialzation (phase) and the setup of the
preconditioner (phase3, this will be studied in the next subsection.

8.6.2 Parallel performance bene ts

Motivated by the idea of exploiting as much as possible the pdormance of the computing machine
used to run large simulations, we consider the implementatin with 2-levelsof parallelism. When
running large simulations that need all the memory availabke on a node of an parallel machine,
standard parallel codes are forced to use only one processper node, thus leaving the remaining
processors of the node in an idle" state. The2-level parallelmethod allows us to take advantage of
the idle processors and to compute the solution faster clos® the per node performance. For the
parallel machine we use, each node comprises two dual-pras®rs and is equipped with 8 GBytes
of main memory.

We report in Table 8.9, the performance results of the2-level parallelapproach and compare it
with the standard 1-level parallel approach. We report experiments for the 2D Marmousi Il test
case, for the di erent frequencies reported in Subsection &, and for the various decompositions
where the 2-level parallel algorithm is applied. We structure the discussion by a detaied analysis
of the performance on the three phases of our method.

Let us start with phasel(the initialization phase) that consists in building the lo cal factoriza-
tion and computing the local Schur complement. The bene t of the 2-level parallel algorithm is
considerable for all the considered frequencies, the compng time is divided by about 1.3 when
using two processors per subdomain and by more than 2 when ugj 4 processors per subdomain.

When looking at phase? the preconditioner setup phase, we highlight the successfdhe 2-
level parallel algorithm on achieving high performance compared to the stadard 1-level parallel
algorithm. The 2-level parallel algorithm is about twice faster than the 1-level parallel algorithm
when only two processors are used per subdomain and it is morhan 3 times faster when 4
processors are used per subdomain.

A crucial part of the method when dealing with multiple right -hand side solution is the third
phase. Thus, the goal is to be as e cient as possible to improe the parallel performance of this
step. It can be seen that the2-level parallelimplementation performs the iterative loop 1.3 time
faster than the 1-level parallelimplementation when using two processors per subdomain anchore
than twice faster than the 1-level parallelmethod when using 4 processors per subdomain.

The 2-level parallel algorithm demonstrates again better performance than thel-level parallel
method and the direct method for the overall computing time. For example, for a frequency
of 100 Hz , the global solution time, on a decomposition of 16 subdomais needs 55.7 seconds
using the 1-level parallelmethod and 295.5 seconds using a direct solver whereas it rieonly 27.0
seconds using the-level parallelalgorithm. Similar trend can be observed for other decompagions
and other frequencies.

We report in Table 8.10 the performance of the2-level parallelalgorithm for the 3D Overthrust
SEG/EAGE problem presented in Section 8.5. The results show in this table highlight the
e ciency of the 2-level parallel method. It is clear that the 2-level parallel method decreases the
time required for the setup of the preconditioner by a factor of 1.6 when using 2 processors per
subdomain and by a factor around 3.6 when using 4 processorsep subdomain. Moreover, the
time for one right-hand side solution is also decreased by aattor of 1.5 when 2 processors are
used to handle a subdomain, and by around 2 when 4 processorseaused per subdomain. For
example, on a decomposition of 50 subdomains, thé-level parallelmethod requires 1178.9 seconds
to perform the simulation whereas the 2-level parallel method needs only 419.8 to perform the
same calculation.

We can conclude, that the 2-level parallel method is very suitable for the parallel solution of
a wide range of real applications. The results in Table 8.9 ad Table 8.10, illustrate the parallel
performance achieved by the2-level parallel method. It allows us to exploit large number of



158 Preliminary investigations in seismic modelling

# subdomains 16 32 36
or SMP-nodes
1-level 2-levels 1-level 2-levels 1-level 2-levels
# processors_ parallel parallel parallel parallel parallel parallel
per subdomain 1 5 | 7 1 5 1 5
Total solution time
100Hz 55.8 39.7 27.0 33.2 23.9 28.6 22.0
120Hz 94.2 70.5 44.6 53.6 39.8 46.4 35.6
140Hz 145.1 107.3 68.0 84.3 62.2 68.7 52.2
160Hz 204.9 149.8 91.9 121.7 88.2 107.3 74.8
180Hz 288.2 212.2 129.6 175.4 123.3 144.4 101.8
200Hz 392.0 265.1 172.7 238.7 165.0 199.0 146.1
Time for one RHS
100Hz 4.7 3.6 2.7 6.4 4.9 6.6 4.9
120Hz 7.6 5.8 4.0 10.2 7.4 8.7 6.5
140Hz 10.3 7.8 5.7 14.4 9.8 13.8 10.1
160Hz 13.0 9.6 7.1 16.7 11.7 21.0 14.3
180Hz 20.3 14.4 9.9 26.1 17.9 29.2 19.3
200Hz 21.6 15.8 11.5 29.9 20.4 34.0 24.0
Time in the iterative loop
100Hz 3.0 2.2 1.6 55 4.1 5.8 4.3
120Hz 51 3.8 2.6 8.9 6.4 7.6 5.6
140Hz 6.9 5.1 3.4 12.6 8.4 12.2 8.8
160Hz 8.5 6.0 4.1 14.4 9.8 18.9 12.4
180Hz 14.6 9.9 6.6 23.0 15.6 26.5 16.9
200Hz 14.5 10.3 6.8 25.9 17.3 30.6 21.4
# iteration
100Hz 82 121 158
120Hz 102 137 152
140Hz 102 138 183
160Hz 97 127 213
180Hz 125 162 241
200Hz 125 162 241
Preconditioner setup time
100Hz 4.9 2.8 1.6 5.8 3.2 3.8 2.1
120Hz 8.2 4.5 2.5 9.8 5.3 6.3 35
140Hz 12.9 7.1 3.9 15.7 8.4 10.1 55
160Hz 19.0 10.4 5.8 23.1 12.1 14.7 7.9
180Hz 26.8 14.5 7.9 32.8 16.9 20.8 11.1
200Hz 35.7 19.2 10.5 52.3 23.0 28.5 14.9
Initialization time
100Hz 46.2 33.4 22.7 20.9 15.9 18.2 14.9
120Hz 78.5 60.2 38.1 33.6 27.1 31.4 25.6
140Hz 121.9 92.4 58.4 54.2 44.1 44.8 36.7
160Hz 172.9 129.8 79.1 81.9 64.5 71.6 52.5
180Hz 241.1 183.3 111.7 116.5 88.4 94.4 71.4
200Hz 334.6 230.0 150.8 156.5 121.7 136.4 107.1

Table 8.9: Detailed parallel performance of the2-level parallel method for the 2D Marmousi Il
problem when varying the frequency from 10Hz to 200Hz , that is varying the global size of

the problem from 9.8 10° unknowns up to 38.7 1Cf unknowns, and also when the number of
subdomains is varied from 16 to 36.
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processors with higher e ciency, and to drive down the execuion time by a signi cant factor. For
the test cases reported here, the-level parallel method performs much better as both thel-level
parallel method and the direct method.

8.7 Concluding remarks

This chapter describes the results of preliminary investigtions of a shifted variant of our precon-
ditioner for the solution of the Helmholtz equation in two and three dimensional domains.

A very poor numerical scalability of the preconditioner hasbeen observed on the2D examples
where the use of a2-level parallelimplementation is an e cient remedy to reduce the elapsed time
when the number of processors is increased. For th8D problem, the scalability is not as worse as
in 2D and the 2-level parallelimplementation enables some improvement. More experimeston
larger problems and larger computing platforms are neededd determine whether the performance
of the 2-level parallel method would live up to expectations. Analysis and experimats show that
when exploiting the 2-levelsof parallelism the algorithm runs closed to the aggregate pgormance
of the available computing resources.

For those applications the parallel sparse direct solver ad the 2-level parallel method remain
the methods of choice for2D multisource acoustic simulations considering that the menory re-
quirement is tractable with currently available computers. For large 3D problems, the hybrid
approach (1-level parallel or 2-level parallel) are a possible alternative to the direct solvers that
exhibit an una ordable increase of computing time and memow requirement. In the context of
multisource simulations (i.e., multiple right-hand sides) some extra e ort should be devoted to
take advantage of this feature such as block-Krylov solver®r numerical technique to recycle some
spectral information between the solution of the various rght-hand sides.

# subdomains

50 81 96
1-level 2-levels 1-level 2-levels 1-level 2-levels
# processors_, parallel parallel parallel parallel parallel parallel
per subdomain 1 5 | 7 1 5 1 5
Total solution time
| 7Hz 1178.9 | 854.5 | 419.8 || 557.7 | 431.4 || 398.9 | 299.3
Time for one RHS
| 7Hz 67.8 | 451 | 35.5 || 77.4 | 57.2 || 61.1 | 45.1
Time in the iterative loop
| 7Hz 64.4 | 39.1 | 28.1 || 73.6 | 53.7 || 57.0 | 38.2
# iteration
[ 7Hz 81 [ 109 [ 119
Preconditioner setup time
| 7Hz 497.1 | 262.4 | 135.3 || 256.3 | 169.2 || 153.8 | 81.2
Initialization time
| 7Hz || 614 | 547 | 249 || 224 | 205 || 184 | 173 |

Table 8.10: Detailed parallel performance of the2-level parallel method for the 3D Overthrust
SEG/EAGE test case when the number of subdomains is varied fsm 50 to 96.
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Part IV

Further performance study and
applications






Chapter 9

Conclusion and future work

The main topic of this research work was the study of a numerial technique that had attractive
features for an e cient solution of large scale linear systens on large massively parallel platforms.
In this respect we have investigated several algebraic prenditioning techniques, discussed their
numerical behaviours, their parallel implementations andscalabilities. Finally, we have compared
their performances on a set of3D grand challenge problems. The algebraic additive Schwarz
preconditioner de ned by [25] for 2D problems was the starting point for our study in the context
of non-overlapping domain decomposition techniques.

We have de ned di erent variants based either on mixed arithmetics or on sparse approxima-
tions. We have investigated and analyzed their numerical bbaviours. We have evaluated their
e ciency and accuracy compared to the dense 64-bit variant. The results show that the sparse
variant enables us to get reasonable numerical behaviour ahpermits the saving of a signi cant
amount of memory. On all our experiments this variant is the most e cient and reduces the so-
lution time and the memory space. The mixed precision approah appears very promising in the
context of multi-core heterogeneous massively parallel ecoputers, where some devices (such a the
graphic cards) only operate in 32-bit arithmetic. Several questions are still open, and some works
deserve to be undertaken to validate the approach in this corputing context as well as theoretical
developments to assess their numerical validity.

In Chapter 5 and Chapter 6, our analysis was focused on the nuerical and the parallel scalabil-
ity of the preconditioners on a set of academic3D symmetric and unsymmetric model problems.
We have studied the numerical behaviour of the proposed premditioners for the solution of het-
erogeneous anisotropic di usion problems with and withouta convection term. We have observed
reasonably good parallel performance and numerical scaldlty on massively parallel platforms. All
the preconditioner variants were able to exploit a large nunber of processors with an acceptable
e ciency. For the 3D problems the convergence of all the local preconditionersepends slightly
on the number of subdomains. For up-to a thousand of processs/subdomains the use of a coarse
space component for 3D elliptic problems appeared less cria, although still bene cial, than for
2D problems.

We have also applied these hybrid iterative/direct methodsfor solving unsymmetric and inde -
nite problems such as those arising in some structural mechmcs and seismic modelling applications.
For that purpose, we have investigated in Chapter 7 and Chaper 8, the use of our parallel ap-
proaches in the context of these real life applications. Ouipurpose was to evaluate the robustness
and the performance of our preconditioners for the solutionof the challenging linear systems that
are often solved using direct solvers in these simulations.

Chapter 7 was devoted to the engineering area of structural rachanics simulations where very
large problems have to be solved. For those simulations, theneshes involved in the discretization
are composed by a large number of nite elements. The e cient parallel solution requires a good
balanced partitioning of the unstructured meshes to ensurehe e ciency of the solution technique
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as well as its parallel performance. We have illustrated thesensitivity of our preconditioner to
the partitioning of the mesh. Other partitioning strategie s would deserve to be studied and inves-
tigated. We have presented several results, that show that lhe preconditioners can achieve high
performance. The attractive feature is that both sparse andmixed preconditioners are a source of
gain even for these di cult problems. More work would deserve to be invested on a sophisticated
dropping strategies, as well as on the automatic tuning of tke dropping parameter. Further devel-
opments are required, such as the integration of the hybrid nethod in the nonlinear Newton solver
in structural analysis. We should study the e ect of the linear solver accuracy when embedded
within the nonlinear scheme. In order to improve the performance for large-scale simulations and
to run close to the aggregate resources peak oating-point peration rate, we have considered the
introduction of a 2-levelsparallelism strategy. Numerical tests con rm the good properties of the
hybrid 2-levelsparallel method; a comparison with the direct method shows hat, from the point
of view of both numerical and computational costs, the2-levelsparallel method can be of interest
for a wide range of applications.

In Chapter 8, we have further considered the parallel perfomance of the hybrid method in the
context of a 2D=3D seismic application. In this framework, the traditional method for solving
these systems relies on sparse direct solvers because niki right-hand sides have to be consid-
ered. However for large3D problems the memory requirement and the computational comgexity
become una ordable. We have discussed how the algebraic adive Schwarz preconditioner can
be applied in this context. We have used a variant of the precaditioner based on the introduction
of a complex perturbation to the Laplace operator [40], reslting in a shifted additive Schwarz
preconditioner. For 2D problems, we have observed that the numerical scalability bthe precon-
ditioner can signi cantly deteriorate when the number of subdomains increases. In this case, the
2-levelsparallel algorithm can be of great interest. We have thus inestigated the idea of using a
small number of subdomains while increasing the number of mcessors per subdomain as a pos-
sible remedy to this weakness. The signi cant benet in 2D does not translate as clearly for 3D
problems where only moderate improvements have been obsexd. In the context of multi-source
seismic simulations (i.e., multiple right-hand sides) sone extra e ort should be devoted to take
advantage of this feature such as block-Krylov solvers or nmerical techniques to recycle some
spectral information between the solution of the various rght-hand sides.

The development of e cient and reliable parallel algebraic hybrid solvers is a key for successful
applications of scienti ¢ simulations for the solution of many challenging large-scale problems. We
have attempted to highlight some of the studies and developrants that have taken place in the
course of the three years of the thesis. There are numerousrther important problems and ideas
that we have not been addressed. This research area is veryta@ and productive; there is still room
for the development of new general-purpose parallel blackox hybrid methods based on algebraic
approaches. This class of algebraic preconditioners is verattractive for parallel computing. We
intend to extend the work presented here for the solution of gneral linear systems, where the
techniques has some natural counterparts. It mainly consis in extending the ideas and apply
them to the graphs of general sparse matrices in order to idaify the blocks and the interface
between the blocks. The basic idea is to split the matrix enties into di erent blocks as shown in
Figure 9.1.

A preliminary Matlab prototype has been developed to validae the basic concepts. For the sake
of preliminary comparisons a block-Jacobi preconditionethas also been implemented. The numer-
ical experiments have been conduced on sets of general sparsatrices from Matrix Market reposi-
tory (‘http://math.nist.gov/MatrixMarket/ ) and Tim Davis collection
(http://www.cise.u .edu/research/sparse/matrices/ ). We present in Table 9.1 the number of it-
erations required by right preconditioned GMRES. For each natrix, we consider decompositions
into 8, 16, 32, 64 and 96 blocks. Those preliminary experimea are encouraging and con rm that
the additive Schwarz preconditioner for the Schur complemat initially introduced for the solution
of linear systems arisen from PDE discretization can be exteded to solve general sparse linear
systems. For those matrices, it can be seen that the number oterations increases moderately
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Figure 9.1: Partitioning a general matrix on 8 blocks.

when the number of blocks is varied. We intend to continue thee investigations with the goal of
designing and implementing an e cient black-box parallel solver package suited for large massively
computing platforms.

# blocks
'V'"’?"'X Preconditioner 8 16 32 64 96
name | size | nnz
Block Jacobi 88 | 135 | 171 | 192 | 208
besstk18 | 11,948 | 149,090 |\ yitive Schwarz || 26 | 42 | 60 | 83 | 86
Block Jacobi 140 | 200 | 325 | 547 | 560
besstkd7 | 25,503 | 1,140,977 1\ itive Schwarz || 24 | 53 | 79 | 137 | 155
Block Jacobi 125 | 183 | 344 | 417 | 547
nasa4704| 4,704 | 104,756 | )\ iitive Schwarz || 25 | 43 | 47 | 88 | 114
Block Jacobi 72 | 189 | 649 | 885 -
nasastb | 54,870 | 1,366,097 e schwarz | 42 | 97 | 148 | 165 | 251
Block Jacobi 266 | 656 | 931 - -
exil 16,6141 1,096,948 | \jiitive schwarz || 17 | 17 | 35 | 43| 57

Table 9.1: Number of preconditioned GMRES iterations when he number of blocks is varied. -

means that no convergence was observed after 1000 iteratien

Finally, hybrid techniques include other ways to combine ard mix iterative and direct ap-
proaches. We start another study of hybrid solver in the conext of 3D electromagnetic simula-
tions in collaboration with the INRIA NACHOS project. Of par ticular interest is the study of the
interaction of electromagnetic waves with humans or, more pecisely, living tissues [33]. Both the
heterogeneity and the complex geometrical features of thenderlying media motivate the use of the
hybrid methods working on non-uniform meshes. The objectie of our contribution is to improve
the numerical behaviour of the hybrid method by developpingnew algebraic preconditioners.
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