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TRUTH may be misleading

In a finite dimensional space all norms are equivalent i.e.
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TRUTH may be misleading

In a finite dimensional space all norms are equivalent i.e.

c(N)||v||1 ≤ ||v||2 ≤ C(N)||v||1

Identify the norms for which we have

c||v||1 ≤ ||v||2 ≤ C||v||1
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Finite dimensional Hilbert spaces and IRN

(·, ·) : H×H → IR scalar productand
‖u‖H =

√

(u, u) ∀u ∈ H norm.
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Finite dimensional Hilbert spaces and IRN

(·, ·) : H×H → IR scalar productand
‖u‖H =

√

(u, u) ∀u ∈ H norm.

∃{ψi}i=1,...,N a basis forH

∀u ∈ H u =
∑

N

i=1 uiψi ui ∈ IR i = 1, . . . ,N

Representation of scalar product in IRN.
Let u =

∑

N

i=1 uiψi andv =
∑

N

i=1 viψi.
Then

(u, v) =

N
∑

i=1

N
∑

j=1

uivj(ψi, ψj) = v
T
Hu

whereHij = Hji = (ψi, ψj) andu,v ∈ IRN.
Moreover,uT

Hu > 0 iff u 6= 0 and, thusH SPD.
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Dual spaceH′

f ∈ H′ : H → IR (functional);

f(αu+ βv) = αf(u) + βf(v) ∀u, v ∈ H

H′ is the space of the linear functionals onH

‖f‖H′ = sup
u 6=0

f(u)

‖u‖H
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Dual spaceH′

f ∈ H′ : H → IR (functional);

f(αu+ βv) = αf(u) + βf(v) ∀u, v ∈ H

H′ is the space of the linear functionals onH

‖f‖H′ = sup
u 6=0

f(u)

‖u‖H

If H finite dimensional andu =
∑

N

i=1 uiψi, then

f(u) =
∑

N

i=1 uif(ψi) = f
T
u

Dual vector
Let u ∈ H, u 6= 0, then∃fu ∈ H′ such that

fu(u) = ‖u‖H

(Hahn-Banach).
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Dual spaceH′

LetH be a Hilbert finite dimensional space andH the realN × N

matrix identifying the scalar product.
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Dual spaceH′

LetH be a Hilbert finite dimensional space andH the realN × N

matrix identifying the scalar product.

fu(u) = f
T
u = (uT

Hu)1/2

The dual vector ofu has the following representation:
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Dual spaceH′

LetH be a Hilbert finite dimensional space andH the realN × N

matrix identifying the scalar product.

fu(u) = f
T
u = (uT

Hu)1/2

The dual vector ofu has the following representation:

f =
Hu

‖u‖H

and
‖fu‖

2
H′ = u

T
Hu = f

T
H

−1
f
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Linear operator

A : H → V H andV finite dimensional Hilbert spaces.
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Linear operator

A : H → V H andV finite dimensional Hilbert spaces.

‖A‖H,V = max
u 6=0

‖Au‖V
‖u‖H

= ‖V1/2
AH

−1/2‖2
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Linear operator

A : H → V H andV finite dimensional Hilbert spaces.

‖A‖H,V = max
u 6=0

‖Au‖V
‖u‖H

= ‖V1/2
AH

−1/2‖2

The result follows from the generalized eigenvalue problemin IRN

A
T
VAu = λHu
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Linear operator

A : H → V H andV finite dimensional Hilbert spaces.

‖A‖H,V = max
u 6=0

‖Au‖V
‖u‖H

= ‖V1/2
AH

−1/2‖2

The result follows from the generalized eigenvalue problemin IRN

A
T
VAu = λHu

κH(M) = ‖M‖H,H−1‖M−1‖H−1,H .
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Linear operator

A : H → V H andV finite dimensional Hilbert spaces.

‖A‖H,V = max
u 6=0

‖Au‖V
‖u‖H

= ‖V1/2
AH

−1/2‖2

The result follows from the generalized eigenvalue problemin IRN

A
T
VAu = λHu

κH(M) = ‖M‖H,H−1‖M−1‖H−1,H .

The interesting case isκH(M) independent ofN
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Interpolation spaces

H = (IRN , (u,v)H = u
THv)

M = (IRN , (u,v)M = u
TMv)

(u,v)H = (u,Sv)M = (Su,v)M

S = M−1H

S self-adjoint in the good scalar product!
{

Sx = µx ⇔ Hx = µMx

}

⇒ µ = δ2 > 0

∃Ws.t. M = W TW, H = W T ∆2W, ∆ diagonal
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Interpolation spaces

Λ = W−1∆W Λ
1/2 = W−1∆1/2W

S = M−1H = W−1W−TW T ∆2W

= W−1∆WW−1∆W

= Λ
2

MΛ = W TWW−1∆W−TW TW = ΛTM ⇒ (u,Λv)M = (Λu,v)M

(Λ1/2
u,Λ1/2

u)M = (u,Λu)M
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Interpolation spaces

[

H,M
]

ϑ
=
{

u ∈ IRN ;
(

(u,u)M + (u, S1−ϑ
u)M

)1/2}
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Interpolation spaces

[

H,M
]

ϑ
=
{

u ∈ IRN ;
(

(u,u)M + (u, S1−ϑ
u)M

)1/2}

[

H,M
]

1/2
=
{

u ∈ IRN ;
(

(u,u)M + (u,Λu)M

)1/2}
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Interpolation spaces

[

H,M
]

ϑ
=
{

u ∈ IRN ;
(

(u,u)M + (u, S1−ϑ
u)M

)1/2}

[

H,M
]

1/2
=
{

u ∈ IRN ;
(

(u,u)M + (u,Λu)M

)1/2}

||v||2ϑ = ||v||2Hϑ
= vT

(

M +MS1−ϑ
)

v

Hϑ = M
(

I + S1−ϑ
)

= W T
(

I + ∆2(1−ϑ)
)

W
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Interpolation spaces (duality)

M′ andH′ dual spaces ofM andH
[

H,M
]′

ϑ
=
[

M′,H′
]

1−ϑ

S′ = MH−1 = W T ∆−2W−T
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Interpolation spaces (duality)

M′ andH′ dual spaces ofM andH
[

H,M
]′

ϑ
=
[

M′,H′
]

1−ϑ

S′ = MH−1 = W T ∆−2W−T

H ′
1−ϑ = H−1

1−ϑ = W−1∆−2ϑW−T
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Interpolation spaces (∞ dimension case)

X,Y two Hilbert spaces withX ⊂ Y ,X dense and continuously
embedded in Y . 〈·, ·〉X , 〈·, ·〉Y and‖ · ‖X , ‖ · ‖Y the respective norms.

(Riesz representation theory)∃J : X → Y positive and self-adjoint
with respect to〈·, ·〉Y such that〈u, v〉X = 〈u,J v〉Y .

E = J 1/2 : X → Y ,

X = D(E) with ‖u‖X ∼ ‖u‖E :=
(

‖u‖2
Y + ‖Eu‖2

Y

)1/2
.

‖u‖θ :=
(

‖u‖2
Y + ‖E1−θu‖2

Y

)1/2
.

The interpolation space of indexθ [X,Y ]θ := D(E1−θ), 0 ≤ θ ≤ 1,
with the inner-product〈u, v〉θ = 〈u, v〉Y +

〈

u, E1−θv
〉

Y
is a Hilbert

space (Lions Magenes 1968).

[X,Y ]0 = X and[X,Y ]1 = Y . If 0 < θ1 < θ2 < 1 then

X ⊂ [X,Y ]θ1
⊂ [X,Y ]θ2

⊂ Y.
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Interpolation Theorem

LetX,Y Hilbert spacesX ⊂ Y withX dense inY , and with inclusion
compact and continuous. LetX ,Y satisfy similar properties. Let
π ∈ L(X;X ) ∩ L(Y ;Y). Then for allθ ∈ (0, 1),

π ∈ L([X,Y ]θ; [X ,Y ]θ).
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Interpolation Theorem

LetX,Y Hilbert spacesX ⊂ Y withX dense inY , and with inclusion
compact and continuous. LetX ,Y satisfy similar properties. Let
π ∈ L(X;X ) ∩ L(Y ;Y). Then for allθ ∈ (0, 1),

π ∈ L([X,Y ]θ; [X ,Y ]θ).

LetX ⊃ Xh andY ⊃ Yh finite-dimensional spaces
ih : L(Xh;X) ∩ L(Yh;Y ) the continuous injection operator

ih ∈ L([Xh, Yh]θ; [X,Y ]θ).

Sparse Days,CERFACS, Toulouse, 2008 – p.13/30



Interpolation Theorem

LetX,Y Hilbert spacesX ⊂ Y withX dense inY , and with inclusion
compact and continuous. LetX ,Y satisfy similar properties. Let
π ∈ L(X;X ) ∩ L(Y ;Y). Then for allθ ∈ (0, 1),

π ∈ L([X,Y ]θ; [X ,Y ]θ).

∀uh ∈ [Xh, Yh]θ, ‖ihuh‖θ = ‖uh‖θ ≤ C1‖uh‖θ,h.
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Interpolation Theorem

LetX,Y Hilbert spacesX ⊂ Y withX dense inY , and with inclusion
compact and continuous. LetX ,Y satisfy similar properties. Let
π ∈ L(X;X ) ∩ L(Y ;Y). Then for allθ ∈ (0, 1),

π ∈ L([X,Y ]θ; [X ,Y ]θ).

∀uh ∈ [Xh, Yh]θ, ‖ihuh‖θ = ‖uh‖θ ≤ C1‖uh‖θ,h.

Assume now that there exists an interpolation operator∃Ih such that
Ih : L(X;Xh) ∩ L(Y ;Yh) andIhu = uh for all uh ∈ Xh.

Ih ∈ L([X,Y ]θ; [Xh, Yh]θ)
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Interpolation Theorem

LetX,Y Hilbert spacesX ⊂ Y withX dense inY , and with inclusion
compact and continuous. LetX ,Y satisfy similar properties. Let
π ∈ L(X;X ) ∩ L(Y ;Y). Then for allθ ∈ (0, 1),

π ∈ L([X,Y ]θ; [X ,Y ]θ).

∀uh ∈ [Xh, Yh]θ, ‖ihuh‖θ = ‖uh‖θ ≤ C1‖uh‖θ,h.

∀u ∈ [X,Y ]θ, ‖Ihu‖θ,h ≤ C2‖u‖θ.
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Interpolation Theorem

LetX,Y Hilbert spacesX ⊂ Y withX dense inY , and with inclusion
compact and continuous. LetX ,Y satisfy similar properties. Let
π ∈ L(X;X ) ∩ L(Y ;Y). Then for allθ ∈ (0, 1),

π ∈ L([X,Y ]θ; [X ,Y ]θ).

∀uh ∈ [Xh, Yh]θ, ‖ihuh‖θ = ‖uh‖θ ≤ C1‖uh‖θ,h.

∀u ∈ [X,Y ]θ, ‖Ihu‖θ,h ≤ C2‖u‖θ.

Since[Xh, Yh]θ ⊂ [X,Y ]θ

1

C1
‖uh‖θ ≤ ‖uh‖θ,h ≤ C2‖uh‖θ.
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Interpolation spaces (∞ dimension case)

Ω ⊂ R
n open bounded with smooth boundaryΓ and letααα denote a

multi-index of orderm wherem is a positive integer

Hm(Ω) =
{

u : Dαααu ∈ L2(Ω), |ααα| ≤ m
}

(H0(Ω) = L2(Ω))

Hs(Ω) := [Hm(Ω),H0(Ω)]1−s/m

Hs
0(Ω) completion ofC∞

0 (Ω) in Hm(Ω), wheres > 0. For0 ≤ s2 < s1,
{

[Hs1

0 (Ω),Hs2

0 (Ω)]θ = H
(1−θ)s1+θs2

0 (Ω) if (1 − θ)s1 + θs2 6= k + 1/2 (k

[Hs1

0 (Ω),Hs2

0 (Ω)]θ = H
k+1/2
00 (Ω) ⊂ H

k+1/2
0 if (1 − θ)s1 + θs2 = k + 1/2 (k

H−s(Ω) = (Hs
0(Ω))′ s > 0

If (1 − θ)s1 + θs2 = 1/2

[H−s1(Ω),H−s2(Ω)]θ =
(

H
1/2
00 (Ω)

)′
.

Sparse Days,CERFACS, Toulouse, 2008 – p.14/30



Finite-element example

H
1/2
00 (Ω) = [H1

0 (Ω), L2(Ω)]1/2.

LetXh ⊂ H1
0 (Ω), Yh ⊂ L2(Ω). Let {φi}1≤i≤n ∈ Xh be a spanning set for

Yh and letLk ∈ R
n×n denote the Grammian matrices corresponding to the

〈·, ·〉Hk
0
(Ω)-inner product(H0(Ω) = L2(Ω)):

(Lk)ij = 〈φi, φj〉Hk
0
(Ω) .

H = L1, M = L0 and

H1/2,h = L0

(

I + (L−1
0 L1)

1/2
)

Moreover, we have

H1/2,h ∼ H1/2 = L0

(

L−1
0 L1

)1/2
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Finite-element example

(

H
1/2
00 (Ω)

)′
= [H−(1)(Ω),H0(Ω)]1/2 =

(

[H1
0 (Ω),H0

0 (Ω)]1/2

)′
.

LetXh, Yh be defined as above. LetY ′
h ⊂ X ′

h = span {ψi}1≤i≤n whereψi

are basis functions dual toφi, i.e.,〈ψi, φj〉H−1(Ω)×H1

0
(Ω) = δij .

If Y ′
h ∋ z =

n
∑

i=1

ziψi =

n
∑

i=1

wiφi, φl =

n
∑

i=1

Kliψi

δij = 〈ψi, φj〉H−1(Ω)×H1

0
(Ω) =

n
∑

i=1

K−1
il 〈φl, φj〉H1

0
(Ω) =

n
∑

i=1

K−1
il (L1)lj

so thatz = L0w and‖z‖H′

Y
= ‖w‖L−1

0

, ‖z‖H′

X
= ‖w‖L0L

−1

1
L0

and the

matrix representation ofH ′
Y ,H

′
X are respectivelyL0 andL0L

−1
1 L0.

H ′
1/2 = L0(L

−1
0 L1)

−1/2 = H−1/2.
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Evaluation of Hθz

Generalised Lanczos
HXVk = HY VkTk + βk+1Hyvk+1e

T
k , V T

k HY Vk = Ik
(Tk tridiagonal).
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Evaluation of Hθz

Generalised Lanczos
HXVk = HY VkTk + βk+1Hyvk+1e

T
k , V T

k HY Vk = Ik
(Tk tridiagonal).

v0 = z

Hθz ≈ HY VkT
1−θ
k e1‖z‖HY

and
Hθ,hz ≈ HY Vk(Ik + T 1−θ

k )e1‖z‖HY
.
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Evaluation of Hθz

Generalised Lanczos
HXVk = HY VkTk + βk+1Hyvk+1e

T
k , V T

k HY Vk = Ik
(Tk tridiagonal).

v0 = z

Hθz ≈ HY VkT
1−θ
k e1‖z‖HY

and
Hθ,hz ≈ HY Vk(Ik + T 1−θ

k )e1‖z‖HY
.

v0 = H−1
Y z

H−1
θ z ≈ VkT

θ−1
k e1‖z‖H−1

Y
and

H−1
θ,hz ≈ Vk(Ik + T 1−θ

k )−1
e1‖z‖H−1

Y
.
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Evaluation of Hθz

Generalised Lanczos
HXVk = HY VkTk + βk+1Hyvk+1e

T
k , V T

k HY Vk = Ik
(Tk tridiagonal).

v0 = z

Hθz ≈ HY VkT
1−θ
k e1‖z‖HY

and
Hθ,hz ≈ HY Vk(Ik + T 1−θ

k )e1‖z‖HY
.

v0 = H−1
Y z

H−1
θ z ≈ VkT

θ−1
k e1‖z‖H−1

Y
and

H−1
θ,hz ≈ Vk(Ik + T 1−θ

k )−1
e1‖z‖H−1

Y
.

Alternative: N. Hale, and N. J. Higham and L. N. Trefethen,SIAM J. Numer. Anal.
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Preconditioners for the Steklov-Poincaré
operator

Let Ω be an open subset ofR
d with boundary∂Ω and consider the model

problem
{

−∆u = f in Ω,

u = 0 on∂Ω.

Given a partition ofΩ into two subdomainsΩ ≡ Ω1 ∪ Ω2 with common
boundaryΓ this problem can be equivalently written as
{

−∆u1 = f in Ω1,

u1 = 0 on∂Ω1 \ Γ,

{

−∆u2 = f in Ω2,

u2 = 0 on∂Ω2 \ Γ,

with the ‘interface conditions’
{

u1 = u2
∂u1

∂n1

= − ∂u2

∂n2

onΓ
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Preconditioners for the Steklov-Poincaré
operator

Givenλ1, λ2 ∈ H
1/2
00 (Γ) , ψ1, ψ2 denote the harmonic extensions ofλ1, λ2

respectively intoΩ1,Ω2, i.e., fori = 1, 2, ψi satisfy










−∆ψi = 0 in Ωi,

ψi = λi onΓ,

ψi = 0 on∂Ωi \ Γ.

The Steklov-Poincaré operatorS : H
1/2
00 (Γ) → H−1/2(Γ)

〈Sλ1, λ2〉H1/2(Γ) = 〈∇ψ1,∇ψ2〉L2(Ω) =: s(λ1, λ2).

c1‖λ‖
2
H1/2(Γ) ≤ s(λ, λ) ≤ c2‖λ‖

2
H1/2(Γ).
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Preconditioners for the Steklov-Poincaré
operator

(i)

{

−∆u
{1}
i = f in Ωi,

u
{1}
i = 0 on∂Ωi,

(ii)

{

Sλ = −
∂u

{1}
1

∂n1
−
∂u

{1}
2

∂n2
onΓ,

(iii)

{

−∆u
{2}
i = 0 in Ωi,

u
{2}
i = λ on∂Ωi.

The resulting solution is

u|Ωi
= u

{1}
i + u

{2}
i .
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An other problem

{

−ν∆u+~b · ∇u = f in Ω,

u = 0 on∂Ω.
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Discrete Formulation

V h = V h,r :=
{

w ∈ C0(Ω) : w|t ∈ Pk ∀t ∈ Th

}

⊂ H1(Ω)

be a finite-dimensional space of piecewise polynomial functions defined
on some subdivisionTh of Ω into simplices t of maximum diameter
h. Let furtherV h

I , V
h
B ⊂ V h satisfy V h

I ⊕ V H
B ≡ V h whereV h

I =
{

w ∈ V h : w|∂Ω = 0
}

. Let Xh ⊂ H1
0 (Γ) denote the space spanned by

the restriction of the basis functions ofV h
I to the internal boundaryΓ.
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Discrete Formulation

(i) AII,iu
{1}
i = fI,i,

(ii) SuB = fB −AT
IB,1u

{1}
1 −AT

IB,2u
{2}
2 ,

(iii) AII,iu
{2}
i = −AT

IB,1uB −AT
IB,2uB,

whereS is the Schur complement corresponding to the boundary nodes

S = S1 + S2, Si = ABB,i −AT
IB,iA

−1
II,iAIB,i.

The resulting solution is(uI,1, uI,2, uB) where

uI,i = u
{1}
i + u

{2}
i .
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H
1/2
00 -preconditioners

LetXh = span {φi, 1 ≤ i ≤ m} be defined as above and let
(Lk)ij = 〈φi, φj〉Hk

0
(Γ) for k = 0, 1. Let

H1/2 := L0(L
−1
0 L1)

1/2.

Then for allλλλ ∈ R
m \ {0}

κ1 ≤
λλλTSλλλ

λλλTH1/2λλλ
≤ κ2

with κ1, κ2 independent ofh.
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Discrete DD

P =

(

AII AIB

0 PS

)

with AII = νLII + NII whereLII is the direct sum of Laplacians as-
sembled on each subdomain andNII is the direct sum of the convection
operator~b · ∇ assembled also on each subdomain.
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Numerical results: Poisson equatione

Linear Quadratic

#dom n m H1/2,h H1/2
bH1/2 H1/2,h H1/2

bH1/2

45,377 449 10 9 9 11 11 11

4 180,865 897 10 10 10 11 11 11

722,177 1793 11 11 11 11 11 11

45,953 1149 13 12 12 13 13 13

16 183,041 2301 13 13 13 13 13 13

730,625 4605 13 13 13 13 13 13

66,049 3549 16 14 14 16 15 15

64 263,169 7133 16 15 15 16 15 15

1,050,625 14,301 17 16 15 17 15 15

FGMRES iterations for model problem .
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An other problem

Linear Quadratic

#dom n m ν = 1 ν = 0.1 ν = 0.01 ν = 1 ν = 0.1 ν = 0.01

45,377 449 10 12 21 12 13 20

4 180,865 897 11 11 20 12 13 19

722,177 1793 11 11 19 12 12 18

45,953 1149 12 17 37 13 17 35

16 183,041 2301 13 17 35 13 16 32

730,625 4605 12 15 32 12 15 30

66,049 3549 16 22 55 17 21 51

64 263,169 7133 17 22 52 16 20 46

1,050,625 14,301 15 19 47 16 19 43

FGMRES iterations for 2nd model problem
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Exotic domains

QUANTUM graphs (metric graph)
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Exotic domains

QUANTUM graphs (metric graph)

2-D simplex
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Exotic domains

QUANTUM graphs (metric graph)

2-D simplex

Same theory with Laplace-Beltrami operator
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Green functions on wirebasket

Steklov-Poincaré Green function
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Green functions on wirebasket

Steklov-Poincaré Green function Neumann-Neumann Green
function
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Green functions on wirebasket

Steklov-Poincaré Green function H1/2 Green function
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Open problems

Domain decomposition: preliminary results show total independence
from mesh size
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Open problems

Domain decomposition: preliminary results show total independence
from mesh size

Strange domains: 1D simplex (wirebasket) and QUANTUM GRAPH

3D PDEs

Utilization in Image Denoising

Hs s > 1

Generalization to Banach spaces (K-method Peetre)

For which class of matrices the Schur complement is spectrally
equivalent to an algebraic interpolation space matrix
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