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Outline 

• Electronic structure and Kohn-Sham 

nonlinear eigenvalue problem 

• Selected inversion 

• Sequential implementation 

• Parallel implementation 
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Electronic Structure of Matter and Modern 

Materials Design 

• Many-body Schrödinger’s equation 𝐻Ψ = Ψ𝐸 

 

3 

PV Solar Cells Energy storage Carbon capture 



Kohn-Sham DFT: A Single Quasi-Particle 

Picture 
• Total energy minimization 

min 𝐸𝑡𝑜𝑡 𝜓𝑖 𝑖=1
𝑁 =
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• Euler-Lagrange equation 
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The Challenge 
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• Nonlinearity and convergence 

• Computational complexity 



Charge density 

𝐻 𝜌 𝑋 𝑋 = 𝑋Λ,  𝑋𝑇𝑋 = 𝐼, 𝜌 𝑋 = diag(𝑋𝑋𝑇) 

where 𝐻 𝜌 𝑋 = 𝐿 + 𝑉𝑖𝑜𝑛 + Diag 𝐿
−1𝜌 + 𝑉𝑥𝑐(𝜌) 
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𝜌 𝐻 𝑋 

𝜌 =

diag 𝑋𝑋𝑇

diag 𝑋, 𝑋⊥ 𝐼
0

𝑋𝑇

𝑋⊥
𝑇

diag 𝐼 + 𝑒𝛽 𝐻 𝜌  −𝜇
−1

 

• 𝛽 = 1/𝑘𝐵𝑇: inverse temperature 

• 𝜇: Chemical potential 



Function Evaluation via Fermi Operator 

Expansion 
• Pole expansion  

1 + 𝑒𝛽 𝐻−𝜇𝐼
−1
≈

𝐼𝑚  𝜔𝑖 𝐻 − 𝑧𝑖𝐼
−1𝑛𝑝

𝑖=1
 

 

• Selected Inversion: 
• Compute the diagonal of 
𝐻 − 𝑧𝑖𝐼

−1 without computing 
the full inverse 

• Applicable if H is sparse (i.e. 
not applicable to planewave 
discretization) 

• Need to perform sparse 
factorization of 𝐻 − 𝑧𝑖𝐼 

•  Multiple levels of parallelism 
 

𝑂 𝑁  for 1D, 𝑂 𝑁3/2  for 2D, 
𝑂 𝑁2  for 3D 
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L. Lin et al. 2010 

Hale, Higham,Trefethen 2008 

Saad & Sidjie 2008  



Selected Inversion 
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• Given an LDLT factorization 

𝐻 = 1
ℓ 𝐼

𝛼
𝑆
1 ℓ𝑇

𝐼
 

• Full inverse 

𝐻−1 = 𝛼
−1 + ℓ𝑇𝑆−1ℓ −ℓ𝑇𝑆−1

−𝑆−1ℓ 𝑆−1
 

 

Observations:  

• If ℓ is sparse, we do not need the entire 𝑆−1in order to 

obtain the (1,1) entry of 𝐻−1; 

• Complexity:  𝑂 𝑁  for 1D, 𝑂 𝑁3/2  for 2D, 𝑂 𝑁2  for 3D;    

Takahashi 1973, Erisman & Tinney 1975, 

Li et al (2008), Lin et al (2009), Amestoy et al, Ucar (2010) 



Recursion, elimination tree, supernodes 

• 𝐻−1 =
𝛼−1 + ℓ𝑇𝑆−1ℓ −ℓ𝑇𝑆−1

−𝑆−1ℓ 𝑆−1
 

• 𝑆−1 can be computed in a 

recursive fashion starting 

from the low right corner of 

the 𝐿𝐷𝐿𝑇 factor 

• In order to obtain the 

diagonal of 𝐻−1, we only 

need to compute 𝑆𝑖,𝑗
−1 for all 

(𝑖, 𝑗) such that 𝐿𝑖,𝑗 ≠ 0  
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Right-looking Supernodal SelInv Algorithm 
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• 𝒥: supernode index, set of indices belonging to the supernode 

• 𝑆𝒥: row indices of nonzero rows in the 𝒥th supernode  



Example 
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𝒥 

indmap[30]=1 

indmap[40]=2 

indmap[41]=3 

indmap[43]=4 

indmap[44]=5 

indmap[45]=6 

E. Ng & B. Peyton 1993 



Fast multiplication 
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Algorithm 
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SelInv & Test Problems 
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Performance 
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Nanotubes 
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Boron Nitride (insulator) 

Carbon (metallic) 



O(N) scaling 
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Boron nitride Carbon 



Parallelization (model problem) 
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Task-to-processor map 
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Performance 
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General problems 

• Use SuperLU_DIST to 
factor (block fan-out) 

• “Broadcast” a 
supernode column of L 

• Restricted matrix-
matrix multiplication 

• “Reduce” onto a 
supernode column 

• Overlap 
communication with 
matrix update 
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