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Outline

- Electronic structure and Kohn-Sham
nonlinear eigenvalue problem

- Selected inversion
- Sequential iImplementation
- Parallel implementation
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Electronic Structure of Matter and Modern
Materials Design

- Many-body Schrodinger’s equation HY = WE

PV Solar Cells Energy storage Carbon capture



Kohn-Sham DFT: A Single Quasi-Particle
Picture

- Total energy minimization
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- Euler-Lagrange eguation

Hlplyi(x) = <—1A + Vion + | dx’ plx’)
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The Challenge

* Nonlinearity and convergence
« Computational complexity
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Charge density

H(p(X))X = XA, XTX =1, p(X) = diag(XXT)
where H(p(X)) =L+ V;,, + Diag(L™1p) + V,..(p)

H X P A

< f

( diag(XX™) 0
diag ’(X»Xl) ( : 0) (;(lTT)]

-1
\ diag(l + eB(H[p] _”)) * B =1/kgT: inverse temperature
* u: Chemical potential
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Function Evaluation via Fermi Operator

Expansion
- Pole expansion - Selected Inversion:
(1 + eB(H—ul))_l ~ - Compute the diagonal of
ny _q (H — z;1)~ without computing
Im[Zl-:l a)l-(H — ZiI) ] the full inverse
- Applicable if H is sparse (i.e.
— non-analytic not applicable to planewave
BAE — spectrum discretization)
\ — - Need to perform sparse
N/ factorization of H — z;1
| -1 I O % - Multiple levels of parallelism
o
O(N) for 1D, 0(N3/2) for 2D,

O(N?) for 3D

L. Lin et al. 2010
Hale, Higham, Trefethen 2008
Saad & Sidjie 2008



Selected Inversion

- Given an LDLT factorization
(1 a 1 £7
= (e 1)( 5)( 1)
 Full iInverse

-1 o (@t +£S5Te 4TS
B —§~1p §-1

Observations:

- If £ is sparse, we do not need the entire S~tin order to
obtain the (1,1) entry of H™1;

- Complexity: O(N) for 1D, 0(N3/2) for 2D, O(N?) for 3D;

Takahashi 1973, Erisman & Tinney 1975,
Li et al (2008), Lin et al (2009), Amestoy et al, Ucar (2010)



Recursion, elimination tree, supernodes

cH 1 =
(a‘1 + TS~ 1¢ —{’TS‘l)
-5y s—1
- $~1 can be computed in a
recursive fashion starting
from the low right corner of
the LDLT factor

- In order to obtain the

diagonal of H~1, we only
need to compute S;; for all

(i,j) suchthatL; ; # 0
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Right-looking Supernodal Sellnv Algorithm

Input: (1) The supernode partition of columns of A: {1.2. ..., iy,
(2) A supernode LDLT factorization of A;
Output: Selected elements of A™!, ie. (A~} ;such that L, ; # 0.
1: Compute A;iﬁ e = D;ipﬂw;
Zifor T=ng, — 1. n,,—2....,1
Identify the nonzero rows in the [7-th supernode S 7;

3
4 PerformY = A3 ¢ Ls; 7:

5 Caleulate A ; =D3 ; +YTLg, 5:
G Set AE}J - =Y

T end for

« J:supernode index, set of indices belonging to the supernode
* S7: row indices of nonzero rows in the Jth supernode



Example
iIndmap|[30]=
iIndmap[40]=
iIndmap[41]=
a0 | T ; iIndmap[43]=4
T - indmap[44]=
iIndmap[45]=
E. Ng & B. Peyton 1993




Fast multiplication

indmap(30]=1 6.0 (), Loy

L]
A
A
Y \
indmap[30]=1 \\
e o o [« \\ Y
* L] L L{30}:26 —_— @ @
- L] - e & @
. x e o @
. e e T . 8 @
- (A ){40,41],{30} L{4IJ,4I},26 s o »
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« s e - - | e B c ..
indmap[40]=2 . -
. transpose IE' % |a o e
o - a r. L I
indmap[43]=4 — (4 ){74-;:45},{:”:. |
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Algorithm

Input: {1) The [ 7-th supernode of L, ng _7,where 8 ; contains the indices of the nonzero
rows in 7. The index set 5 ; is partitioned into disjoint n ; subsets of contiguous
indices, ie. 8y = {1, T3,...,. L, |
(2) The nonzero elements of A~! that have been computed previously. These
elements are stored in L g ;- for all K > 7

D'I.'Itp'l]t: Y={A_1}SJ.SJLSJ.._T;

1: Construct an indmap array for nonzero rows in the .7-th supernode;
2for j=1.2,... .n5

3:  Identify the supermde K that contains I

4:  Let R, = indmap(T;);

R Calculate Y'E] . Y-E] +F (A _I}I_I;.I_I;LI_I;.._T;

6: fori=j+1,j+2, . n7

i Use indmap to find the first nonzero row in the K-th supernode that belongs to I; so

that {41 }I:..Ij can be located;

8: Let Ko = indmapl T );

9: Calculate Yr, . +— ¥Yr,« + {ﬂ_lh':. .I,:LI,:...T;
10: Calculate -f-iq] P -f-iq] o l{ﬂ. -1 }I.E.I_.;ITLI.E...T;
11: end for
12: end for

13: Reset the nonzero entries of indmap to zero,




Sellnv & Test Problems

Problem n | Al | L|
besstlk14 1,806 32,630 112 267
besst k24 3,562 81,736 278 922
besst k28 4 410 111,717 346 864
besst k18 11,948 80,519 662,725
bodyyb 19 366 11,067 670,812
cryvstm(3 24 696 J04 233 3,762 633
wathen120 36 441 01,101 2,624 133
thermall 82 654 328,556 2,690 654
shipsecl 140 874 | 3,977,139 40,019 943
pw il 217,918 | 55926,171 56,409 307
parmbolie_fem 525 825 | 2,100,225 4,923 113
Lmt_svm 126,713 | 2,903,837 41,296 329
emlogy2 999 999 | 2,997.995 38,516,672
3 _circuit 1,585 478 | 4,623,152 | 197,137,253




Performance
Problem Selected mverswon | Direct mmverswon | Speedup
Lime (5] time (5] factor
besstlel 4 0.01 sec 0.13 sec 13
besstlki24 0.02 sec 0.58 sec 29
besstk2 B 0.02 sec 0.88 sec 44
besstkl B 0.24 sec 5.73 sec 24
body v 0.09 sec 5.37 sec B0
ervstmisd 0.78 sec 26.89 sec et
wathen 120 0.34 sec 48 34 ser 142
thermall 0.44 sec 095.06 sec 216
shipsec] 17.66 sec 3346 sac 192
pwtk 14.55 sec 5135 sec 3043
parabole fem 20006 sec 1054 sec 302
Lmt_syvm 13.98 sec =4 hours =T12
ecology? 16.04 sec =4 hours =673
3 _careut 218.7 sec =3 hours =49




Nanotubes

ENNT 5120 atoms, L

0x104

Boron Nitride (insulator)

_.r,
=

Carbon (metallic)

1.57

0.5



O(N) scaling

BNNT (8,0), SZ orbital BNNT (8,0), DZP orbital CNT (8,8), SZ orbital CNT (8,8), DZP orbital
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(model problem)
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Task-to-processor map




Performance

3| —6— PSellnv |
1071 - — ~ideal :

Percentage of wall clock time used by MPI_Barrier

16 64 256 1024 4096
’ number of processors

1[}2_ !! .

wall clock time (sec)
LY

10’ 10° 10
number of processors

10

Average memory usage per processor (gigabytes)

1 4 16 64 256 1024 4096
Number of processors



General problems

- Use SuperLU_DIST to
factor (block fan-out)

- “Broadcast” a
supernode column of L

- Restricted matrix-
matrix multiplication

- “Reduce” onto a
supernode column

- Overlap
communication with
matrix update

10

15

20

Zh

30

-
-8

-4
-
.....
atasew

- ..
LA N 2 ]
- "




