Combining interval and affine arithmetic
with linear reformulation
in deterministic global optimization

Jordan Ninin and Frédéric Messine, IRIT - Toulouse
Pierre Hansen, GERAD - Montréal

February 2008




Introduction

Introduction

We consider global optimization of constrained non-convex
problems in a deterministic way

Problem

gi(x) <0, Vie{l, .. ng}
hi(x) =0, %) € {1,...,n}

e Find better safe bound
@ Eliminate intervals which do not contain global optimum

— Accelerate resolution of Interval Branch&Bound Algorithm
(IBBA)
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Safe Arithmetic Affine Arithmetic

New Affine Arithmetic

Graphical Views

Interval Arithmetic : RE Moore (1966)

Definition
All real numbers are represented by an interval of two floating
numbers

Example :1/3 — [0.33333333;0.33333334]
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y
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Definition
All real numbers are represented by an interval of two floating
numbers

f =33.75y% + x*(11x%% — y® — 121y* — 2) + 5.5)8 + zi
y

x = 77617 and y = 33096, with FORTRAN double precision,
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Interval Arithmetic : RE Moore (1966)

Definition
All real numbers are represented by an interval of two floating
numbers

f =33.75y% + x*(11x%% — y® — 121y* — 2) + 5.5)8 + zi
y

x = 77617 and y = 33096, with FORTRAN double precision,

we obtain : f =1.1726039400531...
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Interval Arithmetic : RE Moore (1966)

Definition
All real numbers are represented by an interval of two floating
numbers

f =33.75y% + x*(11x%% — y® — 121y* — 2) + 5.5)8 + zi
y

x = 77617 and y = 33096, with FORTRAN double precision,

we obtain : f =1.1726039400531...

. 54767
But the real value is : f= ~ 66100 = —0.8273960599
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Operator

A
[a,b] + [c,d] = [a+ ¢, b+ d]
[a,b] — [c,d] =[a—d,b—C]
[a, b] X [c,d] = [min{ax c,ax d,bxc,bxd},
max{a x c,ax d,b x ¢, b x d}]

= el = [ ] [%, %] si0¢[c,d]

o Example :
[1;2] +[3:4] = [46]
[1;2] — [3;4] = [-3;-1]
[1;2] x [3;4] = [3:8]
[1,2] = [3;4] = [1/4;2/3]

[-1;1] x ([1;2] +[3;4]) = [-6:4]
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Natural Extension

The natural extension into intervals of an expression of a function
provides lower and upper bounds of this function over the studied
interval vector.
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The natural extension into intervals of an expression of a function
provides lower and upper bounds of this function over the studied
interval vector.

Vx € [1;2] x [3;4] , f(x) = x} 4+ x5 — x1x
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Natural Extension

The natural extension into intervals of an expression of a function
provides lower and upper bounds of this function over the studied
interval vector.

Vx € [1;2] x [3;4] , f(x) = x} 4+ x5 — x1x

[1;2]% +[3;4]> — [1;2] x [3;4] = [2;17]
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Natural Extension

The natural extension into intervals of an expression of a function
provides lower and upper bounds of this function over the studied
interval vector.

Vx € [1;2] x [3;4] , f(x) = x} 4+ x5 — x1x
[1;2]% +[3;4]> — [1;2] x [3;4] = [2;17]

In Interval Arithmetic, Vx € [1;2] x [3;4] , f(x) € [2; 17]
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Natural Extension

The natural extension into intervals of an expression of a function
provides lower and upper bounds of this function over the studied
interval vector.

Vx € [1;2] x [3;4] , f(x) = x} 4+ x5 — x1x
[1;2]% + [3; 4> — [1;2] x [3;4] = [2;17]
In Interval Arithmetic, Vx € [1;2] x [3;4] , f(x) € [2;17]

Inreal, Vx e [1;2] x[3;4], f(x) € [6.75; 13]
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Affine Arithmetic : MVA Andrade, J Comba, J Stolfi (1994)

All real numbers are represented by an affine form X

n
X =x9+ E Xi€;j

i=1
with Vi € [1;n],x; € R and ¢; = [-1;1]

@ Example : with n=1

1/3 — 0.333+0.001 % [~1;1]
log(2) — 0.693 +0.001 % [—1;1]
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Affine Operator

n
S+ =(x0Ey0)+ > (xiEy)e

i=1
n
aj:)?:(aj:xo)—i—Zx,-e;
=i
n
axXx=axp+ E ax;€;

i=1

e Example : A=1;3] and B = [-2;0]

A - 24+¢
B — 146
A+B = 1+e+e
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Non-Affine Operator

n n
xxy =0+ x€)x(o+ Y yie)
i=1 i=1
n n n
= xo¥0 + Y _(x0yi + Xiyo)ei + (Z | [ x> lyi !) €nt1
i=1 i=1

i=1

F(X) = ¢+ ak + Seppr

n
with o, 6, € R and X = xp + Zx,-e,-
i=1
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New Affine Arithmetic

Graphical Views

Non-Affine Operator

XXy

n n
(0 + Y xier) X (yo+ ) yiei)
i=1 i=1
n n n
= Xoyo + Z(XOYi + Xiyo)ei + (Z | xi | % Z | yi ’) €n+1
i=1 i=1

i=1

F(X) = ¢+ ak + Seppr

n
with o, 6, € R and X = xp + Zx,-e,-
i=1

= All non-affine operations add a new variable
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Natural Extension

Vx € [1;2] x [3;4] , f(x) = x¢ 4+ x5 — x1x
3 1
X1 € [1;2] — §+§€1

7 1
Xy € [3,4]—>§+§€2
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3 1
x1€[12]— -+ za
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In Interval Arithmetic, f(x) € [2;17]
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Vx € [1;2] x [3;4] , f(x) = x¢ 4+ x5 — x1x

3 1
x1€[12]— -+ za

272
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In Interval Arithmetic, f(x) € [2;17]

In Affine Arithmetic, f(x) € [5.5;13]
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In Interval Arithmetic, f(x) € [2;17]
In Affine Arithmetic, f(x) € [5.5;13]

Inreal, f(x) € [6.75;13]
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Difficulties with AF
@ Non-affine operators = add a new variable

@ not take care about positive and negative errors
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New Affine Forms : F. Messine (2002)

Difficulties with AF
@ Non-affine operators = add a new variable

@ not take care about positive and negative errors

Extensions

n
o AF1l: X =xp + Zx,-e,- + et+€pr1 with n fixed
i=1
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New Affine Forms : F. Messine (2002)

Difficulties with AF
@ Non-affine operators = add a new variable

@ not take care about positive and negative errors

Extensions

n
o AF1l: X =xp + Zx,-e,- + et+€pr1 with n fixed
i=1

n
o AF2: X =xo + ZX,'E,‘ + et€nt1 + er€nio + e_€pt3

i=1
with €p11 = [-1;1], €py2 = [0;1] and €543 = [-1;0]
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Non-Affine Operator

Multiplication with AF1

n+1 n+1

$xy =(x0+Y x€)x(yo+ > i)
=i =

n
= Xoyo + Z(XOYI + Xiyo)ei+
i=1

n+1 n+1
<XOYn+1 + Xnt+1Yo + (Z | Xj ‘ X Z ’ Yi |)) €n+1
i=1

i=1
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Vx €[1;2] x [3;4] , f(x) = x2 4+ X3 — x1x0
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Interval Arithmetic
Safe Arithmetic Affine Arithmetic

New Affine Arithmetic

Graphical Views

Natural Extension

Vx €[1;2] x [3;4] , f(x) = x2 4+ X3 — x1x0

3 1
x1€[1;2] = =+ ze1

2 2
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With AF1, f(x) € [5.5;13]
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Vx €[1;2] x [3;4] , f(x) = x2 4+ X3 — x1x0
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With AF1, f(x) € [5.5; 13] With AF2, f(x) € [6;13]
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New Affine Arithmetic

Graphical Views

Natural Extension

Vx €[1;2] x [3;4] , f(x) = x2 4+ X3 — x1x0

3 1
X1€[1,2]—>§—|—§61

7 1
x2 €[3;4] — =+ ze2

272

') 37 1,13 ') 37 o1 11
X) = — — —€ —€ —€ X) = — — —€ —€ —€ —€
4 41T g 4 4t T T T

With AF1, f(x) € [5.5; 13] With AF2, f(x) € [6; 13]
In real, f(x) € [6.75; 13]
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f(x)

Lower Bound by
Interval Arithmetic
—

Interval under study
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Affine Form

f(x)

Lower Bound by
New Affine form

Interval under study



Principle

Property
Reformulation Method Graphical View

Numerical Results

Contents

© Reformulation Method
@ Principle
@ Property
@ Graphical View
@ Numerical Results

18 / 30



Principle

Property
Reformulation Method Graphical View

Numerical Results

Notation

Vx € X CR" f(x) — L¢(T(x)) € Ef

where X is the domain under study,
T is the affine transformation of X to [—1;1]",
L is a linear function of[—1;1]" to R" ,
Er = [Ef; Ef] is the interval corresponding to
the error generated.
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Notation

Vx € X CR" f(x) — L¢(T(x)) € Ef

where X is the domain under study,
T is the affine transformation of X to [—1;1]",
L is a linear function of[—1;1]" to R" ,
Er = [Ef; Ef] is the interval corresponding to
the error generated.

With AF1, L¢(e ZX,(, and Ef = xg + Xpi 16011
i= 1

With AF2, L¢(e Zx,e, and Ef =xp+ er€pi1 + erénio+ e €ng3

i=1
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Reformulation

gi(x)<0,Vie{l, .. ng}
=0 [
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Reformulation

gi(x)<0,Vie{l, .. ng}
=0 [

<-E Vie{l,..,ng}
< _Ehj , Vj€e {1, ceey nh}
—Lpj(e) < Ep . Vi€A{L,...,np}
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Let er the solution of relaxed problem,

Vx e X, Lf(ER) o E;‘ < f(X)

v

If the relaxed problem has no feasible solution,
the general problem has no feasible solution.
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with New Affine Form

Interval eliminated by relaxed constraints

5 ol
Affine Form

£(x)

Error of Affine Form

\ Lower Bound

Interval under study
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x€[1;1.5]x[4.5;5] % [3.5;4] x[1;1.5]

X1XoX3X4 > 25
xf—i—x%—l—x%—i—xf =40
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min x3 + (x1 + x2 + x3)x1xa
x€[1;1.5]x[4.5;5] % [3.5;4] x[1;1.5]

X1XoX3X4 > 25
x12+x22+x32+xf =40

X3 + (X1 + X0 + X3)X1X4 & 18.98 + 3.44€1 + 0.39¢5 + 0.64¢3 + 3.05¢4 + 1.13¢5
25 — x1x0x3x4 <& —2.83 — 5.57¢7 — 1.46€¢5 — 1.86€3 — 5.57¢4 + 2.71¢5
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min x3 + (x1 + x2 + x3)x1xa
x€[1;1.5]x[4.5;5] % [3.5;4] x[1;1.5]

X1XoX3X4 > 25
xf—i—x%—l—x%—i—xf =40
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min x3 + (x1 + x2 + x3)x1xa
x€[1;1.5]x[4.5;5] % [3.5;4] x[1;1.5]

X1XoX3X4 > 25
x12+x22+x32+xf =40

X3 + (X1 + X0 + X3)X1X4 & 18.98 + 3.44¢1 + 0.39¢5 + 0.64¢3 + 3.05¢4 + 1.13¢5
25 — x1X0x3x4 <& —2.83 — 5.57¢1 — 1.46¢5 — 1.86e3 — 5.57¢4 + 2.71¢5
X2+ x2+x2+xZ—40& —0.25+ 0.62¢1 + 2.38¢» + 1.88¢€3 + 0.63¢4 + 0.25¢5

min 3.44¢1 + 0.39¢5 + 0.64¢3 + 3.05¢4
ec[-1;1]4

—b5.57¢1 — 1.46¢5 — 1.86€3 — 5.57¢4 < 5.54
0.62¢1 + 2.38¢» + 1.88e3 + 0.63¢4 < 0.5
—0.6261 — 2.3862 — 1.8863 — 0.6364 S 0
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A
n x3 + (x1 + x2 + x3)x1xa

mi
x€[1;1.5]x [4.5;5]I>< [3.5;4]x[1;1.5]
X1XoX3X4 > 25

X2+ X3 4+ X2 +x2 =40

min 3.44¢1 4+ 0.39¢5 + 0.64€3 + 3.05¢4
ee[—1;1]4

—5.57¢1 — 1.46¢5 — 1.86€3 — 5.57¢4
0.62¢7 + 2.38¢5 + 1.88€3 + 0.63¢4
—0.62¢7 — 2.38ep — 1.88e3 — 0.63¢4

< 5.54
<05
<0

A\
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min x3 + (x1 + x2 + x3)x1xa
x€[1;1.5]x[4.5;5] % [3.5;4] x[1;1.5]
X1XoX3X4 > 25

X2+ X3 4+ X2 +x2 =40

min 3.44¢1 4+ 0.39¢5 + 0.64€3 + 3.05¢4
ee[—1;1]4
—5.57¢1 — 1.46¢5 — 1.8663 — 5.57¢4 < 5.54
0.62¢7 + 2.38¢5 + 1.88¢3 + 0.63¢4 < 0.5
—0.62¢7 — 2.38¢p — 1.88e3 — 0.63¢4 <0
Solution of linear program : ¢eg =(—1;-0.24;1; —-0.26)

Le(er) = —3.70
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min x3 + (x1 + x2 + x3)x1xa
x€[1;1.5]x[4.5;5] % [3.5;4] x[1;1.5]
X1XoX3X4 > 25

X2+ X3 4+ X2 +x2 =40

min 3.44¢1 4+ 0.39¢5 + 0.64€3 + 3.05¢4
ee[—1;1]4
—5.57¢1 — 1.46¢5 — 1.8663 — 5.57¢4 < 5.54
0.62¢7 + 2.38¢5 + 1.88¢3 + 0.63¢4 < 0.5
—0.62¢7 — 2.38¢p — 1.88e3 — 0.63¢4 <0
Solution of linear program : ¢eg =(—1;-0.24;1; —-0.26)

Le(er) = —3.70
Lower bound by IA = 125 ;
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A
n x3 + (x1 + x2 + x3)x1xa

mi
x€[1;1.5]x [4.5;5]I>< [3.5;4]x[1;1.5]
X1XoX3X4 > 25

X2+ X3 4+ X2 +x2 =40

min 3.44¢1 4+ 0.39¢5 + 0.64€3 + 3.05¢4
ee[—1;1]4
—5.57¢1 — 1.46¢5 — 1.8663 — 5.57¢4 < 5.54
0.62¢7 + 2.38¢5 + 1.88¢3 + 0.63¢4 < 0.5
—0.62¢7 — 2.38¢p — 1.88e3 — 0.63¢4 <0
Solution of linear program : ¢eg =(—1;-0.24;1; —-0.26)

Le(er) = —3.70

Lower bound by IA = 12.5 ; New lower bound = 14.15
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Integration in IBBA

IBBA (Interval Branch&Bound Algorithm) is a deterministic global
optimization algorithm based on Interval Arithmetic.
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IBBA (Interval Branch&Bound Algorithm) is a deterministic global
optimization algorithm based on Interval Arithmetic.

@ two reformulations on each iteration

@ better safe bound of the objective function

@ eliminate intervals which do not contain global minimum
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Examples

@ 4 polynomial problems

EX 1 (H. Tuy)
min  x3 + (x1 + X2 + x3)x1X4
x€[1;5]4
X1 X2X3X4 2 25
X12 —l—x22 —I—xg—}—xf =40
EX 3
min —X1 — X2
x€[0;3] x[0;4]
xo < 2xf—8xf—|—8x12+2
xa < 4x} —32x3 + 88x% — 96x; + 36
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@ 4 polynomial problems
@ 5 global optimization problems (COCONUT library)

EX 7.2.3

X1+ X2+ X3

833. 33252X4 + 100 83333.333 <1
X6 X1 X

1250)<5 X4 1250X4 <1

min
x€[102;104]x [103;104]2 x[10;103]5

X7 xoxz —
1280000 | % 2800xs <1
X3Xg Xg X3Xg —
0.0025x4 + 0.0025x5 < 1
—2.5x4 + 2.5x5 + 2.5x7 < 1000

—0.01X5 aF 0.01X8 S 1
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@ 4 polynomial problems
@ 5 global optimization problems (COCONUT library)
o 1 applied problem

PB Elec (optimization of a electrical motor)

mel)rg ﬂX@%(Xl + X4 — X10 — X3)(2X5 + X4 + X10 + X3)
X

Fem = 7= (1 — x0) VX6 Echxaxi®(x1 + xa)x7
Ech = er4X82

X9 = 1.5X11X6
_ 2x3P
X7 = I x1+2x4
XN 5 =203 tx10)
T X6 X7
4xllBiron
Xy

X11 = A,

X10+Xa
X1

X5 =
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only Reformulation Method

only IBBA IBBA with AF1 | IBBA with AF2
Nb Its T Nb Its T | Nb Its T
Ex 1 - 1702 02s| 1684 0.21s
Ex 2 715234 17.02s | 112967 9.7s 220  0.05s
Ex 3 2 598 426 27.84s 691 0.05s 695  0.05s
Ex 4 701 594 17.14s 199 0.02s 137 0.02s
Ex7.2.1 - 6 891 2.27s | 4565 1.42s
Ex 7.2.2 - 6042 1.36s | 6 036 1.42s
Ex 7.2.3 - - -
Ex 7.2.5 150 761 1.5s 7898 0.7s| 7898 0.87s
Ex 7.2.6 - - -
PB Elec - - -

27 / 30
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with Constraints Propagation

IBBA with CP AF1+CP AF2+-CP

Nb Its T Nb Its T Nb Its T
Ex 1 15631707 16minl3s 1202 0.14s 1255 0.15s
Ex 2 6 358 0.16s 1 556 0.17s 1510 0.19s
Ex 3 426 512 8.6s 271 0.03s 197 0.03s
Ex 4 322 737 14.28s 594 0.04s 550 0.04s
Ex 7.2.1 - 3235 1.11s 2 039 0.85s
Ex 7.2.2 - 210 0.03s 210 0.03s
Ex 7.2.3 - 1776 730 5min48s | 1754 806 6minlbs
Ex 7.2.5 11 153 0.3s 960 0.12s 960 0.13s
Ex 7.2.6 - 1633 0.14s 1633 0.15s
PB Elec 47 645 2.01s 27 090 5.27s 25 264 5.95s
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Conclusion

Conclusion

Main Contributions :
@ Find better safe bound
o Eliminate intervals which do not contain global optimum
@ Reduce computing times
Further research :
@ Study other way to calculate reformulations

o Integrate a free linear solver




Thank you for your attention
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