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Introduction

We solve
Ax=b

with non symmetric Krylov solvers : FOM or GMRES
We would like to obtain expressions for the (k) residual norms

We will show that the decrease of the residual norm depends on a
submatrix of the Hessenberg matrix H

On suppose que Hj est non singuliere, o min(Hyk) > 0



FOM and GMRES : notations

Let A be of order n

xk = x° + szk

where V/ is the Arnoldi orthogonal basis given by

AVk = Vka -+ hk+17kvk+1(ek)T

Hy is an upper Hessenberg matrix



FOM : szk = VkTrO — ”rOHVkTVl ~ ”rOHel

GMRES : min || Hrollel B Hl((e)Z”

H/(<e) N ( " )

his1 k()T




The FOM residual norm |

Theorem
Assuming that Hy is nonsingular, the norm of the residual in FOM
is given by
k|2 012 4,2 —1.1 _k\2
[PE1% = "1k (Hy "e, €%)
Proof.
= b— AXK

b— A(X° + V4 z¥)
0 — (VieHiz" + hysr v TH(eF) T25)

= —hypezvitt

but z¥ = |[rO||H, e
g




The FOM residual norm I

Theorem
Assuming that Hy is nonsingular, let

B (hkfl)* hl,k
Hie= < Flkfl whk=1

Then |
(Hilel, ) = =
x hl,k - (hk_la Hk_ll Wk_l)
1
h Hlel ey = ——
kJFl’k( k ) (ek, Hk—*hk)
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Proof. Compute an LU factorization of a row permutation of H, O
Note that H is upper triangular



Theorem

Assuming that Hy is nonsingular, the FOM the residual norm is
given by

k”2 _ Hr0H2

Ir ode P
(eX, H "h%)

Hence the FOM residual norm is small if and only if (e, A, *h)?
is large



Bounds for the FOM residual norm

Theorem
[0 min(Fli)]? K
1702 < PP —=— < ||r¥)
[|AX |l [H " h<||2
< [|r°)% hg

[Umin(i:lkfl)]2

LK [omin(HOP [ok-1 (H)I?




The GMRES residual norm

Theorem
I7°]12

k 112
iyl = ————
= w2

This result was first proven by E. Ayachour, J. Comp. and
Appl. Math., v 159, n 2, (2003)

We have a simpler proof

» Skip the proof



Proof

(H) HE = Fip Hic -+ B (b
Moreover, we have (H,Ee))*e1 = h*. Hence
2" = [Fg Hi + h*(h<) 11 A"

Let 2z, = z5/||r°|| and & = 1/(1 + ||H, *h¥||?), using the
Sherman-Morrison formula we obtain

B =&H T h"

()"
e )

k
=l




Proof 2

||rk||2 o (1 o (hk)*zk)Z + HF/ 2k||2
1702 ‘
But we have
L— (W) 2% = 1= (W) AL — &ll A hE P, e
= 1 [1— &)\ H )2 A b2
= 1—&|\H k)1
— fk
It implies that

kHz

r rj—*
H‘ro‘z =&+ QIR )% = &
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Bounds for the GMRES residual norm

Theorem

HrOHZ [UTin('l:Ik)]2
[O'min(Hk)]2 + ” hk’

k k
2 < lrl® < lI75 112




First example : Steam?2

n = 600, r(A) = 3.78 10°

L L L L L L L L L
20 40 60 80 100 120 140 160 180 200

E1 : FOM, log;q of the norm of the error (plain), residual (dotted)
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E1: FOM, logy of omin(Hy) (plain), omin(H'*)) (dashed) and
0 min(Hi) (dot—dashed)



E1l: FOM, logyq of ||r¥|| (dotted), flboundl (plain) and flbound2
(dashed)
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E1l: FOM, logyq of ||r¥|| (dotted) and fubound (plain)



E1 : GMRES, log;, of the norm of the error (plain), residual
(dotted)
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E1 : GMRES, logy, of |r¥|| (dotted), glbound (plain) and ||r§||
(dot—dashed)
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El : logyq of the norm of last column of the inverse of Hy,



Second example

From Liesen and StrakoZ, SUPG bilinear finite element
discretization of
—vAu+w-Vu=20

with w = [0,1]7 in Q = (0,1)? with Dirichlet b.c.

A=vK@M+M® ((v+dh)K + C)
h ... 1 ...
M = 6‘51‘1d1ag(1,47 1), K= %trldlag(—l,z -1)

1
C = itridiag(—l, 0,-1)

0 is the regularization parameter, h is the mesh size

h=1/16 = n=225v =0.01 and § = 0.34
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E2 : FOM, log;, of the norm of the error (plain), residual (dotted)
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E2 : FOM, logyg of 0min(Hy) (plain), omin(H'*)) (dashed) and
0 min(Hi) (dot—dashed)
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E2 : FOM, logq of ||r¥|| (dotted), flboundl (plain) and flbound2
(dashed)
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E2 : FOM, logyq of ||rf|| (dotted) and ubound (plain)



E2 : GMRES, log;, of the norm of the error (plain), residual
(dotted)



E2 : GMRES, logyq of ||rf|| (dotted), glbound (plain) and ||r&||
(dot—dashed)
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E2 : logyq of the norm of last column of the inverse of Hy,



The main question

When is amin(Hx) — 07
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