&,ccLr
JJ Rutherford Appleton Laboratory

A note on GMRES preconditioned by a perturbed
LDL" decomposition with static pivoting

M. Arioli, I. S. Duff, S. Gratton, and S. Pralet

Toulouse, Sparse Days 2006 — p.1/30
L



/4
e, C C | RC
_/ Rutherford Appleton Laboratory Outl I ne

Multifrontal

Static pivoting

GMRES and Flexible GMRES

Flexible GMRES: a roundoff error analysis

GMRES right preconditioned: a roundoff error analysis
Test problems

Numerical experiments

Toulouse, Sparse Days 2006 — p.2/30
L



©

ey Linear system

We wish to solve large sparse systems

Ax =D

where A € RN is symmetric indefinite
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A particular and important case arises in saddle-point problems where the
coefficient matrix 1s of the form

Since we want accurate solutions, we would prefer to use a direct method
of solution and our method of choice uses a multifrontal approach.

Toulouse, Sparse Days 2006 — p.4/30
L



, CCLRC -
Rutherford Appleton Laboratory M UItIfrOntaI methOd

\KK\\‘(\\

ASSEMBLY TREE

Toulouse, Sparse Days 2006 — p.5/30
L



X st esioen et Multifrontal method

AT EACH NODE
ASSEMBLY TREE

11 12

12 22
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X st esioen et Multifrontal method

AT EACH NODE
ASSEMBLY TREE

11 12

12 22

Fhy «— Fypo — FLFMF
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Multifrontal method

O O From children to parent
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ASSEMBLY  Gather/Scatter
operations (indirect address-
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oo B S M ultifrontal method

From children to parent

ASSEMBLY Gather/Scatter
operations (indirect
addressing)

ELIMINATION Full Gaussian
elimination, Level 3 BLAS
(TRSM, GEMM)
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ASSEMBLY Gather/Scatter
operations (indirect
addressing)

ELIMINATION Full Gaussian
elimination, Level 3 BLAS
(TRSM, GEMM)

Toulouse, Sparse Days 2006 — p.6/30




/7

&, cCcLRC

N

N

Z i M ultifrontal method
F F
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]
F 12 F 22

Pivot can only be chosen from /7 block since F5> 1s NOT fully summed.
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Situation wrt rest of matrix
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@ CELRC . Pivoting (1 x 1)
X
y

Choose x as 1 x 1 pivot if |z| > u|y]
where |y| is the largest in column.
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y
Z

For the indefinite case, we can choose 2 x 2 pivot where we require

—1
Ir1 X9 \y\

Ty X3 H

=g

where again |y| and |z| are the largest in their columns.
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If we assume that & — 1 pivots are chosen but |z | < u|y| :
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If we assume that & — 1 pivots are chosen but |z | < u|y| :

W we can either take the RISK and use 1t or
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If we assume that & — 1 pivots are chosen but |z | < u|y| :

we can either take the RISK and use it or

DELAY the pivot and then send to the parent a larger Schur complement.
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If we assume that & — 1 pivots are chosen but |z | < u|y| :
Wwe can either take the RISK and use it or

WDELAY the pivot and then send to the parent a larger Schur complement.

This can cause more work and storage
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An ALTERNATIVE i1s to use Static Pivoting, by replacing x;. by
T+ T

and CONTINUE.
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An ALTERNATIVE i1s to use Static Pivoting, by replacing x;. by
T+ T

and CONTINUE.

This i1s even more important in the case of parallel implementation
where static data structures are often preferred
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Several codes use (or have an option for) this device:
SuperLU (Demmel and Li)
PARDISO (Girtner and Schenk)
MAS7 (Duff and Pralet)
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We thus have factorized
A+E=LDL" =M

where |F| < 71
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We thus have factorized
A+E=LDL" =M

where |F| < 71

The three codes then have an Iterative Refinement option.
IR will converge if p(M ~1E) < 1
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Choosing 7
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Choosing 7

Increase 7 = 1ncrease stability of decomposition
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@// CGLER S Static Pivoting

Choosing 7

Increase 7 = 1ncrease stability of decomposition

Decrease 7 = better approximation of the original matrix, reduces || E||
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Choosing 7

Increase 7 = 1ncrease stability of decomposition

Decrease 7 = better approximation of the original matrix, reduces || E||

Trade-off

~ ¢ = big growth in preconditioning matrix M

~ 1 = huge error || E]|.
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Choosing 7

Increase 7 = 1ncrease stability of decomposition

Decrease 7 = better approximation of the original matrix, reduces || E||

Trade-off

~ ¢ = big growth in preconditioning matrix M

~ 1 = huge error || E]|.

Conventional wisdom 1s to choose

7= 0(Ve)
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e Static Pivoting

Choosing 7

Increase 7 = 1ncrease stability of decomposition
Decrease 7 = better approximation of the original matrix, reduces || E||

Trade-off
~ ¢ = big growth in preconditioning matrix M

~ 1 = huge error || E]|.

Conventional wisdom 1s to choose

7= 0(Ve)
In real life p(M 1 E) > 1
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procedure [x] = right_Prec_GMRES(A,M,b)

T = M_]'b,T‘O =b — A:I:OandB == ||TO||
while |[rg, [| > p(1[b]] + [1A]] ||z
= k}+1,
zk — M_lvk,w = AZk,
fore = 1,...,kdo
_ T .
hik =v; w:
w=w — h; Lv;;
end for;
hpyt k= lHwll
V41 = w/hgi1 ks
Vkﬁ = ['1)1,. .. ,’Uk:];
Hip =1{hij1<i<j+1;1<5<k5
Y = arg ming [|1Be1 — Hiyll;

T — IO + M_]'kak andrk =b — Amk;

end while ;

end procedure.

procedure [x] =FGMRES(A,M,b)
Ty = M_lb,T‘O =b— Amoandﬁ = ||TO||
vy = rg9/B;k=0;
while [|rg || > w(l|o|[ + [|A]] [lzg[])

k=k+1;
e :M_lvk;w:Azk;
fore =1,..., kdo
T, . .

hi,k =v; w;

w:w—hi,kvi;
end for;
hpt1 k= lwll;
Vg1 = W/ R4 k!
Zp = lz1,- -,z Vi = [vy, ..., ve]s

Hig =1{hij1<i<j+1;1<5<k5
Yy = argming [|Be; — Hpyll;
xp = x9 + Zpypadrg = b — A:ck;
end while ;
end procedure.
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The computed Land D in floating-point arithmetic satisty

A+ SA+TE=M
16A]] < c(n)el||L]|D||L1]]]
Bl <1

_/\

The perturbation 0 A must have a norm smaller than 7, in order to not
dominate the global error.
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The computed Land D in floating-point arithmetic satisty

A+ SA+TE=M
16A]] < c(n)el||L]|D||L1]]]
Bl <1

_/\

The perturbation 0 A must have a norm smaller than 7, in order to not
dominate the global error.

A sufficient condition for thisis | n || |L||D||LT||| < 7
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The computed Land D in floating-point arithmetic satisty

_/\

Bl < T

A+ SA+TE=M
16A]] < c(n)el||L]|D||L1]]]

The perturbation 0 A must have a norm smaller than 7, in order to not

dominate the global error.
A sufficient condition for this 1s

AL AL A 2
[ILIIDI L]~ 2 =e< 5

nell [L|[D|LY][| <7
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The computed Land D in floating-point arithmetic satisty

_/\

Bl <1

A+ SA+TE=M
16A]] < c(n)el||L]|D||L1]]]

The perturbation 0 A must have a norm smaller than 7, in order to not

dominate the global error.
A sufficient condition for this 1s
[[Z]|DLT||| =2 =>e< I

Moreover, we assume that

nell [L|[D|LY][| <7
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Roundoff error 2

The roundoff error analysis of both FGMRES and GMRES can be made in
four stages:
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The roundoff error analysis of both FGMRES and GMRES can be made in
four stages:

1. Error analysis of the Arnoldi-Krylov process (Giraud and Langou,
Bjorck and Paige, and Paige, Rozloznik, and Strakos).
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The roundoff error analysis of both FGMRES and GMRES can be made in
four stages:

1. Error analysis of the Arnoldi-Krylov process (Giraud and Langou,
Bjorck and Paige, and Paige, Rozloznik, and Strakos).

2. Error analysis of the Givens process used on the upper Hessenberg
matrix Hj in order to reduce it to upper triangular form.
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The roundoff error analysis of both FGMRES and GMRES can be made in
four stages:

1. Error analysis of the Arnoldi-Krylov process (Giraud and Langou,
Bjorck and Paige, and Paige, Rozloznik, and Strakos).

2. Error analysis of the Givens process used on the upper Hessenberg
matrix Hj in order to reduce it to upper triangular form.

3. Error analysis of the computation of x; in FGMRES and GMRES.

Toulouse, Sparse Days 2006 — p.18/30
L



-/_/ ﬁﬁ;cheffo:rd Apple;;n Léboratory R Ou n d Off er r Or 2

The roundoff error analysis of both FGMRES and GMRES can be made in
four stages:

1. Error analysis of the Arnoldi-Krylov process (Giraud and Langou,
Bjorck and Paige, and Paige, Rozloznik, and Strakos).

2. Error analysis of the Givens process used on the upper Hessenberg
matrix Hj in order to reduce it to upper triangular form.

3. Error analysis of the computation of x; in FGMRES and GMRES.

4. Use of the static pivoting properties and of A + E = LDL? in order to
have the final expressions.
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The roundoff error analysis of both FGMRES and GMRES can be made in
four stages:

1. Error analysis of the Arnoldi-Krylov process (Giraud and Langou,
Bjorck and Paige, and Paige, Rozloznik, and Strakos).

2. Error analysis of the Givens process used on the upper Hessenberg
matrix Hj in order to reduce it to upper triangular form.

3. Error analysis of the computation of x; in FGMRES and GMRES.

4. Use of the static pivoting properties and of A + E = LDL? in order to
have the final expressions.

The first two stages of the roundoff error analysis are the same for both
FGMRES and GMRES. the last two stages are specific to each one of the
two algorithms.
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Roundoff error FGMRES

We can prove that Flexible GMRES computes a T, s.t.
[b—Az[| < c(n, k)bl Al [|Zo ||+ Al | Z3 || |1M (21, —Z0)||)+O(e?)
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We can prove that Flexible GMRES computes a T, s.t.
[b—Az[| < c(n, k)bl Al [|Zo ||+ Al | Z3 || |1M (21, —Z0)||)+O(e?)

If| c(n, k)e||Al| HZ_kH <1 Vk
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We can prove that Flexible GMRES computes a T, s.t.
[b—Az[| < c(n, k)bl Al [|Zo ||+ Al | Z3 || |1M (21, —Z0)||)+O(e?)

If| c(n, k)e||Al| HZ_kH <1 Vk

16— Az || < 2ue(([bl] + [JA]] ([|Zol| + [|Zk]])) + O(e?).

B c(n,k)
H = T e k)l [AT 1 Ze]]
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As we did for FGMRES, we can prove that right preconditioned GMRES
computes a Ty S.t.

Ib— Azl < ex(n, k)xe { [1bl] + [ AI[IRoll + [|AM | [M]] |75 — ol +
AN Zell + 1AM (MY HENDHET] || | x
1M (3%~ Ro)l| + e[| M| (|12 — Rol| + [IKoll) | | + O(c2).
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As we did for FGMRES, we can prove that right preconditioned GMRES
computes a Ty S.t.

Ib— Azl < ex(n, k)xe { [1bl] + [ AI[IRoll + [|AM | [M]] |75 — ol +
AN Zell + 1AM (MY HENDHET] || | x
1M (3%~ Ro)l| + e[| M| (|12 — Rol| + [IKoll) | | + O(c2).

If| ¢ = ea(n, ke[ AN Zll + 1M IHENDHET| ] <1 v
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As we did for FGMRES, we can prove that right preconditioned GMRES
computes a Ty S.t.

Ib— Azl < ex(n, k)xe { [1bl] + [ AI[IRoll + [|AM | [M]] |75 — ol +
AN Zell + 1AM (MY HENDHET] || | x
1M (3%~ Ro)l| + e[| M| (|12 — Rol| + [IKoll) | | + O(c2).

If| ¢ = ea(n, ke[ AN Zll + 1M IHENDHET| ] <1 v

b — Az < 68[ o1+ (Al + I (el + HfoH)} +O(e%).
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n nnz Description

CONT_201 80595 | 239596 | KKT matrix Convex QP (M2)
CONT _300 || 180895 | 562496 | KKT matrix Convex QP (M2)
TUMA_1 22967 | 76199 | Mixed-Hybrid finite-element

Test problems
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% 10° TUMA 1

nz = 87760 % 10°
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Test Problems. CONT-201

x 10

=

nz = 438795

x 10
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2 GG Numerical experiments: TUMA 1

10 — Az ||
[ol] + || Al]]|Zx]

T | FGMRES GMRES | |[M]]| [|M 1] [[zo ] [ ILL DT ] 1 Zg || X — Xoll2
le-02 9.3e-17 5.7e-15 4.89 623.57 336.4 3.9e+04 186.14 315.6
le-04 2.8e-17 9.4e-17 4.89 625.34 89.01 1.5e+05 53.69 2.8
1e-06 2.8e-17 2.0e-16 4.89 625.36 87.70 1.5e+07 42.97 2.6e-02
1e-08 2.8e-17 7.7e-17 4.89 625.76 87.69 1.5e+09 42.95 2.6e-04
le-10 2.8e-17 3.7e-14 4.89 625.03 87.69 1.5e+11 4.44 1.6e-04
le-12 2.8e-17 9.0e-10 4.89 626.55 87.69 1.5e+13 26.54 1.4e-02
le-14 5.7e-17 4.7e-06 4.89 621.60 87.68 1.5e+15 232.13 1.3
le-15 4.3e-12 9.0e-04 22.98 931.62 91.99 2.2e+17 443.34 19.8

TUMA 1 results
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2 Gy Numerical experiments; CONT_201

10 — Az ||
[ol] + || Al]]|Zx]

T | FGMRES GMRES | |[M]]| [|M 1] [[zo ] [ ILL DT ] 1 Zg || X — Xoll2
le-02 1.1e-03 1.1e-03 8.11 1.9e+04 296.5 5.4e+06 1.7e+04 267.6
le-04 5.7e-07 5.7e-07 8.08 5.4e+05 394.9 1.9e+08 5.3e+05 372.7
1e-06 7.0e-17 4.6e-13 8.08 4.4e+06 159.2 1.4e+10 4.9e+06 137.0
1e-08 4.5e-17 I.le-11 8.08 3.6e+07 241.8 2.5e+12 3.5e+07 113.4
le-10 3.5e-17 7.5e-10 8.08 1.5e+07 163.0 8.7e+14 1.0e+06 1.4
le-12 3.7e-17 1.8e-08 8.08 1.5e+07 199.6 1.7e+16 5.4e+02 58.5
le-14 2.6e-15 5.0e-04 197.6 1.2e+07 16504 3.4e+18 1.7e+03 16585
le-15 14e-12 6.8¢-02 421.1 4.9e+06 36941 2.5e+19 5.1e+02 37022

CONT 201 results
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2 GSaimmney Numerical experiments: CONT_300

10 — Az ||
[ol] + || Al]]|Zx]

T | FGMRES GMRES | |[M]]| [|M 1] [[zo ] [ ILL DT ] 1 Zg || X — Xoll2
le-02 1.2¢-03 1.2e-03 8.1 1.7e+04 345.9 4.2e+07 1.2e+04 286.4
le-04 1.2-06 1.2-06 8.1 3.1e+05 357.0 2.3e+09 2.3e+05 300.2
1e-06 7.9e-15 1.1le-12 8.1 2.5e+06 309.0 23e+11 2.1e+06 252.2
1e-08 4.4e-17 4.4e-12 8.1 9.1e+07 266.8 4.0e+13 7.1e+07 284.0
le-10 3.5e-17 3.4e-08 8.0 7.7e+07 246.0 2.5e+15 6.1e+05 1.8
le-12 4.1e-17 1.4e-06 16.3 7.6e+07 372.9 3.9e+17 7.3e+02 181.6
le-14 2.0e-15 9.2e-04 3031.6 7.4e+07 20176 3.5e+19 5.1e+02 20159
le-15 7.9e-15 2.0e-02 25391 6.1e+07 70577 2.6e+20 5.5e+02 70670

CONT 300 results
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10 T T T T
— — flex 8
— gmres 8
—— gmres 6
-6 —— flex 6
10 " |+
— gmres 10
—— flex 10
10° b .
10—10 | |
10—12 | |
10—14 | |
o .
10‘18 | | | |
0 5 10 15 20 25

GMRES vs. FGMRES on CONT-201 test example:
7=1079,10"%,10"1
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10 T T T T
— ItRef
—— GMRES full
1072 — - GMRESI10 + ItRef | |
— - GMRES restart=5
GMRES restart=3
-4 — — GMRES restart=2
10| GMRES restart=1 []
—+— flexible GMRES
10° i
10° F i
10—10 | |
— /\/J\//V\/\/\
\ \ \
10 \ \ | i
\ \\ \
! \
-14 \
10 " \ S | i
v oM \
AR \
10—16 N \\ \ |
R e e e sl gl s
10‘18 ! ! ! |
0 5 10 15 20 25

Restarted GMRES vs. FGMRES on CONT-201 test example: 7 = 1073
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|
— ItRef
—— GMRES full
— - GMRESI10 + ItRef
— — GMRES restart=5 ||
GMRES restart=3
— — GMRES restart=2
GMRES restart=1

-14 I I I I

10

Restarted GMRES on CONT-201 test example: 7 = 10~°
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WIR with static pivoting is very sensitive to 7 and not robust
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IR with static pivoting is very sensitive to 7 and not robust

GMRES 1is also sensitive and not robust
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WIR with static pivoting is very sensitive to 7 and not robust
W GMRES 1s also sensitive and not robust

B FGMRES is robust and less sensitive (see roundoff analysis)
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IR with static pivoting is very sensitive to 7 and not robust
GMRES is also sensitive and not robust
FGMRES 1is robust and less sensitive (see roundoff analysis)

Gains from restarting. Makes GMRES more robust, saves storage in
FGMRES ( but not really needed)
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IR with static pivoting is very sensitive to 7 and not robust
GMRES is also sensitive and not robust
FGMRES 1is robust and less sensitive (see roundoff analysis)

Gains from restarting. Makes GMRES more robust, saves storage in
FGMRES ( but not really needed)

Understanding of why 7 ~ /¢ is best.
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