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Premises Motivation

Context and Motivation

» The EnKF proves success in high-dimensional system with only few members.
» The example below system of dimension O(10°) and 10 members
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Context and Motivation

Example of performance (RMSE) of the EnKF and EnKS (IEnKS in the figure) as a

function of the ensemble size in perfect dynamics (L95 model).
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Motivation
Context and Motivation

» Several numerical results suggest that the skills of ensemble-based data assimilation
methods in chaotic systems are related to the instabilities of the underlying dynamics
[Ng et al., 2011].

» Numerical evidence that some asymptotic properties of the ensemble-based
covariances (rank, range) relate to the unstable modes of the dynamics [Sakov and Oke,
2008; Carrassi et al., 2009].

» EnKF-like methods work well in high-dimensional system with only "very few”
members (< 100).

Motivation

Some of questions behind this work:

© (General...) Can DA methods be designed taking into account the dynamical
properties of the model?

@ Is the uncertainty in the state estimate driven by the instabilities?

© Why only a limited number of members is sufficient? (Caution: | will not mention
localization in this talk!)

Q ..
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Premises L vectors and in a nutshell

Lyapunov vectors and exponents

» State and (infinitesimal) error dynamics:

dx(t) de(t)
e mx(0), S =My ee0), &)
The time integration of the linear error dynamics yields the resolvent:
e(t1) = M(t1,tp)e(to) - (2)

» The Oseledec theorem tells that the limiting matrix (far future)
1
S(to) = lim {M(t1,t0)™M(t1, 80) } ™. 3)
1300

exists, has eigenvalues eh > el > > e where the A; are called the Lyapunov
exponents that do not depend on ty, and has eigenvectors that are called the forward
Lyapunov vectors which depend on ty. Symmetrically (far past)

S(t) = toinlw{M(tLtO)M(tL tO)T}m . (4)

exists, has the same eigenvalues that do not depend on t1, and eigenvectors that are
called the backward Lyapunov vectors (which depend on t7).
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Premises L vectors and in a nutshell

Error dynamics and Lyapunov vectors/exponents

» The forward and backward Lyapunov vectors are orthonormal. They are
norm-dependent and are not covariant under the effect of the dynamics (their subspaces
do).

» The positive Lyapunov exponents correspond to exponentially growing error/unstable
modes. The negative Lyapunov exponents correspond to exponentially decaying
error/stable modes. The zero Lyapunov exponents correspond to neutral modes.

» The Lyapunov vectors generate a sequence of embedded subspaces of R” for each t;
such that
Fi(n)cFy(an)c--CF () =R" (5)

where for e € F; (t1)\F_;(t1), [M~(t1,t0)e]| L e %(ti=t)|le||; e are the covariant
07—

Lyapunov vectors.

» We define the unstable-neutral subspace %4, = F, (t1) as the space generated by the
ng backward Lyapunov vectors that are related to positive and zero Lyapunov
exponents. Here, the stable subspace is defined as the orthogonal %tf of %, in R".

» See [Legras and Vautard, 1996; Kuptsov and Parlitz, 2012] for a topical introduction.

DA & Chaos - CERFACS - Avenue project Workshop. Toulouse, France, 201! June 2017 7/36



Premises L vectors and in a nutshell

Laypunov exponents and Attractor dimension

@ The Lyapunov exponents characterize and quantify chaos.
@ A chaotic system must have at least 1 positive exponent.

@ For continuous dynamics at least 1 exponent must be zero and corresponds to the
tangent to the flow.

@ Y™, A; =V-f- The sum of the Lyapunov exponents is equal to the averaged
divergence of the flow.

@ For dissipative systems the above means that ¥ ; A; < 0.

@ The Lyapunov exponents measure the average rate of expansion/contraction of
the volumes in the phase-space.

@ They are natural indicators of the uncertainty evolution.

@ Thus the Lyapunov exponents allow to compute the attractor dimension -
Kaplan-Yorke dimension
e
d=d +==L2 | )Ld+| (6)
with d~ and d* such that ¥¢ ; 4, >0 Y9 4, <0
@ The attractor dimension can be intended as a measure of the irreducible degrees of
freedom
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Local variability - An example from the L63 model

Cosine of angle between 1%/2" CLVs.

Leading local Lyapunov exponent
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Data assimilation performance in chaotic dynamics Linear perfect dynamics

Linear case: Kalman filter convergence on the unstable-neutral

subspace

» Model dynamics and observation model:
xg = Mgxg_1, (7)
Yk = Hgxp + v (8)

The observation noise, v, is assumed an unbiased Gaussian white sequence with

statistics
Efviv/] = 8 Ry (9)

» We shall show now several analytic convergence results:
@ Linear/Gaussian filters, full rank initial covariance [Gurumoorthy et al, 2017]
@ Linear/Gaussian filters, general initial covariance [Bocquet et al, 2017]

@ Linear/Gaussian smoothers, general initial covariance [Bocquet and Carrassi, 2017]
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Data assimilation performance in chaotic dynamics Linear perfect dynamics

Key analytic results - Filter case

» Asymptotic rank
If ng is the dimension of the unstable-neutral subspace, it can be shown that

klim rank(P ) < min {rank(Pg), no} . (10)
—o0
» Convergence rate
Let O'I-k, for i=1,...,n denote the eigenvalues of P,. We have
ok < ajexp (2/«1,*) (11)

where k)L’-k is a log-singular value of M. and Iimk_,mlik = A;. This gives an upper

bound for all eigenvalues of P, and a rate of convergence for the n— ny smallest ones.

» Projection on the unstable subspace
If Py is uniformly bounded, the stable subspace of the dynamics is asymptotically in the
null space of Py, i.e. for any vector uy.g in the stable subspace

lim [|Pxug.oll =0. (12)
k—yo0
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Data assimilation performance in chaotic dynamics Linear perfect dynamics

Key analytic results - Filter case

» Explicit dependence of P, on Py
Using either analytic continuation or the symplectic symmetry of the linear
representation of covariances, we have proven that

Pl =MioPo [l 4+ O, Po] ' Mj (13)
where
& nT T
Ok =M oI Mio =) MM (14)
=0

is the information matrix, directly related to the observability, T'). Q) = HER;lHk is
the precision of the observations transferred to state space.

» Control of the unstable-neutral modes - Universal limiting covariance
Let U, , be a matrix whose columns are the unstable and neutral backward Lyapunov
vectors. If they are sufficiently observed we have:

-1
lim {Pk—U+7k [uikrku“} Uﬁ,k} -0 (15)

k—yoo

The asymptotic sequence does not depend on Py, only I'j!
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on perforn Linear perfect dynamics

Numerical illustration and verification

(a) Eigenvalues of analysis error covariance matrix

Linearized Lorenz-95 model
around a Lorenz-95 trajectory.

Magnitude

(a) Evolution
of the eigenvalues of Py.
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(b) Universality of
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(b) Frobenius norm

of the difference

between two different Pg

when the conditions are satisfied,
ie |P2—P2|.

Frobenius norm of the difference
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Linear perfect dynamics

Data assimilation performance in chaotic dynamics

Key analytic results - The smoother case

—
< SAt Yim
i e 0—0—0—0—90—9
by ha
LA

» Explicit dependence of X, on Xp
Left-transform update; if k =pS, p=0,1,...:
1
(16)

Xk = My.0Xo [lN +XE(:)/<X0} Ty
(17)

where
p—1
2 s T oA
O = Z MqS:OQqSquio'
q=0

and W is an orthogonal matrix. It is also possible to derive the right-transform update
14/ 36

[see Bocquet and Carrassi, 2017 for the full derivation].

DA & Chaos - CERFACS - Avenue project Workshop. Toulouse, France, 201! June 2017



Data assimilation performance in chaotic dynamics Linear perfect dynamics

Analytic Results - The smoother case

» Convergence rate
The convergence rate of the collapse of P, of the smoother is not faster than the
filter's: the bounding rate is the same.

» Asymptotic of X
The accuracy of the smoother for re-analysis is better and this impacts the asymptotic
sequences. Indeed we have, for k =pS, p=0,1,...:

_1
lim {xk —U, [ui_krku+7k] 2 \pk} —0. (18)
k—yo0 ’

The only difference with respect to filter's is in the observability matrix f‘k, for k = pS,

p=0,1,...:
N k+L-S
Ti=Tx+ Y MM, (19)
I=k

which guarantees that the limiting X, for smoother is smaller than in filter

~ -1 -1
Us s [Uiﬁkrkuﬁk} Ul <UL [U£7krku+,k} ul . (20)
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Data assimilation performance in chaotic dynamics Nonlinear perfect dynamics

Nonlinear chaotic models: the Lorenz-95 low-order model

10.0
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0.0
-25
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=75

» It represents a mid-latitude zonal circle of the global atmosphere.

» Set of M =40 ordinary differential equations [Lorenz and Emmanuel 1998]:

% = (Xm+1 — Xm—2)Xm-1—Xm+ F , (21)

where F =8, and the boundary is cyclic.
» Chaotic dynamics, for M = 40, it possesses 13 positive and 1 neutral Lyapunov
exponents (ng = 14).
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Data as on performance Nonlinear perfect dynamics

Rank deficiency of the EnKF covariance

@ M=36, np=12
@ EnKF-like method: Maximum Likelihood Ensemble filter [Zupanski, 2005] - Hybrid
ensemble/variational

Mean number of eigenvalues accounting for 90% of the variance vs Ng,s for =12, 6 and 3 hours

R R R S R R
12 161820 24 283032 NSE 42 48 54 60 66 72
ens

Carrassi et al., 2009
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Data as: ion performance in chaotic dynamics

Nonlinear perfect dynamics

Spectrum of the analysis error covariance matrix

Normalized mean eigenvalues

EnKF
G0 [EnKS, L=30, $=1, filtering
B [EnKS, L=30, S=1, smoothing

Normalized mean eigenvalues

EnKF
G—0 IEnKS, L=30, $=1, filtering
B8 [EnKS, L=30, $=1, smoothing
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» M =40, it possesses 13 positive and 1 neutral Lyapunov exponents (ng = 14).
» Time-average spectra of P}: A visible transition at r = 15.

Bocquet and Carrassi
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Data assimilation performance in chaotic dynamics

Nonlinear perfect dynamics

EnKF performance and Lyapunov directions

Average angle Average normalized RMSE

» Time- and ensemble-averaged angle an anomaly of the EnKF and the

unstable-neutral subspace (left), and the EnKF RMSE normalized by & (right panel),

on the plane (x,y) = (At,0). The setup is H=14, R=0ly and N =20.
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Data assimilation performance in chaotic dynamics Nonlinear perfect dynamics

Projection on the unstable-neutral subspace and accuracy of EnKF

N 5
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J o\ |
SN |
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Ensemble size

Average RMSE

Mean angle with the unstable-neutral subspace

» EnKF - Average angle (left y-axis) between an anomaly (from the ensemble) and the
unstable-neutral subspace, and RMSE of the analysis (right y-axis), as a function of the
ensemble size.

Bocquet and Carrassi, 2017
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Data assimilation performance in cha Nonlinear perfect dynamics

Deviation from linearity - Does the unstable neutral subspace suffice?

@ 6dim - Lorenz 1995 Model
@ 2 positive Lyapunov exponents, 1 neutral, and 3 negative

Time series of EnKF RMSE along Lyapunov vectors

a) VR=1e-5, Ens Root Mean Sq Error along Lyapunov mode

g
g
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g
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:
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4
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ime stop

Ng et al., 2011

The greatest separation between decaying and growing modes occurs for small observational error =
Suggestion to include some weakly stable modes to describe the uncertainty.
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Data as on performance Linear imperfect dynamics

Linear noisy dynamics - The effect of the stable modes

» Model dynamics and observation model:

Xk = Mgxp_1 +wy, (22)
Yk = Hixg + v (23)

The model and observation noises, wy and v, are assumed mutually independent, unbiased Gaussian white
sequences with statistics

T T T
E[vkv;] = 0k/Rk, E[wiw]=8/Qk, Elvkw;]=0. (24)
Positive - -. Negative —— ¥} @ Discrete, linearized L95 with
107 10 . .
102 F=8,_ 00435 T 355, A5 —  0.0439 Lo 10 dimensions and 6 stable
1o 10t modes.
1059 \ 1015 ]
1012 102 @ The error in the stable modes
s s
125 ' 125 does not converge to zero but
10700t L A i bkt o H W 10° it is bounded.
13

@ Variability in the local LE of
the stable modes forces
transient instabilities.

@ Unconstrained uncertainty in

| ; : : -3 the i mode computable
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 100C . | . th QR
Time Step & Time Step k recursive y I:Jsmg e
decomposition

Vi =Xisoll(TL)'IP
Grudzien et al., 2017
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Data assimilation for chaotic dynamics Some considerations about stability vs observability

Nonlinear System - Stability ~ Observability

@ Consider again the deterministic (perfect) nonlinear-chaotic system
x(t) = 4 (x(tg)) (unknown)

@ We aim at estimating/approximating it by the sequence
xg = (1 =Ky I) M (x-1) + Kiyk

@ Linear perturbation evolution is given by dx(t) = Mdx(tg)

@ The linear perturbations about the forecast/analyses sequence follow
5xi = (| - Kka)Mk_16Xi71

@ The term (I —KgHy) reflects the effect induced by the assimilation

@ It modifies the stability properties of the perturbative dynamics relative to the free
(unconstrained) system.

@ We shall use this linear stability framework in nonlinear system < we will assume
that error will behave (quasi)-linearly.
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Data assimilation for chaotic dynamics Some considerations about stability vs observability

Nonlinear System - Stability ~ Observability

@ Complete stabilization by the updating process is sufficient for the uniqueness
of the solution

@ It is necessary for the convergence of this solution to the true state of the
system.

@ Conjecture = The complete stabilization will drive analysis errors to zero in the
noiseless case and to the lowest possible values when noise or nonlinear effects are
present.

Error Convergence = Complete Uniqueness of the
Observable System mmp o L. otion | e—m) solution

We have two ways to achieve this stabilization:

@ Design of the observational network (types, distribution, frequency) <= Acting on
the operator J#

© Design of the DA scheme <= Acting on K
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Data assimilation for chaotic dynamics Some considerations about stability vs observability

Assimilation in the Unstable Subspace - AUS

Assimilation in the Unstable Subspace < Confine the analysis correction in the unstable
subspace

@ The growth of the initial uncertainty strongly projects on the unstable manifold of
the forecast model.

@ The AUS approach consists in confining the analysis update in the subspace
spanned by the leading unstable directions E:
x*=x? +EFETHT(R+HEFETHT) 1 (y° — Hx)

@ While all assimilation methods, more or less implicitly, exert some control on the
flow dependent instabilities, AUS exploits the unstable subspace, as key dynamical
information in the assimilation process.

@ The columns of the matrix E are the Lyapunov modes of the forecast-analysis cycle
@ They can be approximated by Breeding on the Data Assimilation System BDAS

Trevisan and Uboldi, 2004; Palatella et al, 2013 for a review
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Data assimilation for chaotic dynamics Some considerations about stability vs observability

[llustration: AUS in 1 dimension

M has a single eigenvalue, I' > 1 corresponding to a positive Lyapunov exponent
e be the associated eigenvector
1 scalar observation = H is a constant row vector

Kalman gain approximated by K, = ce, where c is a constant scalar.

A sufficient condition for the complete stabilization of the forecast-analysis cycle
is:
cHe>1-r1"!

The choice Ki||ex makes the confinement on the unstable direction

The amplitude of the correction, ¢, must be large enough to counteract the
unstable growth.
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[llustration: AUS in 1 dimension

A. Carrassi

Data assimilation for chaotic dynamics

Lorenz-63 at the origin
X=y=z= 0

Observation of the y-component

M possesses one eigenvalue larger
than 1, I = 3.26.

He converges to 0.91

Stabilization is achieved if
c>0.762

0.7,

0.6

o o4
ES o

RMS Analysis Error
o
W

Some considerations about stability vs observability
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Data a

on for chaoti

AUS and Target Observations

dynamics Observational design to control chaos

TARGET OBSERVATION STRATEGY: Breeding on the Data Assimilation System BDAS

[*] Quasi-geostrophic atmospheric model
(Rotunno and Bao, 1996 MWR)

@ Perfect model setup - Observation Dense
area (1-20 Longitude) - Target Area, one
obs between 21-64 Longitude

Carrassi et al., 2007

Carrassi

[[__Experiment | Ocean Obs Type/Positioning/Assimilation RMS Error ]
LO - 0.462

FO vert.Prof/fixed(in the max(err))/3DVar 0.338 i
RO vert.Prof/random /3DVar 0.311
3DVar-BDAS vert.Prof/BDAS /3DVar 0.184
[[ AUS-BDAS temp.1-Level/BDAS/AUS 0.060

3DVAR—BDAS

itudinal Grid Points

Longitudinal Grid Points

AUS —BDAS

Longitudinal Grid Points

DA & Chaos - CERFACS - Avenue project Workshop. Toulouse, France, 20t June 2017

28 / 36



Data assim

Hybrid 3DVar - AUS

ation for cha

cs Observational design to control chaos

Enhancing the performance of a 3DVar by using AUS

normalized RMS analysis error

o
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Comparison with EnKF
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days

@ A network of randomly distributed obs (vertical soundings)

@ 3DVar-AUS: (1) AUS assimilate the obs able to control an unstable mode; (2) 3DVar process the remaining obs

Carrassi et al, 2008

@ 3DVar-AUS comparable to EnKF with only one BDAS mode ~ Reduced computational cost and implementation on a pre-existing 3DVar scheme
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Data assimi dynam Assimilation design to control chaos

Does stabilization improve estimation?

Quasi-Geostrophic Model (Rotunno and Bao, 1996)
Lorenz 1995 Model

03 0~ Free
o 2 = As-eons (3 hrs) ‘, os A 3DVar
. A~ AUS - BDAS (2 hrs) 0.25 & 0.2 X i?;‘é'_'égﬂés
0 O~ AUS - BDAS (1 hrs) _ X
o "
3 02 g kS
= BO00000004, g Y
< 0. A ’;
2 =
5 c
- o
§ -0 s H
% ~0.8[ 000000000000, %
0000000000,
g - OOO%‘*’“%%% :
H €
2 2
5 1.2] E

i 15 1015 2025 3035 40 45 50 55 60 65 70 75 80 85 90 95 100
i

I Experiment [ _RMS Error ]
[[_Experiment [ RMS Error |
Free 1
AUS-BDAS - 1=3 h 0.014 Free 1
AUS-BDAS - 1=2h 0.011 3DVar 0.321
AUS-BDAS - t=1h 0.009 3DVar-BDAS 0.163
AUS-BDAS 0.058

@ DA provides a stabilizing effect (compare 3DVar with free system Lyapunov spectrum) but ...
@ if the DA is designed to kill the instabilities, the estimation error is efficiently reduced

Carrassi et al., 2008
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Data a: ion for chaot

dynamics Extended Kalman filter in the unstable subspace / EKF-AUS

EKF-AUS

@ Lorenz 1995 with dimension n=40(14Lyap™), 60(19Lyap™) and 80(25Lyap™)
@ When errors behave linearly the error covariance projects on the unstable subspace

@ EKF and its reduced unstable space counterpart EKF-AUS gives the same performance

~ 5 0.0001 .
&
o 4 9 @
= 3 @ ® @ 16-05
3 e _
g lle ®© © n=80 1e-06
= 0 %, -
3 v
— g teo7 v
'R o © © & toos ® v
= 3 o ®© ¢ o AUSN=40 O
@ @ © n=60 o 09 [ EKFn=40 =+
1 ® 1e-09 .
E ole — AUSn=60 A ® 9N
10 | EKFn=60 -
AUSN=80 7
o 5 EKFn=80 v A
> 4 - 1e-11 : . : . N
2 3 o © © 0 5 10 15 20 25 0
@ $ ® ®© ® n=40 Eigenvalue no.
E @ N
£ 0
2 4 6 8 10 12 14 16 18
Gn (x10%)
Trevisan and Palatella, 2011
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Out of linearly behaving errors
EKF-AUS extension to nonlinear error

@ When errors do not behave linearly the unstable-neutral subspace alone does not describe fully the
uncertainty.

@ An extension to include stable modes is considered in the extension EKF-AUS-NL [Palatella and
Trevisan, 2015].

@ In the EKF-AUS-NL ng unstable-neutral direction + m; additional stable modes are used.

@ The stable modes and their interactions with all mg are considered by expanding the error dynamics up
to the 2" order.

@ EKF-AUS-NL works well when nonlinearity in the dynamics are primarily of quadratic nature, likewise
the advection.

@ Below example with L95 (ng = 14) and m; =4

@ The figure shows the time before divergence (no divergence set with 75 = 4000 in the figure) as a
function of the obs error 6, and assimilation interval 7.

4000 (5 4o
3000 100 L
2000

0
1000
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523025 () C s
Linear noisy dynamics - The unconstrained stable forecast
> Spectrum of the Pf for different observational design

» The horizontal lines depicts the unconstrained forecast error, ¥’ in the stable modes
[Grudzien et al, 2017]
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Grudzien et al., 2017
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Conclusion and directions

Conclusion and directions

» Deterministic ensemble filters and smoothers are sensitive to the existence of a
low-dimensional unstable-neutral subspace where a large portion of the
uncertainty is confined.

» This seems to support/explain their success in high dimension.

» It is possible to design reduced-order formulation based on the unstable-neutral
subspace.

» These formulation will be quasi-optimal when errors behave linearly and/or
models are not perfect.

» Sub-optimal, but accurate, reduced-order formulations can be designed by
including weakly stable modes.

Directions

» Design of "optimal” reduced order-filter in the presence of noise.
» Bayesian data assimilation using unstable subspace to define the proposal
density.
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