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R U
α Mf Vf

R = R(U,α,Mf , Vf ).

+



−→n Ip
ρbεQig

R =
Ip

ρbεQig

Ip J.m−2.s−1

Qig J.kg−1

ε

ρb kg.m−3

ρb
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Ip
IR

Ip = ξIR

ξ

R0



R0 =
ξIR

ρbεQig
.

φw φs

R = R0 (1 + φw + φs)

φw = f(U) U
φs = f(tanϕ) ϕ

β

σ m−1

Mf Qig

δ m

U m.s−1

tanϕ

R = R (β,σ,Mf , δ, U, tan(ϕ)) .

δ(x, y)

δ



φw

,n

,n(x, t) = ,x.

,U = U,x.
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,n = ,x ,n = −,x

,n

,n(x, y, t) =

(
nx(x, y, t)
ny(x, y, t)

)
.

,V

,V V

α ,V (Oy) ,V

,V =

(
Vx

Vy

)

=

(
V sinα
V cosα

) ;



θ ,V

θ(x, y, t) = arccos(,V .,n)
= arccos(Vxnx + Vyny)

.
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δ = δ(x, y)

U

U(x, y, t) =

{
,V (x, y).,n(x, y, t) , ,V (x, y).,n(x, y, t) > 0

0 , ,V (x, y).,n(x, y, t) ≤ 0
.

R(x, y, t) = R (β,σ,Mf , δ(x, y), U(x, y, t), tan(ϕ)) .



δ

δ(x, y)

R(x, y, t) = τ(x, y, t)δ(x, y)

τ s−1

τ(x, y, t) = f (β,σ,Mf , U(x, y, t), tan(ϕ)) .

f τ

R δ R = τδ Mf

δ̄(x, y) =
δ(x, y)

δ0

δ0
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c ≥ 1− c = 1−

0+ ≤ c ≤ 1− c = 0+

0 ≤ c ≤ 0+
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c

c

∂c

∂t
= D%c︸ ︷︷ ︸ + ac(1− c)︸ ︷︷ ︸

D m2.s−1

a s−1



D a
R

δL R

R = R( ).

∂c

∂t
= −−→

R.
−→∇c .

(a,D)

c(x, y, t) Ω =
[0, L1]× [0, L2] [0; tf ]
c

∂c

∂t
= D%c+ ac(1− c)

D m2.s−1

a s−1

(a,D) → (RKPP , δKPP )

R

RKPP = 2
√
aD δKPP =

1

2

√
D

a
(a,D) (RKPP , δKPP ),

∂c

∂t
= RKPP δKPP%c+

RKPP

4δKPP
c(1− c) .

δL = 8∆
∆ = min(dx, dy) β

δL = 8β∆ β = O(1/2)



∂c

∂t
=

(
β∆R(x, y, t)

2

)
%c+

(
R(x, y, t)

2β∆

)
c(1− c)

∆ = min(dx, dy)

β = O(1/2)

R(x, y) = τ(x, y, t)δ(x, y)

β = 1.2

t
0+ < c(x, y) < 1− R̄ R̄(t) = R(xc(t), yc(t)) (xc, yc)

c(xc, yc) = 0.5

0+ ≤ c(x, y) ≤ 1− R(x, y) = R̄.

c





∂c

∂t
=

(
β∆R̄

2

)
%c

︸ ︷︷ ︸
+

(
R̄

2β∆

)
c(1− c)

︸ ︷︷ ︸
, ∀x, y ∈ Ω, t ∈ [0, tf ]

c(x, y, 0) = c0(x, y) , ∀x, y ∈ Ω

∇c(x, y, t) · ,n∂Ω(x, y) = 0 , x, y ∈ ∂Ω

c 0 < c < 1 c = 1− c = 0+



R̄

β β = 1.2

∆ ∆ = min(dx, dy)

∂Ω Ω

,n∂Ω ∂Ω

tf

δ(x, y)
c0 x = xinit
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,
-
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D × dt

max(dx, dy)
≤ 0.725

∆βR̄

2
× dt

max(dx, dy)
≤ 0.725 .

{c = 0.5}
R R

R = f( ).








∂c

∂t
+
−→
R.

−→∇c = 0 , ∀x, y ∈ Ω, t ∈ [0, tf ]

c(x, y, 0) = c0(x, y) , ∀x, y ∈ Ω

∇c(x, y, t) · ,n∂Ω(x, y) = 0 , x, y ∈ ∂Ω

−→
R = R(x, y, t)−→n (x, y, t) =

(
R(x, y, t)nx(x, y, t)
R(x, y, t)ny(x, y, t)

)
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(
δc

δx

)n

i,j

=
cni+1,j − cni−1,j

2dx

(
δc

δy

)n

i,j

=
cni,j+1 − cni,j−1

2dy

−→n −→
R

−→∇c



−→∇c

∇xc =
ceast − cwest

dx
=

ci+1/2,j − ci−1/2,j

dx

∇yc =
cnorth − csouth

dy
=

ci,j+1/2 − ci,j−1/2

dy

ceast : c i, j

c(x, y)
−→
R

Rx > 0

ceast = ci,j +
1

2
B(ri,j) (ci+1,j − ci,j)

cwest = ci−1,j +
1

2
B(ri−1,j) (ci,j − ci−1,j)

ri,j =
ci,j − ci−1,j

ci+1,j − ci,j

B(ri,j) = max (0,min(2ri,j , 1),min(ri,j , 2))
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)2345
1
)8345

<
1
=9

Rx < 0

ceast = ci+1,j +
1

2
B(ri+1,j) (ci,j − ci+1,j)

cwest = ci,j +
1

2
B(ri,j) (ci−1,j − ci,j)



ri,j =
ci,j − ci+1,j

ci−1,j − ci,j

B(ri,j) = max (0,min(2ri,j , 1),min(ri,j , 2))

dt

(
max(Rx)

dx
+

max(Ry)

dy

)
≤ K

K K = 0.3

K = 0.3

{Xi}i=1,..Npart

d
−→
Xi

dt
= R(

−→
Xi)

−→n

−→
Xi : i

−→n

R(
−→
Xi)

c = 0.5
R∗

R∗ =

´

c=0.5 Rdl
´

c=0.5 dl



Rd =
1

´

c=0.5 dl

d

dt

(
¨

c(x, y)dxdy

)

d

dt

(˜
c(x, y)dxdy

)
=

˜ ∂c(x, y)

∂t
dxdy

=
˜ −→

R.
−→∇c dxdy

=
˜

R−→n .
−→∇c dxdy

=
˜

R

−→∇c∣∣∣
−→∇c

∣∣∣
.
−→∇c dxdy

=
˜

R
∣∣∣
−→∇c

∣∣∣ dxdy

=
´

c=0.5 Rdl

= R∗ ´
c=0.5 dl

∣∣∣
−→∇c

∣∣∣ =
dl

dxdy
´

c=0.5 dl c = 0.5

c

δL,d =
1

max
∣∣ ∂c
∂−→n

∣∣
c=0.5

−→n

r0 = 5

δ̄(x, y) = 1

δ̄(x, y) =
0.2− 1

200
x+ 1

min
x,y∈Ω

δ̄(x, y) = 0.1 max
x,y∈Ω

δ̄(x, y) = 0.8



tf = 800

c0(x, y) c0(x, y)

r = 5

δL ≈ 8βmin(dx, dy)

δL ≈ 3dx ×
R = 0.1

τ τ

r(t) = r0 +Rt



t = 600

R∗



c0(x, y) r0 = 5

V = 0.5

α = (Ôy, ,V ) = 0

!"#$%

c0(x, y)



τ τ

τ

R̄ β
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X

n
Xt

n
Xa Xt

Xb

Yo

Y0 p

Xb

Xb

H

H
M

S

M S H

H(X) = S (M(X)) .

H
ε0

H
H H

H Xg

Xb

H(Xg + δXg) = H(Xg) +
∂H

∂X

∣∣∣∣
Xg

δX+O
(
(δX)2

)



lim
δX→0

O
(
(δX)2

)
(δX)−2 = 0

H =
∂H

∂X

∣∣∣∣
Xg

.

H

H =
H(Xg + δX)−H(Xg)

δX
H H

dob = Y0 −H(Xb) .

Xt Xb εb

Y0 ε0

B R

εb Xb Xt

εb = Xb−Xt εb B n×n

B = E[εb · (εb)T ]
B

n = 1 B

εb ∼ N (0,B) .

Y0

N (H(Xt),R) H(Xt)

R = E[εo · (εo)T ] .

Yo = H(Xt) + εo ε0

εo ∼ N (0,R)



Yo εo R

Xb εb B

M

H H

Yo Xb

Xt

Yo = H(Xt) + εo

Xb = Xt + εb
.



Xa Xt

Xb Yo

Xa = LXb +KYo

K L
Xa Xt

Xb

H(X) = HTaylor(X) = H(Xb) +H(X−Xb)

H = ∂H
∂X

∣∣
Xb

Xb = Xt + εb

Yt = HTaylor(Xt)
Yo = Yt + εo

Xa = Xt + εa

εb εo εa Yt

E[εo] = 0
E[εb] = 0

Xt + εa = LXt + Lεb +KYt +Kεo

= LXt + Lεb +KHTaylor(Xt) +Kεo

Xa E[εa] = 0 Xt + εa

E[xt] = LE[Xt] +KHTaylorE[Xt]

L = I−KHTaylor

Xa = Xb +K
(
Yo −HTaylorX

b
)

δXa = K(Yo −
HTaylorXb) = Kdob

K

K =
(
B−1 +HTR−1H

)−1
HTR−1 = BHT

(
HBHT +R

)−1



dob = Yo −HTaylorXb

Xb B K
Xa = Xb

R K = H−1

Xa =
(
I−H−1HTaylor

)
Xb +H−1Yo = H−1Yo

Xa HX = Yo

K A
A

A = E[εa · (εa)T ] = (I−KHTaylor)B

HTaylor (HTaylor) = min(n, p) A ≤ B

J3DVAR

3DV AR

J3DVAR(X) =
1

2

(
X−Xb

)T
B−1

(
X−Xb

)
+

1

2
(Yo −H(X))T R−1 (Yo −H(X))

H Xb HTaylor

HTaylor(X) = H(Xb) +H(X−Xb) H = ∂H
∂X

∣∣
Xb

B−1 R−1

J3DVAR

∇J3DVAR(X) = B−1
(
X−Xb

)
+HTR−1 (Yo −H(X))

Xa = argmin (J3DVAR(X))

∇J3DVAR(X
a) = 0

⇒ B−1
(
Xa −Xb

)
+HTR−1 (Yo −H(Xa)) = 0

J3DVAR H



H
H Xb

HTaylor(X) = H(Xb) +H(X−Xb)

H(X) = HTaylor(X)

JBLUE(X) =
1

2

(
X−Xb

)T
B−1

(
X−Xb

)
+

1

2

(
Yo −H(Xb)−H(X−Xb)

)T
R−1

(
Yo −H(Xb)−H(X−Xb)

)

0 = B−1
(
Xa −Xb

)
−HTR−1

(
Yo −H(Xb) +H

(
Xa −Xb

))

⇒ Xa = Xb +
(
B−1 +HTR−1H

)−1
HTR−1

(
Yo −H(Xb)

)

⇒ Xa = Xb +K
(
Yo −H(Xb)

)

⇒ Xa = Xb +Kdob

H

H

H
J3DVAR

J3DVAR

Xg JBLUE J3DVAR

Xa argmin J3DVAR



!

"

!
#

!
$%&$'()*+&"

,-./

"
,-./

"
01234

$'()*+
&
"
01234

!

H
Xb

3DV AR H
δXa

η

M(Xt)

R

B

Y0

M(Xb) H(Xb)
∥∥Xa

i −Xa
i−1

∥∥
2∥∥Xa

i−1

∥∥
2

=
‖δXa‖2∥∥Xa

i−1

∥∥
2

< η

Xg



Xg = Xb

Xg = Xa
i−1

M(Xg) H(Xg)

dog = Yo −H(Xg)

H = ∂H
∂X

∣∣
Xg

Xg

Xa
i

M(Xa
i )

Xg = Xa

J i
BLUE(X,Xg) =

1

2

(
X−Xb

)T
B−1

(
X−Xb

)
+
1

2
(Yo −H(Xg)−H(X−Xg))T R−1 (Yo −H(Xg)−H(X−Xg))

Xa = argmin
(
J i
BLUE

)

∂J i
BLUE

∂X
(Xa,Xg) = 0

⇒ B−1
(
Xa −Xb

)
−HTR−1

(
Y0 −H(Xg)−H(Xa −Xg)

)
= 0

⇒ Xa = Xb +K
(
dog +H(Xg −Xb)

)

dog = Y0 −H(Xg)
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Xg = Xa
1

!

"
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#

!
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(
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(
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%
"
-./01

→ Xa
2

X n = 1 Xa

argmin J3DVAR

J3DVAR

Jb
3DVAR Xb X

Jo
3DVAR Yo X

H(Xb)

J3DVAR(X) =
1

2

(
X−Xb

)T
B−1

(
X−Xb

)

︸ ︷︷ ︸
Jb
3DV AR

+
1

2
(Yo −H(X))T R−1 (Yo −H(X))

︸ ︷︷ ︸
Jo
3DV AR

B R X − Xb Yo − H(X)

p > n
σo / σb R R−1 0 B−1



Jo
3DVAR

p > n, σo / σb ⇒ Jo
3DVAR 0 Jb

3DVAR

Jb
3DVAR

k k k

k = Tr
(
AHT

kR
−1
k Hk

)

A A n× n

Hk H(X) k Hk pk × n
pk k

Rk Rk pk × pk

pk = p

= Tr
(
AHTR−1H

)

R

R =




σ2
o

σ2
o



 = σ2
oIp

R−1

R−1 =
1

σ2
o

Ip

k = Tr
(
AHT

kR
−1
k Hk

)

=
1

σ2
o

Tr
(
AHT

k IpkHk

)

=
1

σ2
o

Tr
(
AHT

kHk

)

k (Yo
k(i))i=1,...,pk

i
k =

1

σ2
o

Tr
(
AHT

k (1 : n, i)Hk(i, 1 : n)
)



Xt

Xt

σb σo

Xt, σb σo σb σo

B = σ2
b

R = σ2
o

Xb Xt σb

Xb = Xt + σb

= Xt(1 + αb)

αb σb = αb ×Xt

H(Xb)
H

H(Xt)
ε0 ∼ N (0,R) Yo

Yo = H(Xt) + εo

d = Yo −H(Xb)



R,Xb,B,d H
Xa A
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'(
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Xt = argmin J3DVAR[
Xb,Xt

]
Xa

Tr(A) = σ2
a =

(
Xt −Xa

)2
< Tr(B) = σ2

b =
(
Xt −Xb

)2

∣∣Xt −Xa
∣∣ ≤

∣∣Xb −Xa
∣∣

Xt

H(Xa)
Yo H(Xb)

(Yo −H(Xa)) ≤ =
(
Yo −H(Xb)

)

fx fy
ft
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fx = fy =
1

50

H

H M
S c(x, y, t)

tobs

c(x, y, t) = M(X)

H(X) = S (M(X))

H(X)

H(X) p
p = px × py × pt

px = Nx × fx x

py = Ny × fy y

pt = Nt × ft



H(X)

H(X) =





c(x1, y1, t1)

c(xpx , y1, t1)
c(x1, y2, t1)

c(xpx , y2, t1)

c(xpx , ypy , t1)






px × py

c(x1, y1, tpt)

c(xpx , ypy , tpt)





px × py





xi = i× dx

fx
i = 1, .., px

yj = j × dy

fy
j = 1, .., py

tk = k × dt

fty
k = 1, .., pk

c
H(Xt)

Yo = H(Xt) + εo

ft Np
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!"#8
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Np = 15

H

Γobs

H M
S D

c(x, y, t) = M(X)

Γ(x, y, t) = S (M(X))

H(X) = D (S (M(X)))

H(X)

H(X) p
p = 2×Np × pt

Np

2×Np (xi, yi)

pt = Nt × ft



H(X)

H(X) =





x1
1

y11

x1
Np

y1Np






2×Np

xpt
1

ypt
1

xpt

Np

ypt

Np






2×Np





xk
i = x( i, t = k× dt

fty
) i = 1..Np k = 1..pt ith i

kth

yki = y( i, t = k× dt

fty
) i = 1..Np k = 1..pt ith i

kth

(xi, yi) ith i

(xi, yi) = (x( i), y( i))

c(x, y)

c(x, y, t) = M(X)

Γ(x, y) c = 0.5 tobs

Γ(x, y, tobs) = S (M(X))

Γ(x, y, tobs) (xi, yi)i=1..Np

tobs
H(X) = D (S (M(X)))
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S Γ(x, y) = S (M(X))
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D H(X) = D (S (M(X)))

H(X) Np = 15 tobs

D

Np Γ(x, y)
Np

Γ(x, y), ...)
d

d =
Np

Γ

,n(xi, yi) =

(
nx(xi, yi)
ny(xi, yi)

)
=





yi+1 − yi−1√
(xi+1 − xi−1)

2 + (yi+1 − yi−1)
2

− xi+1 − xi−1√
(xi+1 − xi−1)

2 + (yi+1 − yi−1)
2
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$
"%"&

$
"'"

!

"

"

!"#
$()
"%"&

$()
"'"

!"#
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"%"&

$*)
"'"

Γ(x, y) H(X) tobs

Γ(x, y) Γobs(x, y)

d = Yo −H(X)

Yo Γobs(x, y)

Np tobs
Np (xobs

i , yobsi )i=1..Np

Γobs(x, y) Γ(x, y) Γobs(x, y)

d = Yo −H(X)

Np Γobs(x, y) Γ(x, y)
X1 H(X1)

Yo
1

X1 1= X2

⇒ H(X1) 1= H(X2)

⇒ Yo
1 1= Yo

2

(xi, yi)i=1..Np Γobs(x, y)
P

P

tobs (xi, yi)i=1..Np

Γobs(x, y) (xobs
i , yobsi )i=1..Np

P : (xi, yi)i=1..Np → (xobs
i , yobsi )i=1..Np



Γobs

cobs(x, y) c = 0.5

(xi, yi)i=1..Np ,n(x, y)
c(x, y) dr Γobs(x, y)
cobs(x, y) c = 0.5− c = 0.5+

(xi, yi) (xobs
i , yobsi )

M

(xi, yi) Γobs(x, y)

O (min(dx, dy)) Γ
′

c = 0
c = 1

!"
#
$%

#
&

!"
#
'$%

#
'&

()

!"
#
$%

#
&

!"
#

*+,$%
#

*+,&

-*+,./

-*+,.0

!"
#
$%

#
&

!"
#

'()$%
#

'()&

*'()+,

*'()+-

(xi, yi)i=1..Np Γobs(x, y)
Γ(x, y)

c(x, y)

c(x, y)
c = 0 c = 1



Yo

H(X) P

Yo
1 = P (H(X1)) , ∀X1

c(x, y, t)

H : X →
(
(xi, yi)

j
i=1..Np

)

j=1..pt

cobs(x, y, t)
c = 0.5 Γobs(x, y, t) Γobs(x, y, t)
Γobs(x, y, t)
Γobs(x, y, t) εo M(Xt) = ct(x, y, t)

cobs(x, y, t) = M(Xt) + εo

ct(x, y, t) Γobs

Γobs(x, y, t) = S
(
M(Xt) + εo

)

S

H(Xg + δX) − H(Xg)

d = Yo −H(X)

Γg

Γg(x, y, t) = S (M(Xg))

H(Xg)
H(Xg) = D (Γg(x, y, t)) ;

Γpert

Γpert(x, y, t) = S (M(Xg + δX)) .

H(Xg + δX) P H(Xg) Γpert

H(Xg + δX) = P (H(Xg))

H =
H(Xg + δX)−H(Xg)

δX



X
∂H

∂X

Yo
k Xk

Yo

H X

δXa dob Xb

Yo Yo

δXa = K(Yo −HXb) = Kdob.

+







τ

τ [s−1]

R(x, y) = τ δ̄(x, y)

δ̄(x, y) Ω = [0, L1]× [0, L2]

X

X n = 1

X = τ

Xb = τ b

Xb = τ b = f (β,σ,Mf , U, tan(ϕ))

β [1]

σ [m−1]

Mf [1]

U [m.s−1]

tanϕ

Xt = τ t

Xt = τ t = 0.1 τ

B

Xb = τ b σb

σb

σb = τ b − τ t.

B

B = σ2
b .



R

σo R

R =




σ2
o

σ2
o



 = σ2
oIp

Ip p× p

p

H

H H(τ)

H =
H(τg + δτ)−H(τg)

δτ

δτ
δτ

δτ = 0.05τg.

τg

Ω

Ω = L1 × L2 = 200× 200 [0; tf ], tf = 800 dx = dy = 1 dt = 0.5

Ω = L1 × L2 = 200× 200,
dt

dt = 0.5 R

dx = dy = 1)

max
x,y∈Ω

R(x, y) ≤ 0.725

0.5βdt

β = 1.2 R

max
x,y∈Ω

R(x, y) < 12



max
x,y∈Ω

(Rx(x, y), Ry(x, y)) ≤
0.3

2dt

dt = 0.5 R

max
x,y∈Ω

(Rx(x, y), Ry(x, y)) ≤ 0.3

t = 0 t = tf = 800

τ

σb

τ

H(τ) = S
(
M (τ)

)

M

S

x y

fx =
1

96
fy =

1

96
ft =

1

48
4× 16 = 64

τ b = 0.11



σo 6× 10−6 6× 10−4 1× 10−2 6× 10−2 2× 10−1

τa

(
H(τ t)−H(τ b)

)
1× 10−1 1× 10−1 1× 10−1 1× 10−1 1× 10−1 1× 10−1

(H(τ t)−H(τa)) 7× 10−3 1× 10−2 6× 10−2 9× 10−2 1× 10−4 1× 10−1

τ b = 0.11
τ t = 0.10

σb = 0.1
σb

t = 800



[0; 800 s]

p

p τa A = σ2
a

1

32
3.1× 10 9

1

64
1.7× 10 8

1

96
3.2× 10 6

1

101
9.9 10 5

τ b = 0.11

f = 32, σ2
o ≤ 2× 10−3

σ2
o f =

1

32
f =

1

96

c(x, y) t = 100



c t = 100 t = 100 fx =

fy =
1

2

!
"
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!
#
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!
$
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τ t = argmin J3DVAR

η = 1%

∥∥τai − τai−1

∥∥
2∥∥τai−1

∥∥
2

≤ 1%

min
x,y∈Ω

δ̄(x, y) = 0.1 max
x,y∈Ω

δ̄(x, y) = 0.8

x y

fx =
1

50
fy =

1

50
ft =

1

25
16× 32 = 512

Np = 3, 4 5 ft =
1

25
2×Np × 32 = 64Np

H(τ) = D (S (M(τ)))

M

S c(x, y, t)

D

S1

S2

S3

S4



S1 S2

τ t

τ b p τa A = σ2
a

16× 32 = 512 3.4× 10−8

2× 3× 32 = 192 5.4× 10−14

16× 32 = 512 1.8× 10−7

2× 3× 32 = 192 5.6× 10−14

16× 32 = 512 2.3× 10−11

2× 4× 32 = 256 3.7× 10−14

16× 32 = 512 1.8× 10−11

2× 5× 32 = 320 2.8× 10−14

S1

τ t (τai )i=1,..,3 τ b = [0.04; 0.16

τb τb = 0.2τ t =
τ t

5
τb = 1.8τ t τb = 5τ t



τ b ∈]0.08; 0.16[

τai τ t = argmin J3DVAR τai−1

∥∥τ t − τai
∥∥
2
<

∥∥τ t − τai−1

∥∥

τa τ t = argmin J3DVAR
‖τ t − τa‖2

‖τ t‖2
< 1%

σ2
a < σ2

b

(Yo −H(Xa)) ≤ =
(
Yo −H(Xb)

)

τ b = 0.04

τ b ∈]0.06; 0.08[

]0.06; 0.08[ ‖τ t − τai ‖2 >∥∥τ t − τai−1

∥∥

(Yo −H(Xa)) > =
(
Yo −H(Xb)

)



τ b = 0.08 τa = 0.16

τ b

]0.06; 0.08[
Ω

τai ∈]0.06; 0.08[

τai+1 < 0 τai+1 0 τ t

c

H τg δτg

H JBLUE

S2 :

A = σ2
a

c (xi, yi)



S3 S4

τ b p τa A = σ2
a

16× 32 = 512 6.4× 10−3

3× 32 = 96 6.1× 10−14

16× 32 = 512 8.6× 10−4

3× 32 = 96 5.9× 10−14

16× 32 = 512 1.1× 10−11

4× 32 = 128 3.1× 10−14

16× 32 = 512 8.6× 10−12

5× 32 = 160 1.3× 10−14

τ b = 0.07
τa = 7.613 τ t τa = 0.435

≈ 8βdx ≈ 3dx

c = 0+ 0+ < c < 1−

t = 200

τ b = 0.02 τ b τ b



R(x, y)
H(τ

τ b

H =
H(τ b + δτ)−H(τ b)

δτ
≈ 0

K = BHT
(
HBHT +R

)−1 ≈ 0.

δτa = K(Yo −H(τ b) ≈ 0.

‖τa2 − τa1 ‖2∥∥τai−1

∥∥
2

=
‖δτa‖2∥∥τai−1

∥∥
2

< η = 1%

S3 S4

J3DVAR JBLUE

J3DVAR J1
BLUE τ b = 0.07

S3 S4

S3

J3DVAR

! " #

J3DVAR J1
BLUE τ b = 0.07

τ > 0.08
J3DVAR

τ t

τ ∈]0.06; 0.08[



H(τ) HTaylor(τ) =
H(τ b) +H(τ − τ b) [τ b; τ b + δτ ] δτ = 0.05τ b

HTaylor H

HTaylor(τ) / H(τ) τ > τ b = 0.07.

argmin 1
2 (Y

o −HTaylor(X))T R−1 (Yo −HTaylor(X)) 0 argmin 1
2 (Y

o −H(X))T R−1 (Yo −H(X))

argmin Jo
BLUE 0 argmin Jo

3DVAR

Jo
BLUE 0 Jb

BLUE

Jb
BLUE = Jb

3DVAR

argmin JBLUE 0 argmin J3DVAR

⇔ τa 0 argmin J3DVAR

HTaylor.

!"#$%

&

JBLUE

τ b = 0.07

τa = 7.613
τ b = 0.07.

τ b

J3DVAR δτ
H JBLUE δτ > 0.05τg H

JBLUE

δτ = 0.2τ b δτ = 0.05τ b

τa = 0.09 τa = 7.613



δτ

τ < 0.06

τ < 0.06
H(τ) τ Jo

3DVAR
τ b Jb

3DVAR(τ)

argmin J3DVAR = argmin Jb
3DVAR = τ b

τ b

JBLUE HTaylor

H ≈ 0 ⇒ HTaylor(τ) = H(τ b)

Jo
BLUE

Jo
BLUE =

1

2

(
Yo −H(τ b)

)T
R−1

(
Yo −H(τ b)

)

τa = argmin JBLUE = argmin Jb
BLUE = τ b

!

"

τ b = 0.04 < 0.06



S4 :

J3DVAR τ b = 0.07

J3DVAR J1
BLUE τ b = 0.07

S4

S4

m s

Np = 200 ft =
1

50
2× 200× 16 = 6400

min
x,y∈Ω

δ̄(x, y) = 0.1 max
x,y∈Ω

δ̄(x, y) = 0.8



τ t (τai )i=1,2 τ b = [0.01; 0.19

τ t τ b = 0.19
τ b

τa τ t

(Yo −H(Xa)) < =
(
Yo −H(Xb)

)

τ b = 0.15
B = 2.5 × 10−3

σo Np = 200

ft =
1

250
εo M(τ t)

σo Yo



σo 6.5× 10−3

(Yo −H(τ t))

τa

(
H(τ t)−H(τ b)

)

(
Yo −H(τ b)

)

(H(τ t)−H(τa))

(Yo −H(τa))

ft

τa ≈ τ t τ t < τa < τb

τa ≈ τb



(xi, yi)

x =

((
(xi)

j
i=1..Np

)

j=1..pt

)

y =

((
(yi)

j
i=1..Np

)

j=1..pt

)

x

Rx = R(x, y)nx y

x t = 100

!
!

"#$

y t = 100

( x, y)

τ t



τ b > τ t τ t = 0.1 τ b = 0.19

D
Ptotal = Poutside + Pclasp d

d =
Ptotal

Np
d =

Poutside

Np
c = 0.5

P
−→n

τa = 0.095

!"#$"%&'(

!

))

t = 800 τ b = 0.19

τ b < τ t τ t = 0.19 τ b = 0.019



τa = 0.186

!

τ t > τb τa ≈ τ t

t = 800 τ t > τ b

τ b > τ t τ t = 0.1 τ b = 0.19

τa = 0.098



!

!!

!
!!

t = 800 τ b > τ t

τ b < τ t τ t = 0.19 τ b = 0.019



Cf

Mf σ
τ R

τ R
U = 1.4m.s−1

!
"

Mf τ

MX MX = 0.3

!

σ τ



σ

Mf σ

U
φw β σ

φw

φw = Cf ×A(β,σ)UB(σ)

U

A(β,σ)

B(σ) σ

Cf Cf = 7.47

Cf

!
"

Cf τ

Cf = 7.47 φw

Cf

Mf σ

X
X n = 2

X =

(
Mf

σ

)

Xt =

(
M t

f

σt

)

M t
f = 0.1

σt = 4921m−1



Xt

Xt =

(
0.1
4921

)
.

Xb =

(
M b

f

σb

)

0.4M t
f = 0.04 ≤ M b

f ≤ 1.6M t
f = 0.16

τ = τ(Mf )

0.4σt = 1968 ≤ σb ≤ 1.6σt = 7874

τ = τ(σ)

B
σb n = 2

σb =

(
σb,Mf

σb,σ

)
=

(
M b

f −M t
f

σb − σt

)
.

B

B =

(
σb,Mf 0
0 σb,σ

)
.

R

σo R

R =




σ2
o

σ2
o



 = σ2
oIp

Ip p× p

p

H
H

Mf σ

H = [HMf ;Hσ]

HMf =
H(Mf + δMf ,σ)−H(Mf ,σ)

δMf

Hσ =
H(Mf,σ + δσ)−H(Mf ,σ)

δσ
.



Ω = [0; 200] × [0; 200]
r = 5 x = 100 y = 0

Np = 200 ft = 50 2× 200× 16 = 6400

Xt =
(
M t

f σt
)
=

(
0.1 4921

)
.

(
M t

f σt
)

Xb =
(
M b

f σb
)

Xa =
(
Ma

f σa
)

(
0.04 1968

) (
0.027 2975

)

(
0.08 5905

) (
0.065 4036

)

(
0.16 1968

) (
0.223 8039

)

(
0.16 7874

) (
0.166 6177

)

<
δ R = τδ

τ

τ(Mf ,σ) = τ(M t
f ,σ

t)



τ(Mf ,σ) U = 0

JBLUE

(δMf , δσ) τ τ(M t
f ,σ

t)

τ(Ma
f ,σ

a) = τ(M t
f ,σ

t)

(Ma
f ,σ

a) 1= (M t
f ,σ

t)

(Ma
f ,σ

a) 1= (M t
f ,σ

t)

τ(Ma
f ,σ

a) = τ(M t
f ,σ

t) = 0.027 (Ma
f ,σ

a) = (0.02, 2974) 1= (M t
f ,σ

t) = (0.1, 4923.1)

J3DVAR(Mf ,σ)
J3DVAR(Mf ,σ)



!"#$%&'()*

J3DVAR(Mf ,σ)

,V =

(
0
0.5

)
m.s−1

Xb =
(
M b

f σb
)

Xa =
(
Ma

f σa
)

(
0.04 1968

) (
0.1 4921

)

(
0.08 5905

) (
0.1 4919

)

(
0.16 1968

) (
0.1 4921

)

(
0.16 7874

) (
0.1 4916

)

Xa

U τ

J3DVAR



Mf Cf

X =

(
Mf

Cf

)

M t
f = 0.1

Ct
f = 7.47 Xt

Xt =

(
0.1
7.47

)

Cf

(Mf ,σ)



Rb(x, y) = τ bδ̄(x, y)n

n 1= 1 n = 1

τ τ t = 0.1.

τ b = 0.15

n



n = 0.5 τa = 0.0865 n = 2 τa = 0.146

n = 0.5 n = 2

n = 2
n = 0.5

(Mf , σ)

,V

≈ 8 cm Mf = 21.7%
α = (,V ,Oy) = 307∥∥∥,V
∥∥∥
2

= 1.3m.s−1
≈ 4m× 4m
= 90× 85

≈ 350 s



4m× 4m dx = dy = 4.7 cm dt = 0.02 δ(x, y) = 0.08m

t = 0 c0(x, y)

!"!"#

!"!"$

!"#$%!&'()

*"#$%!&'()

!"#$

c0(x, y)

Yo

!"!"#

!"!"$

!"#$%!&'()

*"#$%!&'()

!"#$

Yo c = 1

t = 27 s

Np = 200



p
p = 1× 200 = 200

X =

(
Mf

σ

)

(
Mf σ

)
σ

σb = 4921m−1 Mf

M b
f = 0.217

Xb

Xb =

(
M b

f

σb

)
=

(
0.217
4921

)

4.7 cm

σo = dx = 0.047m

R = 0.0472Ip

Mf

σ

σb = 0.3Xb =

(
0.065
1476

)

σb

p = 200 0 n = 2
σo = 0.047

Jo
3DVAR 0 Jb

3DVAR

B =

(
0.0652 0

0 14762

)

(
M b

f σb
)

[0 s; 27 s] p = 1× 200 σo = 0.047 (0.217 4921) σb = (0.065 1476)



27 s

Xa =

(
Ma

f

σa

)
=

(
0.15
14619

)

Ma
f Ma

f ∈ [0;MX ]

σa σ 2000m−1 8000m−1

!"#$

Mf σ

δ = 8 cm δ = 14 cm
Xa =

(
Ma

f σa
)



!"#$

Xa = (0.22 11895).

Xa [0; tf ]
t > tf )



Np = Np(t).

n 0 1

X

X =





1

n

1

Np





.









+

+



+

+

+






