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ĥi
= 1 −

c∆t

∆x
i sin(2πζ∆x) + 2

κ∆t

∆x2
(cos(2πζ∆x) − 1) .

∀ζ ∈ R

α = c
∆t

∆x
≤ 1; β = 2κ

∆t

∆x2
≤ 1;

α2

β
=

c2∆t

2κ
≤ 1.

∆t

∆t ≤ min

{
∆x

c
;
∆x2

2κ
;
2κ

c2

}
.

c ∆t
∆x ≤ 1 2κ ∆t

∆x2 ≤ 1
c2∆t
2κ ≤ 1

c = 1 · −1 κ = 500 2· −1

L = 500 n = 1000
∆t = 250

(j∆x, i∆t)
ν



0

0.5

1.0

0 0.5 1.0

α
2
=

β

α

β

α β

∂ν

∂t
+ c

∂ν

∂x
− κ

∂2ν

∂x2
+

∆t

2

∂2ν

∂t2
+ ∆x2

(
c

6

∂3ν

∂x3
−

κ

12

∂4ν

∂x4

)
+ O(∆t2,∆x3)

︸ ︷︷ ︸
ε

= 0.

ε ε

∂2ν

∂t2
= c2 ∂2ν

∂x2
− 2cκ

∂3ν

∂x3
+ κ2 ∂4ν

∂x4

∂ν

∂t
+ c

∂ν

∂x
−
(

c∆x2

6
+ cκ∆t

)
∂3ν

∂x3

︸ ︷︷ ︸
=

(
κ −

c2∆t

2

)

︸ ︷︷ ︸
κ′

∂2ν

∂x2
−
(

κ2∆t

2
−

κ∆x2

12

)
∂4ν

∂x4
+ O(∆t2,∆x3)

κ′ = κ− c2∆t
2



κ′ = 0

ζ =
∑

n

ζnen(t),

ζn

ζn

〈
ζpζ

∗
q

〉
= δpq.

L

en L ln

q = Lζ =
∑

n

ζnlnen.

ln ζn

ln
ln

q

ρ(δt) = 〈q(t)q(t + δt)∗〉.

ρ(δt) = 〈q(t)q(t + δt)∗〉 =
∑

p,q

〈(ζplpep(t))(ζqlqeq(t + δt))∗〉

=
∑

p,q

〈ζpζ
∗
q 〉lpl∗qep(t)eq(t + δt)∗

=
∑

p

lpl
∗
pe−p(δt)

ρ(δt) =
∑

p

|lp|2ep(δt).



ρ
en

ρ(δt) =
∑

n

ρnen(δt).

|ln|2 = |ρn|

q(t) =
∑

n

ζnlnen =
∑

n

ζn

√
|ρn|en(t).

τ

ρ(t) = e
−t2

2τ2 .

ρ(t) = e
−t2

2τ2

ρ
ρ ρn

ρ̂ = (ρ)
ρ

ζ = ρ

q̂ =
√

|ρ̂| ∗ ζ

q ζn

√
|ρn|

q = −1(q̂)





h(x, t)
c κ

q(t) x = 0 h0






∂h
∂t + c∂h

∂h = κ∂2h
∂x2

h(0, t) = q(t)
h(x, 0) = h0(x) x > 0

q(t)

q(t) =

∫
qωeω(t)dω.

q(t) qω

〈qω1q
∗
ω2〉 = |qω1|2δ12,

δ12 q(t) |qω|2 = |q|ω||2

ρ(δt) = 〈q(t)q(t + δt)∗〉 =

∫
ρωe

iωδtdω =

∫
|qω|2eiωδtdω



q(t)

{
ρ(δt) = e−δt2/2τ2

|qω|2 = ρω = eω
2τ2/2

q(t) = qωeω(t)

h(x, t) = qωe−iωthω(x)
hω(0) = 1

h(x, t) =

∫
qωe

−iωthω(x)dω.

h(x, t)

f(x, x + δx) = 〈h(x, t)h(x + δx, t)∗〉,






∂h
∂t + c∂h

∂x = 0
h(x, t) = qωe−iωthω(x)
hω(0) = 1

hω

∂h

∂t
+ c

∂h

∂x
= 0 ⇔ −iωhω + ch′

ω = 0 ⇔ h′
ω =

iω

c
hω

h(x, t) = Aeiωx/c

A hω(0) = 1 k = ω
c

h(x, t) = qωe
ik(x−ct).

{
q(t) =

∫
qωe−iωtdω

h(x, t) =
∫

qωeik(x−ct)dω.

f(x, x + δx) = 〈h(x, t)h(x + δx, t)∗〉

f(x, x + δx) = 〈h(x, t)h(x + δx, t)∗〉

= 〈
∫

ω

qωhω(x)dω

∫

β

q∗βhβ(x + δx)∗dβ〉

=

∫
|qω|2hω(x)hω(x + δx)∗dω

=

∫
|qω|2eiωδx/cdω



q(t)
δt = δx/c

f(x, x + δx) = ρ(δx/c)

ρ(δx/c) = e−(δx/c)2/2τ2
= e−δx2/2Lp2

Lp = cτ
t x

Lp

Lp = Constante = cτ,

τ






∂h
∂t + c∂h

∂x = k ∂2h
∂x2

h(x, t) = qωe−iωthω(x)
hω(0) = 1

hω

∂h

∂t
+ c

∂h

∂x
= k

∂2h

∂x2
⇔ −iωhω + ch′

ω = kh′′
ω ⇔ kh′′

ω +
iω

c
hω − h′

ω = 0

kZ2 − cZ + iω = 0

z+/− = c
2k ±

√
c2−4iωk

2k

hω(x) = Aez+x + Bez−x

A B A /= 0
lim

x→∞
|hω(x)| = ∞ A = 0

hω(0) = 1 B = 1

hω(x) = e( c
2k

−
√

c2−4iωk
2k

)x

{
q(t) =

∫
qωe−iωtdω

h(x, t) =
∫

qωe( c
2k

−
√

c2−4iωk
2k

)x−iωtdω

k 1 1
z ≈ iωc − ω2k

c3

e−
ω2k

c3
x



f(x, x + δx) = 〈h(x, t)h(x + δx, t)∗〉

f(x, x + δx) = 〈h(x, t)h(x + δx, t)∗〉

= 〈
∫

ω

qωhω(x)dω

∫

β

q∗βhβ(x + δx)∗dβ〉

=

∫
|qω|2hω(x)hω(x + δx)∗dω

f(x, x + δx) =

∫ (
|qω|2e−ω2k(2x+δx)/c3

)
eiωδx/cdω

x
|qω|2

f(x, x + δx) =

∫ (
e−ω2/2(τ2+4kx/c3+2kδx/c3)

)
eiωδx/cdω

≈
δx(1

∫ (
e−ω2/2(τ2+4kx/c3)

)
eiωδx/cdω

≈
δx(1

∫
e−ω2Lp2

x/2eiωδx/cdω

≈
δx(1

e−δx2/2Lp2
x

Lp

Lp2
x = c2(τ 2 + 4kx/c3) = Lp2

0 + 4kx/c.

Lp

Lp = Constante = cτ,

τ

Lp
δx 1 1

Lp2
x = c2(τ 2 + 4kx/c3) = Lp2

0 + 4kx/c.



σ2
o/σ

2
b

σ2
o σ2

b





B

e

Be

q(t)
105

q
(Xk) k ∈ [1, 105]

n
Be

(Xk)

Be =
1

N

N∑

k=1

((Xk − X)(Xk − X)T ),

X =

Be n2

N Be



Be

Be

ρ(0) = 1, ρ(δx) =
Be(i, i + 1)√

Be(i, i)Be(i + 1, i + 1)
et ρ(−δx) =

Be(i, i − 1)√
Be(i, i)Be(i − 1, i − 1)

.

x
L−

p = L+
p

x = Lmax
6 x = Lmax

2 x = 5Lmax
6



L+
p L−

p

2494km2 2500km2

Be

x

∂4h
∂x4



++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

0 500 1000 1500 2000

0
10

00
20

00
30

00
40

00
50

00

Abscisse (km)

Lp
² (

km
²)

Lp2 = 2500km2

B

Ae

105

Be

B Ae



+++++++
++++++

+++++
++++++

++++++
++++++

+++++
++++++

++++++
+++++

++++++
+++++

+++++
+++++

+++++
++++++

++++++
+++++

+++++
+++++

+++++
++++++

++++++
++++++

+++++
+++++

+++++
+++++

+++++
+++++

++++++
++++++

+++++
+++++

+++++
++++

+++++

0 500 1000 1500 2000

0
10

00
0

20
00

0
30

00
0

40
00

0
50

00
0

60
00

0

Abscisse (km)

Lp
² (

km
²)

κ = 7500m2/s =
7, 5.10−3km2/s c = 1m/s = 10−3km/s 4κ

c = 30km
29, 4km 1.628.103km2

x ≈ Lmax
6 x ≈ Lmax

2 x ≈ 5Lmax
6

Be

c = 1m/s κ = 1000m2/s N = 100000

Ae

B



++
++

++
+++

+++
++++++

+++++
++++++

++++++
+++++++++++

++++++++++++
+++++++++

++++++
++++++++++++++

+++++++
+++++++++

++++++++++++++
++++++++++++++

++++++++++++++++
++

+

0 50 100 150

5.
0e

+0
7

1.
0e

+0
8

1.
5e

+0
8

2.
0e

+0
8

2.
5e

+0
8

indice de la grille d espace

Lo
ng

ue
ur

 d
e 

po
rté

e 
am

on
t

xxobs

Be



σq = 1 τ = 30 · 103

L = 500
n = 1000 ∆t = 250

c = 1 · −1

κ = 500 2· −1

κ′ = 375 2· −1

100



xobs 10−3x

xobs = 250

xobs

σo = 0.5



a5) b5) c5)

a4) b4) c4)

a3) b3) c3)

a2) b2) c2)

a1) b1) c1)

10−3x

1 5

1 5 1 5



50

2

2 2

3 3

4 5

δx
δx

ρ(dx) =






exp

(
−

dx2

2Lp−

)
dx ≤ 0;

exp

(
−

dx2

2Lp+

)
dx ≥ 0.

δx
δx Lp+/Lp−

Lp+ Lp−



e−1/2

δx = 0.5 δx = 7.5.

δx

e−1/2

e−1/2

Lp− Lp+



103x

103Lp

Lp+

Lp−

103x

103Lp

Lp+

Lp−

ρ(Lp+) = ρ(−Lp−) = exp

(
−

1

2

)
.

x = 250 x = 325

75



103Lp

Lp−

Lp+
Lp+/Lp−

40

σb/σo

σb/σo σb

σo

Lp+/Lp−

σb/σo Lp+/Lp−

Lp+/Lp−

σb/σo



σb/σo

Lp

Lp+

Lp−

Lp−

Lp+

σb/σo

Lp+/Lp−

Lp+/Lp−

σb/σo

ln

(
Lp+

Lp−

)
= −1.03 ln

(
σb

σo

)
− 0.30.

Lp+/Lp−

τ

Lp+/Lp−

Lp+/Lp−

σb/σo

N = 10000



σb/σo

Lp





Lp−

}
Lp+

Lp−

Lp+ σb/σo

σb/σo

Lp+/Lp−

Lp+/Lp−

σb/σo

τ = 15 · · · 103 τ = 25 · · · 103 τ = 35 · · · 103

τ
σb/σo



x x

x x

Lp

x

Lp+

Lp−



σb

σo

Lp+

Lp−



α = c
∆t

∆x
β = 2κ

∆t

∆x2
θ = 2πζ∆x

|g|2 = α2 sin2 θ︸ ︷︷ ︸
A

+ (1 − β + β cos θ)2

︸ ︷︷ ︸
B

A ≤ 1 α ≤ 1
B ≤ 1 β ≤ 1

α2

β
≤ 1 α β

X = cos θ

|g|2 = ((1 − β) + βX)2 + α2(1 − X2)
= (β2 − α2) X2 + 2(1 − β)βX + (1 − β)2 + α2

β2 − α2 ≥ 0
|g|2 X = −1 X = 1
|g|2X=−1 = β2−α2−2(1−β)β +(1−β)2 +α2 = 4β2−4β +1 β ≤ 1

|g|2X=−1 ≤ 1
|g|2X=1 = β2 − α2 + 2(1 − β)β + (1 − β)2 + α2 = 1

|g| ≤ 1
β2 − α2 ≤ 0

|g|2 X =
(1 − β)β

α2 − β2

(1 − β)β

α2 − β2
≥ 1 ⇔ β ≥ α2

β ≥ α2 |g|2 X = 1
|g|2X=1 = 1

β < α2 |g|2 X =
(1 − β)β

α2 − β2

|g|2
X= (1−β)β

α2−β2

=
α2(1 − β)2

α2 − β2
+ α2 |g|2

X= (1−β)β

α2−β2

≤ 1 ⇔ β2 − 2α2β + α4 ≤ 0



β 3→ β2 − 2α2β + α4 β

β2 − α2 = 0
|g|2 = 2(1 − β)βX + (1 − β)2 + α2 X = 1
|g|2X=1 = 2(1 − β)β + (1 − β)2 + α2 = 1 + α2 − β2 = 1

|g| ≤ 1

α ≤ 1; β ≤ 1;
α2

β
≤ 1

c
∆t

∆x
≤ 1; 2κ

∆t

∆x2
≤ 1;

c2∆t

2κ
≤ 1

∂3h
∂x3

κ′ = κ −
c2∆t

2

κ−
c2∆t

2
≥ 0

h(x, t)

hκ(x, t) = qm

l0

l2(t)
exp

[
−

x − x0 − ct

2l2(t)

]
, l2(t) = l20 + 2κt.

κ
h

κn(t) h(x, t) = hκn(t)(x, t)
κn(t)

κ′

hm(t) h(x, t) = hκn(t)(x, t)

h2
m(t) = q2

m

l20
l20 + 2κn(t)t

κn(t)

κn(t) =




(

qm

hm(t)

)2

− 1



 l0

2t
.

κn(t)
κn(t) κn



0

0.025

0.050

0.075

0.100

0.125

0.150

0.175

0 50 100 150 200 250 300 350 400 450 10−3x

h

t
=

50
· 1

0
3

t
=

15
0
· 1

0
3

t
=

25
0
· 1

0
3

t
=

35
0
· 1

0
3

t
=

45
0
· 1

0
3

κ = 500 2· −1

0

0.05

0.10

0.15

0.20

0.25

0.30

0 50 100 150 200 250 300 350 400 450 10−3x

h

t
=

49
· 1

0
3

t
=

14
9
· 1

0
3

t
=

24
9
· 1

0
3

t
=

34
9
· 1

0
3

t
=

44
9
· 1

0
3

κ = 300 2· −1

N = 1000 l0 = 1



0

100

200

300

400

0 50 100 150 200 250 300 350 400 450 10−3t

κn(t)

κ = 300 κn = 91

κ = 500 κn = 380

κn

∆x = 500
c = 1 · −1

κ = 500 2· −1 ∆t = 250

κ′ = κ −
c2∆t

2
= 375 2· −1 κn = 380 2· −1

κ = 300 2· −1 ∆t = 416.7
κ′ = 91.7 2· −1 κn = 91

∂3h
∂x3

∂4h
∂x4

κn(t)

κ′

κ
κ




