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,
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E [εa] = E
[
(Xa − Xt)

]

= E
[
LXt + Lεb + KHXt + Kεo −Xt

]

= 0.
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A = (In×n − KH)B((In×n − KH))T + KRKT .
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Lp =

√
−1

%2ρ(0)
⇐⇒ Lp =

√
−1

d2ρ
dx2 (0)

⇐⇒ d2ρ

dx2
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L2
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.

ρ

ρ(δx) ≈ ρ(0) +
δx2

2
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dx2
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∂u

∂x
+

∂z

∂w
= 0,

∂u

∂t
+ u

∂u

∂x
+ w

∂u

∂z
= −

1

ρ

∂pt

∂x
+ g sin γ + νt∆u,

∂w

∂t
+ u

∂w

∂x
+ w
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∂z
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1

ρ

∂pt
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− g cos γ + νt∆w.
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= −g cos γ
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∂x
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5Un
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∂x
= κn

∂2h̃
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∂h
∂t + c∂h

∂h = κ∂
2h
∂x2 pour(x, t) ∈ [0, l] × R+

h(0, t) = q(t)
h(x, 0) = h0(x) x > 0
∂h
∂t (l, t) + c∂h

∂x(l, t) = 0 x = l

x = l

h(0, t) = q(t)

[0, l]
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N N
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(ti, xj) = (i∆t, j∆x) i ≥ 1, 1 ≤ j ≤ N
hi
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a0, . . . , a4 c κ
∆x ∆t

a0 =
c∆t

2∆x
+

κ∆t

∆x2
; a1 = 1 − 2κ∆t

∆x2
; a2 = − c∆t

2∆x
+

κ∆t

∆x2
; a3 =

c∆t

dx
; a4 = 1 − c∆t

dx
.

x = 0 i =
(

q(i∆t) 0 · · · 0
)T

i+1 = i + i+1.

‖h‖2 = ‖ĥ‖2

̂hj(x + ∆x)(ζ) = e−2iπ∆xĥj(x)(ζ).

ĥi+1 − ĥi

∆t
+

c

2∆x

(
e2iπζ∆x − e−2iπζ∆x

)
ĥi − κ

∆x2

(
e2iπζ∆x − 2 + e−2iπζ∆x
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ĥi = 0

g

g(ζ) =
ĥi+1

ĥi
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i sin(2πζ∆x) + 2

κ∆t

∆x2
(cos(2πζ∆x) − 1) .

∀ζ ∈ R |g(ζ)| ≤ 1
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α = c
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∆x2
≤ 1;

α2
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≤ 1.

∆t
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∆x

c
;
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2κ
;
2κ

c2
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∆x ≤ 1

2κ ∆t
∆x2 ≤ 1

c2∆t
2κ ≤ 1

c = 1 · −1 κ = 500 2· −1 L = 500 N = 1000
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∂t
+ c
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∂x
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∆t

2

∂2ν
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+ ∆x2

(
c

6

∂3ν

∂x3
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12

∂4ν

∂x4
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+ O(∆t2,∆x3)

︸ ︷︷ ︸
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ε ε
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∂t2
= c2∂

2ν

∂x2
− 2cκ

∂3ν

∂x3
+ κ2∂
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∂x4

∂ν

∂t
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∂x
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c∆x2

6
+ cκ∆t

)
∂3ν

∂x3

︸ ︷︷ ︸
=

(
κ− c2∆t

2

)

︸ ︷︷ ︸
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∂2ν
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(
κ2∆t
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− κ∆x2

12
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∂4ν

∂x4
+ O(∆t2,∆x3)

κ′ = κ − c2∆t
2

κ′

κ′ = 0
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dt
(x, t) = f(t, h)
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f(t, h) = κ
∂2h

∂x2
− c

∂h

∂x
.

h(0, t) = q(t)
h(x, 0) = h0(x) x > 0
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f(t, hi) = −c
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2∆x
+ κ
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hi
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Mn(ti, hi) ∆t
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∆t

yi N i

y0

k1 = ∆tf(t, y0) y1 = y0 y1 = y0 + k1
2

k2 = ∆tf(t + ∆t
2 , y1) y2 = y0 y2 = y0 + k2

2

k3 = ∆tf(t + ∆t
2 , y2) y3 = y0 y3 = y0 + k3

k4 = ∆tf(t + ∆t, y3)
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k1

6
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k2
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+

k3

3
+

k4
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+ O(∆t5)
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qm

ρforcage(δt) = 〈q(t)q(t + δt)〉 = q2
mexp(− δt

2τ 2
)
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q

ζ

ζ(t) =
∑

n

ζnen(t), ζn ∼ N (0, 1).

ζn
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〈
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∗
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〉
= δpq.



δpq.

L L
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en L

Len = lnen, ln

q(t) = Lζ(t) =
∑

n

ζnlnen(t).

ln ζn

ln

ln q

ρ(δt) = 〈q(t)q(t + δt)∗〉.

ρ(δt) = 〈q(t)q(t + δt)∗〉 =
∑

p,q
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∑
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∗
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∑

p
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∗
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∑
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|lp|2ep(δt).

ρ
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ρ(δt) =
∑
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q(t) =
∑

n
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∑

n
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√
|ρn|en(t).
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ρ(t) = e
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ρ
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∂h
∂t + c∂h

∂h = κ∂
2h
∂x2

h(0, t) = q(t)
h(x, 0) = h0(x) x > 0

c κ q(t) x = 0 h0

q

q(t) =

∫
qωeω(t)dω.

qω
q

〈qω1q
∗
ω2〉 = |qω1|2δ12,



δ12

|qω|2 = |q|ω||2

ρ(δt) = 〈q(t)q(t + δt)∗〉 =

∫
ρωe

iωδtdω =

∫
|qω|2eiωδtdω

q(t)

{
ρ(δt) = e−δt

2/2τ2

|qω|2 = ρω = eω
2τ2/2

q(t) = qωeω(t) h(x, t) = qωe−iωthω(x)

{
h(x, t) =

∫
qωe−iωthω(x)dω.

hω(0) = 1.

ft

ft(x, x + δx) = 〈h(x, t)h(x + δx, t)∗〉,






∂h
∂t + c∂h

∂x = 0
h(x, t) = qωe−iωthω(x)
hω(0) = 1

∂h

∂t
+ c

∂h

∂x
= 0 ⇔ −iωhω + ch′

ω = 0 ⇔ h′
ω =

iω

c
hω

{
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ω = iω

c hω
hω(0) = 1

h(x, t) = Csteiω x
c

k = ω
c

h(x, t) = qωe
ik(x−ct).

{
q(t) =

∫
qωe−iωtdω

h(x, t) =
∫

qωeik(x−ct)dω.



ft(x, x + δx) = 〈h(x, t)h(x + δx, t)∗〉

= 〈
∫

ω

qωhω(x)dω

∫

β

q∗βhβ(x + δx)∗dβ〉

=

∫
|qω|2hω(x)hω(x + δx)∗dω

=

∫
|qω|2eiωδx/cdω

q δt = δx/c

ft(x, x + δx) = ρ(δx/c)

ft q
f
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t x
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∂t + c∂h

∂x = k ∂
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∂x2

h(x, t) = qωe−iωthω(x)
hω(0) = 1

hω

∂h
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∂h

∂x
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kZ2 − cZ + iω = 0

z+/− = c
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√
c2−4iωk

2k

hω(x) = Aez+x + Bez−x

A 3= 0 lim
x→∞

|hω(x)| = ∞
A = 0 hω(0) = 1 B = 1
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2k

−
√
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2k
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∫
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∫
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f(x, x + δx) = 〈h(x, t)h(x + δx, t)∗〉
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= 〈
∫

ω
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∫
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=

∫
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Be

q(t)

q (Xk) k ∈ [1, Ne]
N

Be

(Xk)

Be =
1

Ne

Ne∑

k=1

((Xk − X)(Xk − X)T ),

X =

Be N2

N
Be

Be

ρ(0) = 1, ρ(δx) =
Be(i, i + 1)√

Be(i, i)Be(i + 1, i + 1)
et ρ(−δx) =

Be(i, i − 1)√
Be(i, i)Be(i − 1, i − 1)

.



L+
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δx√
2(1 − ρ(δx))
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p =

−δx√
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Lp2(x) = Lp2
0 + 4κx

c .

κ
τ Lp0

κ 1 c2τ 2 κx
c

1er κ T

κ [1250−3000]

10 20

Lpexp Lpth

Lp(1) 3.28 3
Lp(100) 19.31 22.44
Lp(200) 30 31.68

κ 1250 500

Lpexp Lpth

Lp(3) 7.3 6.4
Lp(100) 32.74 35
Lp(200) 57.6 49.24

κ 3000 Ne = 500 Lp0 5

2me κ T



Lpexp Lpth

Lp(3) 5.21 5.8
Lp(100) 13.44 18.02
Lp(200) 18 25

κ 750 Ne = 500 Lp0 5

200 20
2
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κ 750 Ne = 500 Lp0 5 aexp 1.8 ath 3
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Lpexp Lpth

Lp(3) 2.57 2.33
Lp(100) 6.89 7.21
Lp(200) 12.43 9.75

κ = 120 lp0
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κ = 120 Lp0 = 5km T = 1.25T
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.
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[0, T ] u(x, 0) =
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T √
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√
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√
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i · · · )

Λ
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T
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[0, l] × R+

∆x = l
N N

∆t > 0
(ti, xj) = (i∆t, j∆x) i ≥ 1, 1 ≤ j ≤ N

tm = m∆t

u(0, t) = u(t, l) = 0 t > 0
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1 = ui
N = 0 i > 0
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j
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= κ
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tm−1 tm

u(x, tm) = u(x, tm−1) + κ∆t
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∂x2
u(x, tm−1)

u(x, tm) =

(
1 + κ∆t

∂2

∂x2

)
u(x, tm−1)

u(x, tm) = Le(u(x, tm−1)

[0, T ] Le

[
1 + κ∆t

∂2

∂x2

]M

u(x, T ) = LM
e (u(x, T ))

∆t T = M∆t



LM
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[
1 + κ∆t

∂2

∂x2

]M

CM = e−x2/4κM∆t

L
√

2κM∆t
Lc L(

Lc

∆x

)2

λ
√

2πL

L
√

2κT

κ(x)

L
√

2κT

L+
p =

δx+

√
2(1 − ρ(δx+))

.

Lp Lp(x) =

[
L+

p + L−
p

]

2
.

κ(x) =
L2

p(x)

2T
.

{
∂tu(x, t) = ∂x(κ(x)∂x)u(x, t)
u(x, 0) = δxo(x), u(0, t) = u(t, l) = 0.
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x
Lp2(x) = Lp2

0 + 4κx
c .

Be,assim

Be,assim,param



Be,assim,param

Xt Xb Xa

Yo

Xa
i+1 = Xb

i+1 + K(Yo(ti+1) −Hi+1X
b
i+1)

Xb
i+1 = Mi,i+1 (Xa

i )

K = BHT
(
HBHT + R

)−1
.

Mi,i+1 ti ti+1 H
X

∂H
∂X

= H.

H

H = ( 0 · · · 0 1 0 · · · 0 )



R B

R

R p
R p× p R

R
σ2

o 10−2m2

h 10% σ2
o(h) 10−2h2

B

B

ρB(x, x′) = exp(− (x − x′)2

2lB(x, x′)2
)

lB(x, x′) (x, x′)

xobs ρB(x, xobs) ρB

B

ha(x, ti) = hb(x, ti) + [hobs(ti) − hb(xobs, ti)]
σ2

b

σ2
o + σ2

b

exp

[
(x − xobs)2

lB(x, xobs)

]
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α = c
∆t

∆x
β = 2κ

∆t

∆x2
θ = 2πζ∆x

|g|2 = α2 sin2 θ︸ ︷︷ ︸
A

+ (1 − β + β cos θ)2

︸ ︷︷ ︸
B

A ≤ 1 α ≤ 1
B ≤ 1 β ≤ 1

α2

β
≤ 1 α β

X = cos θ

|g|2 = ((1 − β) + βX)2 + α2(1 − X2)
= (β2 − α2)X2 + 2(1 − β)βX + (1 − β)2 + α2

β2 − α2 ≥ 0
|g|2 X = −1 X = 1
|g|2X=−1 = β2−α2−2(1−β)β+(1−β)2 +α2 = 4β2−4β+1 β ≤ 1

|g|2X=−1 ≤ 1
|g|2X=1 = β2 − α2 + 2(1 − β)β + (1 − β)2 + α2 = 1

|g| ≤ 1
β2 − α2 ≤ 0

|g|2 X =
(1 − β)β

α2 − β2

(1 − β)β

α2 − β2
≥ 1 ⇔ β ≥ α2

β ≥ α2 |g|2 X = 1
|g|2X=1 = 1

β < α2 |g|2 X =
(1 − β)β

α2 − β2

|g|2
X= (1−β)β

α2−β2

=
α2(1 − β)2

α2 − β2
+ α2 |g|2

X= (1−β)β

α2−β2

≤ 1 ⇔ β2 − 2α2β + α4 ≤ 0

β 8→ β2 − 2α2β + α4 β



β2 − α2 = 0
|g|2 = 2(1 − β)βX + (1 − β)2 + α2 X = 1
|g|2X=1 = 2(1 − β)β + (1 − β)2 + α2 = 1 + α2 − β2 = 1

|g| ≤ 1

α ≤ 1; β ≤ 1;
α2

β
≤ 1

c
∆t

∆x
≤ 1; 2κ

∆t

∆x2
≤ 1;

c2∆t

2κ
≤ 1

∂3
xh

κ′ = κ −
c2∆t

2

κ−
c2∆t

2
≥ 0

h(x, t)

hκ(x, t) = qm

l0
l2(t)

exp

[
−

x − x0 − ct

2l2(t)

]
, l2(t) = l20 + 2κt.

κ
h

κn(t) h(x, t) = hκn(t)(x, t)
κn(t)

κ′

hm(t) h(x, t) = hκn(t)(x, t)

h2
m(t) = q2

m

l20
l20 + 2κn(t)t

κn(t)

κn(t) =




(

qm

hm(t)

)2

− 1



 l0
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κn(t)
κn(t) κn

∂3
xh ∂4
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κn(t)

κ = 300 κn = 91

κ = 500 κn = 380

κn

∆x = 500
c = 1 · −1

κ = 500 2· −1 ∆t = 250

κ′ = κ−
c2∆t

2
= 375 2· −1 κn = 380 2· −1

κ = 300 2· −1 ∆t = 416.7
κ′ = 91.7 2· −1 κn = 91

κn(t)

κ′

κ
κ

∂x (κ(x)∂xu(x, t))

Γ κ(x)u(x + δx) − κ(x)u(x) − κ(x − δx)u(x) + κ(x − δx)(x − δx)

Γ : δx2 [∂xu∂xκ + κ∂2
xu]

u(x + δx) = u(x) + δx∂xu +
δx2

2
∂2

xu + O(δx3)

κ(x − δx) = κ(x) − δx∂xκ +
δx2

2
∂2

xκ + O(δx3)



Γ
δx2

2
κ(x)∂2

xu + κ(x)
δx2

2
∂2

xu + δx2∂xκ(x)∂xu + O(δx3)

Γ δx2 [κ(x)∂2
xu + ∂xκ(x)∂xu] O(δx3)

1

∆x2
(K iui+1 − K iui − K i−1ui + K i−1ui−1)

y′ = f(x, y)

xn+1 = xn + h xn x0

∆y = ∆xf(x, y) = hf(x, y)

A.3 h → 0

yn+1 = yn + hf(xn, yn),

yn+1 = yn + hf(xn, yn) + O(h2)

h2

Mn

Mn+1

Mn+1 y
k1 = hf(xn, yn)



k1 = hf(xn, yn)

B

σq = 1
τ = 5 · 103 L = 200

N = 200 ∆t = 125

c = 1 · −1 κ = 120 2· −1
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ρ(δx) =






exp

(
−

δx2

2Lp−

)
δx ≤ 0;

exp

(
−

δx2

2Lp+

)
δx ≥ 0.
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δx

Lp+ Lp−

ρ(Lp+) = ρ(−Lp−) = exp
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−

1

2

)
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δx
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α β
κ 120 c = 1 Dt = 125

DtEuler = 120 κ 100 c = 1 Dt = 125 DtEuler = 200

lp0 2

qm = 1 τ = 2.103s τ =
15.103s.

Be

Be

Lp = 5km

κ 750 Ne = 500 Lp0 5 aexp 1.8
ath 3

lp0
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κ 120 Ne = 10000 Lp0 5
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2
= 375 2· −1 κn = 380 2· −1
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416.7 κ′ = 91.7 2· −1 κn = 91

k1 = hf(xn, yn)
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