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b CERFACS,

Abstract
Large Eddy Simulation (LES) with Conjugate Heat Transfer (CHT) is used to analyze the impact of H2 -enrichment
on the flame structure and combustion dynamics of a lean partially-premixed turbulent CH4 /Air swirling flame. Experimentally, the combustor is operated at atmospheric pressure with H2 fuel fractions of up to 50%, by volume.
LES-CHT results are compared and validated against time-resolved stereo PIV, OH* chemiluminescence, OH-PLIF
imaging and acoustic pressure measurements. In terms of dynamics, for the pure CH4 and 20% of H2 enrichment
cases, no thermoacoustic oscillation is observed in either the experimental or numerical data. As the fuel fraction of
hydrogen is increased, the flame length reduces due to the increase in laminar flame speed and the heat release rate
distribution becomes more compact. CHT simulations reveal that H2 -enrichment leads to higher temperatures at the
centerbody tip. At 50% H2 , in agreement with experiments, LES predicts a bi-modal thermoacoustic oscillation, with
two main frequencies corresponding to the quarter and chamber modes of the system. Dynamic Mode Decomposition
is performed on the measured OH-PLIF images and LES 3D fields to extract each mode contribution to the overall
flame dynamics. It is observed that both modes are characterized by local variations of equivalence ratio, while only
the higher frequency (chamber) mode is characterized by vortices periodically detaching from the backplane and the
centerbody walls causing a strong periodic wrinkling of the flame front during the thermoacoustic oscillation.
Keywords: H2 -enrichment, Thermoacoustic instabilities, Large Eddy Simulation, Turbulent flames, Conjugate Heat
Transfer
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tor walls increases, underlining the importance of the
thermal boundary conditions in controlling H2 -enriched
flames. In numerical investigations, this renders impossible the use of simplified thermal wall treatments
such as imposing adiabaticity [34] or an arbitrary wall
temperature field [35, 36, 37] when H2 -enriched flames
are investigated. A more complex and realistic Conjugate Heat Transfer (CHT) approach should instead
be preferred as recently discussed by multiple studies [38, 39, 40, 41]. A more comprehensive discussion
on the heat transfer modeling for the accurate numerical
prediction of swirled-stabilized flames dynamics could
be found in Ref. [39].
A comprehensive review on the effect of hydrogen
addition on flame dynamics and thermoacoustic instabilities for gas turbine application has been recently presented by Beita et al. [42] so only some of the recent
publications are hereafter reported. In brief, hydrogen
modifies the flame shape, altering the gain and phase of
the corresponding Flame Transfer Function (FTF), e.g.
Refs. [43, 44, 45, 46]. As a result, hydrogen addition
can affect self-sustained combustion instabilities in a
variety of (seemingly) contradictory ways based on the
conditions in which the analyses are performed. Multiple studies show that variations in hydrogen content can
cause a shift in the acoustic modes of combustors [47,
48, 49, 50, 51] or flame shape promoting self-sustained
oscillations in longitudinal [26, 30, 52, 53, 13, 54] and
annular combustors [55, 56]. Other studies observe a
stabilization of the oscillations when hydrogen is added,
e.g. Refs. [57, 7, 58]. Kang and Kim [59] demonstrate
that lean-premixed and ultra-compact pure hydrogen
flames can trigger high-frequency instabilities while the
system remains completely stable in the low frequency
range. Similar results have been found also by Taamallah et. al [60]. Recently, Datta et al. [61] and Kushwaha
et al. [62] analyzed the impact of hydrogen enrichment
on the dynamics of methane swirled-stabilized flames,
pointing out that hydrogen enrichment can trigger limit
cycle as well as chaotic or intermittent thermoacoustic
oscillations. From numerical investigations, in agreement with experimental finding, Nam and Yo [57] show
that adding hydrogen can inhibit a thermoacoustic instability. A doubling of the oscillation amplitude of
high-frequency modes is observed in numerical simulations of a full scale DLE burner from Siemens for
when the low frequency instability is damped by hydrogen enrichment [63]. These few examples do not show
however a thorough comparison with experiments and
a complete evaluation of the state of the art LES modeling. Therefore, despite the large potential of Large
Eddy Simulation (LES) in predicting reactive flows in

1. Introduction
Hydrogen is rapidly becoming one of the most exciting topics of discussion in the combustion community [1, 2, 3]. Although aeronautical and power generation industries have reached low emission levels with
conventional fuels [4, 5, 6], both are considering hydrogen and hydrogen-rich gases (e.g. syngas) as a solution to reduce their impact on the environment to comply with European Union future regulations on emissions. An appealing strategy prior to fuel decarbonization is to implement H2 in existing or modified gas turbines [7]. However, the different chemical properties of
H2 compared to classical hydrocarbon fuels must be accounted for when considering this type of application.
The high reactivity of hydrogen and its wide flammability range [8, 9] together with the high flame speed [10]
can enhance the flame stabilization at lower equivalence
ratios but, at the same time, it can increase the risk of
unwanted phenomena such as flashback [11, 12] or thermoacoustic instabilities [13, 14, 15, 16].
For laminar flames, multiple numerical and experimental studies demonstrate the impact of H2 enrichment in CH4 /air flames through the change of the
mixture laminar flame speeds [17, 18, 19], lean blowoff and extinction limits [20, 21] or potential changes
in stabilization mechanisms or instabilities [22]. In the
experimental work of Schefer et al. [23], the effect of
hydrogen addition on the flame stability and blowout
for a lean premixed swirl-stabilized methane/air flame
showed that hydrogen addition increases the peak OH
concentration which leads to a significant change in the
flame structure: it becomes shorter and more robust. A
similar hydrogen addition effect is observed by Cozzi et
al. [24] in a non-premixed unconfined configuration featuring a swirling flow: a shorter flame stabilized closer
to the burner is obtained when hydrogen enrichment is
considered. Flame stabilization has been analyzed by
Guiberti et al. [25] and Shanbhogue et al. [26], showing
that the probability of stabilizing confined swirled Mflame increases with H2 concentration in the fuel mixture. Similar conclusions have been found also in other
studies, e.g. Refs. [27, 28, 29, 30, 31]. Numerically,
recent work by Laera et al. [32] analyzes the case of
a direct H2 injection through a pilot lance typical of
land-based gas turbines or aeroengines [6], opening new
questions on the resulting flame structure and stabilization mechanisms, highlighting the importance of transport property modeling when dealing with hydrogen, a
well-known issue for classical single-fuel systems [33].
In all these studies, the flame clearly approaches the
combustor walls so the thermal load on the combus2
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complex industrial configurations [64, 65, 66, 67], numerical simulations have not been extensively used to
predict burner acoustic stability due to H2 addition and
research is still needed.
This work proposes high-fidelity LES to fully analyze the impact of H2 -enrichment on flame shape and
stabilization, thermal load on combustor components as
well as flame thermoacoustic dynamics while evaluating state of the art LES modeling in this specific context and validating the predictions against a full set of
high-quality experimental data. Note that for our work,
the simulations are compared to experiments performed
using the PRECCINSTA gas turbine model combustor [68, 69] operated with methane with up to 50% hydrogen admixture (by volume). On the modeling side,
to account for heat-transfer and analyze the effect of
H2 addition on the burner thermal load, CHT simulations are performed by coupling the AVBP LES solver
with the AVTP heat-conduction solver [70, 71]. For
the CH4 -H2 /Air combustion, an Analytically Reduced
Chemistry (ARC) mechanism is employed (see Supplementary Material) together with a dynamic formulation
of the Thickened Flame LES (DTFLES) combustion
model [72]. The experimental and the numerical setups
are presented in section 2. Experimental measurements
and numerical predictions are then detailed in section 3.
In terms of dynamics, the 0% H2 and the 20% H2 (stable) flames are presented in sections 3.1 and 3.2, respectively. The 50% H2 flame, which exhibits bi-modal
thermoacoustic oscillations, is presented in section 3.3.
Finally, the effect of H2 addition on the flame stabilization and shape (section 4.1), the thermal load and fluid
temperature (section 4.2) as well as the flame dynamics
(section 4.3) are discussed.
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Figure 1: (a) Schematic of the PRECCINSTA: injector with combustion chamber and normalized time-averaged line-of-sight (LOS) OH*
chemiluminescence for the pure CH4 flame. (b) Computational domain used in LES with overview of the fluid mesh. The instantaneous
isocontour of CH4 (colored in red) helps visualize the technical injection of the fuel in the swirled flow.

mentum, a good air/fuel mixing is ensured before entering the combustion chamber although local equivalence ratio variations have been observed in previous studies both in thermoacoustically stable and unstable conditions [68, 39, 73]. The combustion chamber has a square section of 85 x 85 mm2 and quartz
windows (thickness 1.7 mm) to allow for optical access
for diagnostics. At the end of the combustion chamber, the hot gases exit through a cone-shaped exhaust
pipe. Several laser diagnostic techniques are applied
in this study. Using Stereoscopic Particle Image Velocimetry (sPIV), measurements of the three velocity
components are performed in the axial-radial plane of
the combustion chamber. Planar Laser-Induced Fluorescence (PLIF) measurements of OH radicals are also
performed to visualize the flame structure together with
LOS integration of OH* chemiluminescence. Note that
OH* chemiluminescence is a commonly accepted, qualitative proxy for heat release in lean, premixed hydrocarbon flames [74, 75, 76, 77, 78], and has been used
extensively to characterize the release dynamics in the
PRECCINSTA burner [79, 68, 80, 81, 82, 83, 84].
Different experimental [68, 85, 86, 69, 62, 61] and
numerical [73, 87, 88, 35, 89, 90, 91, 92, 93, 94, 95,
96, 39] studies have been carried out to analyze swirlstabilized flames of methane and natural gas in the
PRECCINSTA test bench. First analyses of the thermoacoustic oscillations were performed via compressible LES by Roux et al. [89] and Franzelli et al. [73],
achieving good prediction of the oscillation. Fredrich et
al. [88, 95] also recently detected the reported thermoacoustic instability with a fully-compressible LES-pdf
approach achieving even better prediction of the oscillation frequency. More studies focused on the impact of
detailed chemistry [87], sub-grid scale closure for premixed turbulent combustion [92], combustion DTFLES

2. Experimental and numerical setups
2.1. The PRECCINSTA combustor
The PRECCINSTA gas turbine combustor operated
by DLR [68] is presented in Fig. 1(a) illustrating the
injector, the combustion chamber and the normalized
time-averaged Line-of-sight (LOS) OH* chemiluminescence image for the reference pure CH4 flame. In this
setup, dry air is fed at ambient temperature through
the plenum and 12 radial swirl channels impose a
swirling motion to the flow before entering the combustion chamber. The fuel is injected into the air stream
through 12 small holes located within the radial swirler
in a “technically premixed” mode, i.e. in a manner similar to how one would achieve premixing in a technical combustor system [68]. Thanks to the high mo3
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the SIGMA turbulent closure is used for the sub-grid
stresses [98]. The LES computational grid consists of
76M tetrahedral cells. Note that the grid was refined
in the flame region applying static mesh adaptation criteria [96]. The final mesh has a characteristic size in
the flame zone just downstream of the centerbody tip
of ∆ x = 200 µm assuring a y+ value lower than unity
at the centerbody tip and y+ ∼ 3 at the chamber and
backplane walls, hence allowing the use of a wall resolved LES approach (no slip conditions on all walls)
and a reasonable estimation of the thermal boundary
layer2 . H2 -enrichment, in comparison to conventional
fuel flames, is known to reduce the flame thickness making it difficult to resolve the flame front on the computational grid while requiring reasonable High Performance Computing (HPC) resources. In terms of modeling, in the following, the dynamic formulation of the
thickened flame model (DTFLES) [72] is used. Since
a thickened reactive layer is less sensitive to turbulence, an efficiency function Ξ∆ is introduced to compensate for the corresponding reduction of the flame
surface [97, 100]. Note that following previous work
of Volpiani et al. [94] on the same configuration, a
dynamic formulation of the Charlette efficiency function [100] is used to allow an on-the-fly local estimation of the model parameter βCh . CH4 -H2 /Air was modelled using a novel Analytically Reduced Chemistry
(ARC) mechanism consisting of 18 transported species,
144 reactions, and 12 quasi-steady state species, derived from the detailed PoliMi scheme [101] using ARCANE [102]. This kinetic scheme has been validated
through Cantera ( www.cantera.org ) calculations of a
1D-premixed and 1D-counterflow flames against experimental data and detailed schemes (see Supplementary
Material). This approach is chosen over more conventional 2 step schemes because of the need to consider
different bi-fuel mixture compositions. Note also that
the transport property model here used is the simplified one that consists of determining the viscosity using
Sutherland’s law, in deducing the mixture heat conductivity from a constant Prandtl number and in computing each species diffusivity based on a constant Schmidt

Table 1: Summary of the operating conditions considered in the
present work.

model with a dynamic wrinkling formulation [94] and
mesh sensitivity [35, 96]. An analysis of the wall heat
transfer impact on the thermoacoustic behavior of this
test rig has since then been performed, showing that stable flame prediction in agreement with experiments can
be achieved only with CHT simulations [39]1 .
Experimentally and very recently, the rig has been operated with different H2 -enrichment levels (up to 50%
in volume) to analyze the effect on the flame dynamics and the flame stabilization process. Results of this
test campaign on the flame stabilization and dynamics
have been presented in recent publications by Datta et
al. [61] and Kushwaha et al. [62], respectively. Starting
from these results, the present article presents LES simulations to complement experimental observations and
gain in physical understanding by focusing on a smaller
set of operating conditions and quantifying the effect of
hydrogen addition on the flame stabilization and its dynamics as well as the thermal load on the combustor
walls. The operating conditions considered for a global
equivalence ratio of ϕ = 0.8 and a thermal power of Pth
= 10kW are summarized in Table 1. Case A refers to
the condition without hydrogen admixture [39]. Cases
B and C refer to flames fueled by methane with 20% and
50% admixture of hydrogen (by volume), respectively.
Note that, experimentally, whereas Cases A and B were
quite stable, Case C experienced significant thermoacoustic oscillation.
2.2. LES numerical setup
Figure 1(b) presents the computational domain used
in this study. The inlet fuel geometry is simplified
into 12 small tubes (colored in blue) without the fuel
plenum: to help visualize the technical fuel injection
in the swirled flow, an instantaneous isocontour of CH4
is shown in red. LES is performed using the AVBP
code (cerfacs.fr/avbp7x/index.php) solving the compressible Navier-Stokes multi-species equations. The
TTGC scheme (third order in time and space) is used
for the discretization of the convective terms [97] and

2 Note that, for the used value of y+, the first point of the mesh is
located in the viscous sub layer, where the velocity profile is almost
linear. This allows for a correct estimation of the velocity boundary
layer, and therefore of the friction at the wall. For substances such as
air, the thermal boundary layer is even larger than the velocity boundary layer, being the Prandtl number below one [99]. In the present
case, the Prandtl number reads 0.69, leading to a thermal boundary
layer thickness larger than the velocity one. This means that the thermal boundary layer is even more easily resolved than the hydrodynamic layer, assuring a correct estimation of the heat transfer at the
wall.

1 Most studies have analyzed the stable flame (equivalence ratio
ϕ = 0.83 and thermal power Pth = 30kW) and the unstable flame
experiencing a thermoacoustic limit cycle at 290 Hz (ϕ = 0.7 and Pth
= 25 kW) as reported by Meier et al. [68].

4

Stainless steel
λ s = 15 W/(m K)

Spectrum amplitude [Pa]

Inconel
λ s = 13 W/(m K)

h = 100 W/(m2 K)

Quartz
λ s = 1.4 W/(m K)

(a)

(b)

EXP
Frequency [Hz]

LES
Frequency [Hz]

h = 15 W/(m2 K)

Figure 3: Amplitude of the Discrete Fourier Transform (DFT) of
(a) the experimentally measured pressure fluctuations recorded in the
plenum (blue) and in the combustion chamber (black) as well as (b)
LES predicted signals of heat release rate (red), pressure in the plenum
(blue) and in the combustion chamber (black). Case A: 0% H2 [39].

Figure 2: Computational domain used in CHT simulations with
overview of the solid (red) and fluid (black) meshes. Assumed thermal
boundary conditions and thermal conductivities λ s are indicated [39].

mal boundary conditions must instead be indicated for
the surfaces of the solid not in contact with the fluid
domain (e.g. external chamber walls, external plenum
walls). The required heat exchange coefficients at these
boundaries have been determined for the external side
of the chamber and plenum walls (Fig. 2). Finally,
thermal radiation from the hot gases is taken into account by the AVBP LES solver through an Optically
Thin Assumption (OTA) [104] for the most radiating
species CH4 , CO, CO2 , and H2 O: gases are assumed to
be optically thin and re-absorption is neglected while
the Planck mean-absorption coefficients are provided
for each species as polynomial functions of temperature [105]. Further details and validation of CHT modelling could be found in Ref. [39].

number specific for each species. Hence, the use of the
simplified model takes into account the non-unity Lewis
number and the different species diffusivity but neglects
the Soret effect and the variations of the Schmidt and
the Prandtl number which are marginal for the H2 molar
fraction here considered [32]. Inlet and outlet boundary conditions are treated with the Navier-Stokes Characteristic Boundary Conditions (NSCBC) [103] with a
relaxation factor of Kair = 50 s−1 and K f uel = 5 × 105 s−1
imposed on the air and fuel inlets3 , respectively [39].
At the same time, heat-transfer at the walls is accounted for with the CHT approach, by coupling the
AVBP LES code with the AVTP solid conduction
code [70, 71]. In such a case, AVBP and AVTP run in
parallel and exchange the solid surface temperature T s
and the heat flux Φq at the boundaries. The CHT computational domain is shown in Fig. 2 where the solid
mesh is indicated in red and the fluid one is in black.
The solid parts are discretized using 16M tetrahedral
elements and a resolution of at least 5 points across
the thin chamber walls. For the conduction case, an
implicit first-order Euler scheme is used for time integration and a second-order Galerkin diffusion scheme
is applied for spatial discretization. Heat fluxes at the
solid boundaries in contact with the fluid are determined
from the LES solution. For example, the centerbody
surface temperature, which is critical for flame root stabilization, is the result of the balance between the heat
taken from the hot flow at the centerbody tip and the
heat given to the fresh gases along the walls. Ther-

3. Experimental measurements and LES predictions
Numerical and experimental data acquired for Cases
A (section 3.1), B (section 3.2) and C (section 3.3) are
hereafter presented.
3.1. Case A: pure CH4 flame
Figure 3(a) presents the amplitude of the Discrete
Fourier Transform (DFT) of the experimentally measured pressure fluctuations recorded in the plenum
(blue) and in the combustion chamber (black). The
combustion chamber microphone probe is mounted in
the corner post, 20 mm downstream of the backplane
of the burner (as the LES probe). No thermoacoustic
activity is observed for this operating condition. The
spectrum is characterized by two modes, at 260 Hz and
480 Hz, with peak amplitudes smaller than 10 Pa (in the
combustion chamber). In agreement with experiments,
LES predicts a stable flame (Fig. 3(b)) where limited

3 Note the acoustic impedance of the air and fuel lines have been
recently verified to have only marginal impact on the thermoacoustic
flame dynamics. More information can be found in Ref. [39]
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Figure 4: (a) Comparison of experimentally measured normalized time-averaged Line of Sight (LOS) OH* chemiluminescence image with LOS
predicted heat release rate q̇. (b) Comparison of experimentally measured normalized time-averaged OH-PLIF signal with predicted OH mass
fraction YOH . The arrows show the component of the time averaged velocity field in the plane v#»//. Case A: 0% H2 [39].

correlation is observable between pressure and heat release rate fluctuations 4 .
A visualization of the flame shape is presented in
Fig. 4. The normalized time-averaged LOS OH* chemiluminescence image and LOS field of the numerically
predicted heat release rate q̇ are presented in Fig. 4(a)
and show the LES to predict the correct flame length
and angle. A region of high heat release rate is predicted
in the top central part of the flame while low intensity is
predicted in the Central Recirculation Zone (CRZ), just
downstream of the centerbody. The flame tip shape and
the distance from the external chamber walls are also
well recreated. Comparison of the normalized timeaveraged OH-PLIF signal with the predicted OH mass
fraction is shown in Fig. 4(b). The measured and computed time-averaged velocity fields in the plane v#»// are
indicated by arrows that are tangential to the velocity
vector and whose length and color indicate the velocity
magnitude. Both in experiments and LES, a high velocity region (i.e. white arrows) is present at the swirler
exit. The CRZ is indicated by the downward velocity
vectors while in the Outer Recirculation Zone (ORZ)
the velocity component in the plane is very weak [39].

(b) LES

Fluctuations amplitude
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Spectrum amplitude [Pa]
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(c)EXP
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Figure 5: (a) Experimentally measured and (b) LES predicted fluctuations of pressure in the plenum (blue) and in the combustion chamber
(black). The red line reports (a) volume-integrated OH* chemiluminescence signal and (b) heat release rate. (c-d) Signals DFT amplitude. Case B: 20% H2 .

of the volume-integrated OH* chemiluminescence signal (red) appear not to be strongly correlated to the
pressure fluctuations. Similarly to Case A, only small
peaks appear in the DFT (Fig. 5(c)), confirming that no
strong self-excited pulsation takes place although levels
reached are higher than Case A. The time-series (computed via LES) of the heat release rate (red) and pressure
signal in the plenum (blue) as well as at the combustion
chamber backplane (black) are presented in Fig. 5(b).
The (numerically) computed pressure fluctuation amplitude in the chamber and in the plenum is of the order of
400 Pa and corresponds to the level observed experimentally (Fig. 5(a)). Like in the experimental data, heat
release rate fluctuations do not appear to be strongly cor-

3.2. Case B: 20% H2 enrichment
Figure 5(a) presents the pressure fluctuations
recorded for Case B (20% H2 ) in the plenum (blue)
and in the combustion chamber (black) as well as
the volume-integrated OH* chemiluminescence signal
(red). The pressure signal shows fluctuation levels of
400 Pa in the plenum, while the amplitude in the combustion chamber is close to 200 Pa. The fluctuations
4 Note that this pure CH flame was extensively investigated in a
4
previous work of the same authors and a detailed validation and analysis of numerical predictions can be found in Ref. [39].
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Figure 6: Case B: 20% H2 . Comparison experiments/LES (a-b) labelled as in Fig. 4.

Fluctuations amplitude

related with pressure fluctuations as confirmed by the
corresponding DFT presented in Fig. 5(d). Numerically,
a stronger peak is predicted for the chamber pressure at
430 Hz 5 but it appears to be not correlated with heat
release rate fluctuations, leading to the conclusion that
the 20% H2 -enrichment does not lead to significant differences in the flame dynamics when compared to the
pure CH4 case. At most, this case produces more noise.
Figure 6(a) compares the normalized time-averaged
LOS OH* chemiluminescence image with LOS of the
numerically predicted heat release rate q̇. The flame is
shorter compared to the pure CH4 case (Fig. 4(a)) and
presents a higher signal intensity region in the central
part while no flame is observed downstream the centerbody tip. For both cases, LES accurately predicts the
flame shape, i.e. flame angle and length. Figure 6(b)
compares the normalized time-averaged OH-PLIF signal with the OH mass fraction predicted via LES on a
vertical plane. The flame has a V-shape with the high
OH concentration close to the centerbody tip. Low OH
concentration is present in the ORZs and in the CRZ just
downstream of the centerbody tip, where a high velocity region is present at the injector exit. Overall, LES is
able to accurately predict the experimentally measured
velocity field (quantitative comparison is left to the Appendix A).
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A

E
C
B

D

Spectrum amplitude [Pa]

Time [s]
(c)EXP
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f 2 =470 Hz

f 2 =470 Hz

f 1 =280 Hz
f 1 =310 Hz

Frequency [Hz]
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Figure 7: Case C: 50% H2 . (a-b) Signals and (c-d) spectra as labelled
in Fig. 5.

those of Cases A and B, reaching an amplitude of 1000
Pa and 600 Pa for the plenum and chamber probes respectively. Heat release rate fluctuation appears here to
be correlated to the pressure fluctuation, with a phase
difference within the π/2 limit, satisfying the wellknown Rayleigh criterion [107]. This hypothesis is confirmed by looking at DFT of the full signals, Fig. 7(c).
Both pressure DFT as well as the volume-integrated
OH* chemiluminescence DFT show two strong peaks
in this case at 280 Hz and 470 Hz. The peak at 470 Hz
is significantly stronger, reaching an amplitude of approximately 200 Pa in the plenum, and 130 Pa in the
combustion chamber, compared to 80 Pa and 40 Pa,
respectively, for the peak at 280Hz. The same peaks
are present in the volume-integrated OH* chemiluminescence DFT, showing that the flame responds to the
two modes, hence suggesting the presence of a bi-modal
thermoacoustic oscillation [108]. Pressure and heat re-

3.3. Case C: 50% H2 -enrichment
Figure 7(a) presents the pressure fluctuations
recorded in the plenum (blue) and in the combustion chamber (black), together with the fluctuations of
the volume-integrated OH* chemiluminescence signal
(red). The pressure oscillations are notably higher than
5 The slight overestimation of DFT amplitude in LES can be linked
to the absence of experimental acoustic damping from the combustor
side walls [106].
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Figure 8: Case C: 50% H2 . Comparison experiments/LES (a-b) labelled as in Fig. 4.

lease rate oscillations computed via LES are shown in
Fig. 7(b). A first weak peak at 310 Hz (which is close
to the experimental value of 280 Hz) and a stronger
one matching the experimental frequency of 470 Hz are
clearly retrieved in both pressure and heat release rate
DFT, Fig. 7(d).
Figure 8(a) compares the (LOS-integrated) OH*
chemiluminescence measured experimentally and the
heat release rate q̇ predicted via LES. In the Case C the
flame is more compact and stabilizes further upstream
than do those of Cases A and B. The LES accurately
predicts the flame shape but slightly under-estimates the
flame length. A more detailed comparison is performed
in Fig. 8(b), showing the normalized time-averaged OHPLIF signal and the numerically-predicted OH mass
fraction YOH 6 . In both experiments and LES, the OH
field is more compact compared to Cases A and B. This
reduction in length is however less evident if compared
to the decrease in flame length observed from the heat
release rate field. For example, OH values almost reach
the lateral chamber walls while the heat release rate does
not. This is not unexpected, as the OH radical has a
very long lifetime compared to that of the heat-release
reactions. Therefore, OH persists in the burned gases
long after the heat-release reactions are complete. Note
also that the peak value of the OH mass fraction is more
than doubled compared to the other cases and the highest value is clearly reached just downstream of the centerbody tip [23]. The presence of OH in the ORZ implies high temperatures in these regions, as OH signal is
usually observed in high temperature, post-combustion
gases. The acceleration of the flow due to the increased

combustion intensity is visible from the velocity vectors that are tangential to the experimental and numer−
v (their
ical time-averaged velocity field in the plane →
//

length and color indicate the velocity magnitude). LES
accurately predict the experimental velocity field (quantitative comparison proposed in Appendix A) and no
OH is detected in the high velocity region at the injector
exit.
The experimentally observed and numerically predicted flame dynamics are visualized in Fig. 9. Instantaneous fields of (top) experimental normalized
time-averaged OH-PLIF signal are compared to LESpredicted (middle) OH mass YOH and (bottom) fields of
hydrogen mass fraction YH2 (left) along with the flow
vorticity normal to the plane ω⊥ (right) with superimposed heat release rate q̇. Five equivalent instants
for experiments and LES are considered as depicted in
Fig. 7(a-b). Instants (a) and (e) correspond to two large
consecutive peaks in the volume-integrated OH* chemiluminescence signal and the predicted heat release rate.
Instants (b) and (d) correspond to two minima while instant (c) corresponds to a small intermediate peak of the
signals. In both experiments and LES, flame dynamics
is observed to be characterized by four periodic interacting phenomena:
• the change in flame length and flame surface, maximum at instants (a), (c) and (e) when the predicted
heat release rate and OH* chemiluminescence signal present high values;
• the stabilization point of the flame roots that moves
upstream, as at instant (c), or downstream, as at
instant (b), along the centerbody walls;

6 Note that the OH-PLIF signal is not a direct measure of OH number density since there are a number of factors that can affect OH-PLIF
signal intensity, including pressure, quenching, laser and signal absorption. However OH-PLIF signal can be considered as proportional
to OH mass fraction as a first approximation.

• the flapping of the jet fuel causes rich gas pockets that are released in the combustion chamber7 ,
7 Note
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that local equivalence ratio fluctuations have been previ-

(a)

(b)

(c)

(d)

(e)

EXP

LES

LES

Figure 9: Instantaneous fields during the bi-modal dynamics for experiments and LES, Case C: 50% H2 . Normalized OH-PLIF signal (top), LESpredicted OH mass YOH (middle) and hydrogen mass fraction YH2 (left, bottom) and flow vorticity normal to the plane ω⊥ (right, bottom) with
superimposed the heat release rate q̇.
(a) 0% H2

(b) 20% H2

(c) 50% H2

(d)

Figure 10: Normalized time-averaged heat release rate q̇/q̇max predicted by CHT simulations for Cases (a) A, (b) B and (c) C. White isocontours
indicate 10% of q̇max . (d) Corresponding normalized axial distributions of time-averaged heat release rate ⟨q̇⟩.

• the vortical structures detaching from the centerbody tip and the backplane interacting with the
flame front yielding wrinkling and flame roll-up,
as for example indicated by the region of high OHPLIF signal near the backplane at instant (e).

as visible for example from the non-homogenous
hydrogen mass fraction field near the backplane at
instant (c);

ously observed in many experimental and numerical studies on PRECCINSTA operated with CH4 when the first acoustic mode of the system is excited, e.g. Refs [68, 39, 73]. Indeed, in this case, the velocity
field at the exit of the fuel injector oscillates leading to fuel accumulation (rapid release) when the velocity is low (high). This in turn causes
rich gas pockets to be periodically pushed into the chamber causing
heat release oscillations which sustain the thermoacoustic limit cycle.

4. H2 -enrichment effects
The effects of H2 -enrichment on the flame shape and
stabilization (section 4.1), thermal load and temperature
9

A, (b) B and (c) C along with the instantaneous isocontours of heat-release rate q̇ at 10% of q̇max . This
latter clearly shows the reduction in flame length and
the change in flame root stabilization position due to
hydrogen enrichment. As expected, the three flame
structures lead to differences in the solid wall temperatures. The temperature profiles along the internal side
of the combustion chamber walls (Fig. 11(e), red line in
Fig. 11(d)), are very similar for the three flames. For
Case A, the temperature of the chamber walls on the internal side reaches a maximum value of 1300 K 40 mm
from the backplane where the flame is close to the walls
while, for Case B and C, the maximum temperature is
50 K lower (1250 K) probably due to the larger distance
between the flame and this chamber wall. Contrarily,
the temperature field at the centerbody tip (Figure 11(f),
blue line in Fig. 11(d), differs significantly. Case C exhibits higher centerbody tip temperature (1200 K) than
cases A (1000 K) and B (850 K), suggesting that H2
addition leads to significantly larger heat loads on the
burner. Finally, the profiles plotted in Fig. 11(g) (green
line in Fig. 11(d)) show surface temperature at the combustor backplane increase with increasing hydrogen admixture. This is likely due to the previously noted decrease in flame lift-off distance with increasing hydrogen content in the fuel. This increase is, however, relatively minor compared to the temperature increase at
the centerbody tip.
Figure 12 presents the time-averaged temperature T
in a cut plane for Cases (a) A, (b) B and (c) C (the fluid
domain is delimited by a white line). For Cases A and B,
the flow reaches 1800 K in the CRZ and downstream of
the flame tip where burnt gases are present while ORZs
present lower temperature levels. Indeed, compared to
Case A, although H2 is added the adiabatic flame temperature of Case B is only slightly higher, leading to a
quite similar fluid temperature T . In contrast, for Case
C, which has much more H2 , the combustion chamber
contains more hot burnt gases. In all cases, the red isocontours correspond to a temperature of 450 K and show
the pre-heating of the fresh gases due to the heated solid.
As expected due to the higher centerbody tip temperature, pre-heating of the fresh gases occurs consistently
more upstream when increasing the hydrogen content
for Cases B and C respectively.

fields (section 4.2) as well as the flame dynamics (section 4.3) are hereafter analyzed.
4.1. Flame shape and stabilization
Comparison of the mean flame shapes as predicted by
CHT simulations is at first discussed. To do so, Fig. 10
first presents the normalized time-averaged heat release
q̇/q̇max for Cases (a) A, (b) B and (c) C. Case A and B
show a V shape flame, with the flame root stabilized
at the centerbody tip. The 20% H2 -enrichment yields
a slightly reduced flame length and a larger flame angle. This is linked to to the higher expansion of the
burnt gases in the CRZ caused by the more intense heat
release rate. When 50% H2 -enrichment is considered
(c), the flame gets even shorter and becomes more compact [109]. It is also stabilized more upstream along the
centerbody presenting a quasi M-flame shape [26, 110]
with a reduced lift-off distance from the combustion
chamber backplane. Note that Case C presents a blurry
flame root near the centerbody tip, indicating that the
flame stabilization point moves in time during the thermoacoustic oscillation.
To obtain a more quantitative comparison between
the three flames in terms of shape and stabilization, the
time-averaged heat release rate is integrated over the
combustor cross section S c to yield the one-dimensional
mean axial distribution ⟨q̇⟩, as expressed by
ZZ
1
q̇(x, y, z)dydz.
(1)
⟨q̇⟩(x) =
Sc
Sc
The resulting axial distributions of time-averaged
heat release rate ⟨q̇⟩ are then normalized by the maximum value of the Case C and are presented in
Fig. 10(d). Case A clearly presents the most spread out
axial distribution, with a maximum heat release rate located around x=35 mm from the backplane and a weak
heat release rate at the centerbody tip axial location (i.e.
x=0 mm). In Case B, the flame becomes slightly shorter
and shifts upstream, with a higher maximum of heat release rate located near 25 mm downstream of the backplane. The flame root position however does not differ
significantly from Case A aside from having a higher
heat release rate. Finally, Case C shows a more compact flame which is shifted further upstream with a clear
maximum value at 14 mm from the backplane. The
mean stabilization location of the flame root moves 10
mm upstream inside the injector.

4.3. Flame dynamics: bi-modal oscillation analysis

4.2. Thermal load and fluid temperature

The nature of the two main components of the observed bi-modal oscillations are at first investigated
computing the system acoustic modes using the AVSP

Instantaneous solid temperature fields computed via
numerical simulation are shown in Fig. 11 for Cases (a)
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(e)

x

y

50% H2

(g)

(f)

Temperature [K]

(d)

(c)
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Figure 11: Comparison of CHT-predicted instantaneous field of solid temperature with iso-contour of heat-release rate q̇ at 10% of its maximum
value for Cases (a) A, (b) B and (c) C. (d) Schematic of the test bench with location of the profiles. Temperature profiles (e) along the internal side
of the combustion chamber walls, (f) through the centerbody and (g) at the backplane.

(a) 0% H2

(b) 20% H2

(c) 50% H2

f 1 =280 Hz
(a)

T̄ [K]

Figure 12: Cut-plane showing the predicted time-averaged temperature T for Cases (a) A, (b) B and (c) C. Red iso-contour corresponds
to temperature of 450 K. The fluid domain is delimited by a white line
to visualize the separation between solid and the fluid parts.

f 2 =486 Hz
(b)

(c)

(d)

Figure 13: Acoustic modes computed with the Helmholtz solver. (a)
Amplitude and (b) phase of the first acoustic (plenum) mode at 280
Hz. (c) Amplitude and (d) phase of the second acoustic (chamber)
mode at 486 Hz. Case C: 50% H2 .

Helmholtz solver [111]8 . Regardless of the presence of
hydrogen, results show no significant differences in the
frequency of the first modes for the three cases, suggesting that variations in the flow mean temperature distributions previously discussed (Fig. 12) are not sufficient
to change system acoustics significantly.Two acoustic
modes are found at frequencies close to the two peaks
recorded in pressure and heat release rate signals of
Case C. The first mode predicted at 280 Hz (Fig. 13(a-

b)) is the 1/4 wave (or bulk) mode of the system: the
amplitude of the pressure oscillation |p′ | is larger in the
plenum (Fig. 13(a)) and both the combustion chamber
as well as the plenum oscillate in phase (Fig. 13(b)).
Note that this first acoustic mode is the one that is generally excited when dealing with unstable pure methane
flames during limit cycle oscillations in the PRECCINSTA burner, as for example in the work of Meier et
al. [68]. The second acoustic mode at 486 Hz (Fig. 7)
corresponds to a 3/4 wave (chamber) mode: a pressure
antinode is found in the combustion chamber and both

8 Note that, in the Helmholtz solver, a velocity node has been imposed for the air and fuel inlets, while a pressure node has been imposed at the combustion chamber outlet as acoustic boundary conditions.
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the pressure fluctuation, happen for the two frequencies.
Likewise, the vorticity - pressure fluctuation
 correla
tion index (Fig. 14(e-l)), Tω⊥ ,p = | p̂||ωˆ⊥ | cos φω⊥ − φ p ,
indicates whether fluctuations of flow vorticity ω⊥ are
contributing positively or negatively to the pressure oscillations. Differently from the two previous indices,
a coherent distribution appears only for the f2 DMD
mode. Indeed, at this frequency, a vortex seems to first
detach from the backplane when pressure is decreasing (blue region just at the backplane corner) and then
it is convected downstream (purple region) interacting
with the flame front and positively contributing to the
instability, i.e. the purple region corresponds to the red
positive Rayleigh index region in Fig. 14(h). The vortex convection time can be easily estimated dividing the
distance between the backplane and the point of highest
vorticity (≈ 14 mm, see black arrow) by the mean velocity (≈ 13 m/s) resulting in 1.07 ms, which corresponds
to half the period of the second acoustic mode at 470
Hz. This characteristic time is not synchronised with
f1 , explaining the uncorrelated field for this mode. The
flame/vortex coupling at f2 likely drives or plays a role
for the second of the two modes, characterising the thermoacoustic instabilities observed in this case. Note that
the zone of highest vorticity corresponds to the region
where heat release rate fluctuation results in the largest
contribution to the pressure oscillation, i.e. positive red
Rayleigh index region in Fig. 14(h) and periodic flame
roll-up is observed both in experiments and LES, Fig. 9.

the combustion chamber as well as the plenum oscillate
in phase opposition. Note that this specific feature is reported in both the experiments and LES. The amplitude
of the chamber oscillations are however not-constant
and lower than the plenum ones due to the combination
of the second mode with the first acoustic mode oscillations at 280 Hz (Fig. 7(a)). The specific coupling of
the flame with this second mode has not been observed
for classical pure methane flames and it is likely due to
hydrogen enrichment.
The impact of hydrogen enrichment on the flame dynamics is hereafter investigated. To this scope, Dynamic
Mode Decomposition (DMD) [112] is used to reconstruct the oscillating modes of the system and extract
the response of the variables of interest at a certain frequency [113]. For the present study, since the 50% H2 enriched case presents a bi-modal thermoacoustic oscillation, the frequencies of interest are selected at the
first f1 (280 Hz)9 and at the second f2 (470 Hz) acoustic
modes of the system. To do so, DMD of the experimental OH-PLIF signal and the LES data for pressure
(p), heat release rate (q̇), flow vorticity normal to the
plane (ω⊥ ), OH mass fraction (YOH ) and H2 mass fraction (YH2 ) are computed. DMD input for the experimental data is 1000 OH-PLIF images while, for the simulations, the input is 1000 instantaneous 3D LES fields (i.e.
100 ms physical time).
Figure 14 presents a cut-plane showing the DMD
mode at f1 = 280 Hz (top) and f2 = 470 Hz (bottom).
First, the normalized real part for the (a-f) experimental
OH-PLIF signal is compared to (b-g) the predicted OH
mass fraction through Re(Yd
OH ). LES is able to accurately reproduce the DMD spatial distribution of experimental OH-PLIF signal for both modes, suggesting the
correct reproduction of the flame dynamics.
The spatial distribution of the Rayleigh
index,


b = Tq,p = | p̂||q̂| cos φq − φ p , reFig. 14(c-h), Re(RI)
veals regions contributing to the enhancement or damping of the instabilities [114, 115]. As expected during a self-sustained thermoacoustic oscillation, large
regions of positive heat release rate/pressure coupling
(red zones) are observed for the two modes. Figure 14(d-i) shows as a complement the H2 mass fraction - pressure fluctuation correlation index, TYH2 ,p =


| p̂||YˆH2 | cos φYH2 − φ p . As for the Rayleigh index, large
zones of positive coupling, i.e. where jet flapping induced equivalence ratio oscillations are in phase with

Based on the last specific analysis, the impact of
hydrogen enrichment on the flame dynamics is understood to be as follows. By increasing H2 content, a
reduction in the flame length and a transition towards
a M-shape flame (Fig. 10) modify the flame response
to acoustic oscillations [110, 116]. Instabilities coupled with the first acoustic mode of the system are supported by equivalence ratio oscillations associated with
the jet flapping as usually reported for this configuration. Differently from the methane cases, a second
acoustic mode is excited at 50% of hydrogen enrichment. The onset of this bi-modal oscillation is explained
by modifications of the interactions between the flame
front and vortices shaded at the backplane corner. When
the flame length is reduced, the convection time of the
vortices needed to reach the heat release rate mean region synchronizes to exactly half the period of the system second acoustic mode, explaining the observed bimodal response.

9 Note that, since numerically the oscillations at the first mode correspond to a frequency slightly higher (i.e. 310 Hz), clearly the latter
is used for extracting the DMD from LES data.
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Figure 14: Cut-plane showing the Dynamic Mode Decomposition (DMD) at 280 Hz (top) and 470 Hz (bottom). Normalized real part of the (a-f)
experimental OH-PLIF signal and the (b-g) LES-predicted OH mass fraction in frequency domain Re(Yd
OH ). Normalized real part of the LES
b (d-i) H2 mass fraction - pressure fluctuations correlation index TY ,p and (e-l) flow vorticity - pressure fluctuations
(c-h) Rayleigh index Re(RI),
H2
correlation index Tω⊥ ,p . Case C: 50% H2 .

5. Conclusions

satisfactory agreement.

The impact of H2 -enrichment on flame stabilization and combustion dynamics of a CH4 lean partiallypremixed turbulent swirling flame is studied both experimentally and by LES. To do so, the well-known
PRECCINSTA burner is operated with increasing levels
of hydrogen enrichment while acquiring synchronized
OH-PLIF imaging, sPIV velocity fields data, LOS OH*
chemiluminescence images and pressure signal recordings. Numerically, LES simulations are performed in
the Conjugate Heat Transfer (CHT) context for three
flames operating with different hydrogen enrichment
levels: the pure methane flame A, the 20% H2 -enriched
flame B and the 50% H2 -enriched flame C. LES results
are first validated against experimental data in terms of
predicted velocity fields, heat release rate distribution,
OH mass fraction and pressure signals in the combustion chamber and in the plenum, all quantities providing

Hydrogen addition results in modifications of the
flame shape and stabilization, the temperature field and
the flame dynamics. The 20% H2 -enriched flame B
presents a more compact heat release rate distribution
when compared to the pure methane flame A: the flame
is slightly shorter due to the increase in laminar flame
speed while the higher adiabatic flame temperature together with the more upstream flame root stabilization
lead to a notably higher centerbody tip temperature.
However, both flames A and B present no significant
thermoacoustic oscillation and show relatively low pressure and heat release rate fluctuations. Contrarily, when
considering the 50% H2 -enriched case C, the flame has
a notably more compact heat release rate distribution
and a shorter length due to the significant increase in
laminar flame speed. In addition, CHT results show
that, while the chamber walls and the backplane surface
13

temperatures are only marginally affected, the centerbody tip reaches a notably higher temperature compared
to flames A and B. At the same time, the flame dynamics
drastically changes: significant thermoacoustic oscillation is observed both experimentally and numerically.
The flame couples both with the first and second system acoustic modes, showing bi-modal thermoacoustic
oscillation.
Flame dynamics of Case C are further analyzed
by comparing equivalent instants of experimental OHPLIF images to OH mass fraction computed via LES.
Four periodic phenomena are identified supporting the
bi-modal oscillation: the change in flame length and
flame surface, the stabilization point of the flame root
that moves upstream/downstream along the centerbody
walls, the flapping of the jet fuel causing rich gas pockets to be released in the combustion chamber and finally
the vortical structures shedding from the centerbody tip
and the backplane that then interact with the flame front
leading to strong wrinkling and flame roll-up. Further
insights on these phenomena are investigated by Dynamic Mode Decomposition (DMD) analysis of both
OH-PLIF images and LES 3D fields at the system first
and second acoustic modes. It is shown that a coupling
of vortical structures with thermoacoustic modes are observed only for the second acoustic mode.
Therefore, H2 -enrichment of the PRECCINSTA
partially-premixed methane swirling flame is shown to
affect the flame shape and length as well as its stabilization. These modifications are likely the key elements leading to the onset of the observed bi-modal
thermoacoustic instability. The Flame Transfer Function (FTF) [117] of such flames would be required to
further confirm this hypothesis. However, no experimental measurements of these FTFs are currently available, their numerical calculations being also out of the
scope of the present study. Nevertheless, for all considered H2 -enrichment cases, the proposed LES proved to
be able to successfully predict the complex flame dynamics in the CHT context, providing also interesting
insights about the hydrogen addition impact on the test
rig component temperature.

(a)

(b)

(c)

Figure A.15: Profiles of mean (a) axial, (b) radial and (c) tangential
velocity components at measurement planes at x = 6, 10, 15, 20 and
30 mm downstream of the combustion chamber backplane for LES in
comparison to experiments. Case B: 20% H2 .
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Appendix A. Validation of LES predicted velocity
fields
Quantitative validation of velocity field predicted via
LES is provided in this Appendix for Cases B and C.
Note that LES validation of Case A can be found in
Ref. [39].
Figure A.15 and Fig. A.16 presents, respectively, the
profiles of mean and RMS (a) axial, (b) radial and (c)
tangential velocity components at different distances
downstream of the combustion chamber backplane for
LES and from to sPIV for Case B. The mean axial velocity (a) shows an extended CRZ, indicated by the negative velocity values. The mean (b) radial and (c) tangential velocity components are also well predicted by
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Figure A.16: Case B: 20% H2 . Profiles of RMS : (a-c) labelled as in
Fig. A.15

Figure A.17: Profiles of mean (a) axial, (b) radial and (c) tangential
velocity components at measurement planes at x = 6, 10, 15, 20 and
30 mm downstream of the combustion chamber backplane for LES in
comparison to experiments. Case C: 50% H2

LES. In terms of RMS, considering the low velocity
magnitude, LES shows satisfactory agreement with experimental values. Indeed, the slight overestimation of
the peaks visible on the three components can be explained by taking into account experimental uncertainties. Note that the most significant discrepancy between
LES and experiments happens for the tangential component of velocity: this poorer match is not unexpected
as in sPIV it is well established that measurement uncertainty in the out-of-plane direction (in this case, the
tangential) is typically higher than for the in-plane components of velocity [118].

ponent LES profiles show satisfactory agreement with
the experimental data, in terms of jet opening and magnitude. When it comes to RMS velocity components
(Fig. A.18), the LES slight overestimation can be attributed again to the uncertainty of the experimental data
and to the slightly larger pressure levels oscillations predicted by LES.
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burner, Comptes Rendus Mécanique 337 (2009) 318–328.
[94] P. S. Volpiani, T. Schmitt, D. Veynante, Large eddy simulation
of a turbulent swirling premixed flame coupling the TFLES
model with a dynamic wrinkling formulation, Combust. Flame
180 (2017) 124–135.
[95] D. Fredrich, W. P. Jones, A. J. Marquis, Thermo-acoustic instabilities in the preccinsta combustor investigated using a compressible les-pdf approach, Flow Turbul. Combust. 106 (2021)
1399–1415.
[96] P. W. Agostinelli, B. Rochette, D. Laera, J. Dombard,
B. Cuenot, L. Gicquel, Static mesh adaptation for reliable large
eddy simulation of turbulent reacting flows, Phys. Fluids 33
(2021) 035141.
[97] O. Colin, M. Rudgyard, Development of High-Order TaylorGalerkin Schemes for LES, J. Comput. Phys. 162 (2000) 338–
371.
[98] F. Nicoud, H. B. Toda, O. Cabrit, S. Bose, J. Lee, Using singular values to build a subgrid-scale model for large eddy simulations, Phys. Fluids 23 (2011) 085106.
[99] H. Schlichting, K. Gersten, Boundary-layer theory, Springer
Science & Business Media, 2003.
[100] F. Charlette, D. Veynante, C. Meneveau, A power-law wrin-

18

[101]

[102]

[103]
[104]
[105]
[106]

[107]
[108]

[109]

[110]
[111]
[112]
[113]
[114]
[115]

[116]
[117]
[118]

kling model for LES of premixed turbulent combustion: Part
I - non-dynamic formulation and initial tests, Combust. Flame
131 (2002) 159–180.
E. Ranzi, A. Frassoldati, A. Stagni, M. Pelucchi, A. Cuoci,
T. Faravelli, Reduced kinetic schemes of complex reaction systems: Fossil and biomass-derived transportation fuels, Int. J.
Chem. Kinet. 46 (2014) 512–542.
Q. Cazères, P. Pepiot, E. Riber, B. Cuenot, A fully automatic procedure for the analytical reduction of chemical kinetics mechanisms for computational fluid dynamics applications,
Fuel 303 (2021) 121247.
T. Poinsot, S. Lele, Boundary conditions for direct simulations
of compressible viscous flows, J. Comput. Phys. 101 (1992)
104–129.
M. F. Modest, Radiative heat transfer, Academic press, 2013.
W. L. Grosshandler, RADCAL: A Narrow Band Model for Radiation, NIST Tech. note 1402, 1993.
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