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Resune

Une grande varee de plenonenes physiques, des mokdes aux etoiles, contiennent
des synetries de rotation et peuvent donc cevelopper des ades azimutaux. Quand
la synetrie est parfaite, ces modes sont cegerees awe deux composantes de méme
fequence. Cependant, si la synetrie est rompue, les dewcomposantes deviennent dis-
tinctes et leurs fequences dierent. Cette brisure peutétre alors accompagree de la
testabilisation du syseme ou de comportements dynamicgs chaotiques.

Il en va de m&me pour les chambres de combustion annulairegjettes aux instabilies
thermo-acoustiques azimutales et aux brisures de synms#s: ce tteme constitue le sujet
principal de cette trese. En premier lieu, un outil analytque (ATACAMAC) est ceveloppe
pour analyser les modes azimutaux dans une chambre annutationnecteea des bruleurs.
La synetrie de rotation est casee en distribuant dierents types de bruleurs le long de
la chambre (brisure de type GS) ou en imposant une vitesse @zitale moyenne (type
FS). L'expression analytique du taux d'accroissement ele que la stabilie du syseme
est contrbke par trois paranetres: (1) une intensie ¢ couplage, (2) le Mach azimutal
moyen et (3) l'intensie de sparation assocee a la brsure de synetrie. Cette theorie
aee valicee avec un solveur de Helmholtz 3D et montre un &s bon accord. Ensuite,
ATACAMAC est etendu a des con gurations plus complexes ai les 19 bruleurs sont
alimenes par un plenum annulaire commun qui peut donc se apler acoustiguementa
la chambre. Cette con guration estetudee en introduisait des incertitudes sur les 19
ammes, soit 38 paranetresn incertains. L'approche Active Subspace est appligee
ici pour eduire cette dimension de 38a 5 paranetres seement. Une technique Monte-
Carlo montre alors que le taux d'accroissement est extrément sensible aux incertitudes
introduites qui brisent la synetrie du syseme.

Pour compkter cette treorie, des Simulations aux Grande Echelles (SGE) de
I'experience annulaire de Cambridge ont ee eali®es sur un cas mono-secteur. Les
paranetres nuneriques et physiques ont ee vares pou evaluer la robustesse des
pedictions SGE, notamment des Fonctions de Transfert de Blmmes (FTF). Ces FTFs
sont ensuite introduites dans un solveur acoustique 3D podeterminer la stabilie de la
chambre annulaire. La stabilie est peu impacee par les aramétres nuneriques, alors
gue remplacer le methane par lethyene destabilise lacon guration. En n, la con gu-
ration annulaire compkte (15 et 18 secteurs) est calcuge Les esultats nuneriques sont
compaesa l'experience. Notamment, un mode instablea 800Hz crot dans la simula-
tion comme dans I'exgerience. Neanmoins,a cause de soo@telee, seules les premeres
phases ont pu etre simukes, ce qui ewle le besoin criat d'outils plus e caces que la
SGE pour la thermo-acoustique.



Une nouvelle approche, appeee AMT, est donc cevelopee po \eri er la qualie
des pedictions lireaires obtenues par treorie ou simwtions acoustiques en les injectant
comme solution initialea un solveur SGE. Cette nethodolgie est valicke sur des con-
gurations longitudinales laminaires avec un champ de vigse uniforme. Un cas test
suppkmentaire, turbulent, est pesene pour investiguer les e ets de la turbulence sur
l'acoustique. Les esultats indiquent que la turbulenceegere des harmoniques alors que
l'acoustique modi e la production de turbulence. Finalemein AMT est applique sur
des chambres annulaires pouretudier les brisures de type ESGS, notamment en dis-
tribuant des esonateurs de Helmholtz le long de la chambréAMT capture correctement
les brisures de type FS et GS mais est aussi utile pour estimantortissement assoce aux
esonateurs. Cette approche permetegalement detudiela nature et la dynamique des
modes azimutaux et eele que briser les synetries xe lastructure du mode alors qu'elle
est cetermiree uniquement par la condition initiale dansdes con gurations synetriques.



Abstract

A large range of physical problems, from molecules to giartass, exhibits rotational sym-
metry and can exhibit azimuthal waves or vibrations. When theotational symmetry is
perfect, these modes occur in a doubly-degenerate form witto orthogonal components
at the same frequency. However, when symmetry is broken, thed identical pairs are
split into two distinct modes with di erent frequencies, whch can be accompanied by a
destabilization of the system or by chaotic behaviors.

Symmetry breaking has become a new topic for annular gas tumbes prone to az-
imuthal thermo-acoustic instabilities and constitutes tle main topic of this PhD thesis.
First, a theoretical tool (ATACAMAC) is developed to analyze aimuthal modes in an
annular chamber connected to an arbitrary number of burnersSymmetry is broken by
distributing di erent burner types along the annular chamber (GS breaking) or by im-
posing a mean azimuthal ow (FS breaking). The analytical exgssion of the growth
rate reveals that the stability is controlled by three parameters: (1) a coupling strength,
(2) the azimuthal Mach number and (3) a splitting strength asociated to the symmetry
breaking. This theoretical results are validated using a 3BlelImholtz solver on simpli ed
annular con gurations showing a very good agreement. The®TACAMAC is extended
to more complex geometries where burners are fed by a commaemualar plenum, which
can couple to the chamber. This type of con guration is studid where uncertainties
is introduced on the 19 ames, leading to 38 uncertain parartess (n; ). Therefore,
the Active Subspace approach is presented to reduce this dimseon from 38 to only 5
parameters, which then allows a Monte-Carlo technique to sass the growth rate sensi-
tivity to FTF uncertainties. It shows that combustion instabilities are sensitive to subtle
uncertainties on the 19 FTFs, which induce a symmetry breaking ecting the growth
rate.

To complement theory, LES of the annular experiment oiVorth & Dawson (2013)
is used. First, an analysis is performed on a single-sectohave numerical and physical
parameters are varied to assess the robustness of numeri€aFs predictions. Then the
stability of the 360 combustor is computed by a 3D Helmholtz solver, in which these
FTFs are introduced. It shows that numerical models have only minor impact on FTF
and stability, while changing the fuel from methane to ethyne leads to azimuthal in-
stabilities. The complete 360 con guration is then computed. Numerical results are
compared to experimental data showing that LES captures aarctly characteristic fea-
tures of the annular rig. An unstable azimuthal mode at 180®iz grows in both the
simulation and the experiment. Nevertheless, because of @treme cost, only the start-
up phase can be simulated, which reveals a crucial need foreanient tool less expensive



than LES.

Thus, a novel approach called Acoustic Mode Triggering (AMT)s developed to verify
the quality of linear predictions obtained by theory or Helmbltz simulations by using
them as initial solutions of a LES or DNS solver. First, this métodology is validated
on longitudinal laminar con gurations with a uniform mean ow. An additional turbu-
lent test case is presented to investigate e ects of turbubee on acoustic modes. Results
indicate that turbulence leads to harmonics generation, vile acoustics can modify the
turbulent production. Finally, AMT is applied on a simpli ed a nnular combustor to study
e ects of GS and FS breaking. In particular, GS breaking is irastigated by distribut-
ing Helmholtz resonators in the chamber. It shows that AMT can qature GS and FS
breaking, but is also useful to estimate the damping assotgd to particular mecanisms
or devices. AMT also allows to study the azimuthal modes natarand dynamics and
reveals that breaking symmetry xes the mode structure, wie for axisymmetric cases
the mode structure is determined by the initial state.
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Chapter 1

Introduction

1.1 Overview of symmetry breaking in physics

A wide range of physical problems, from nano photonics crgt (Borisnika,
2009 (Fig. 1.1, a) and moleculesCreighton, 1982 to giant stars (Lavely, 1983 (Fig. 1.1,
C), including annular combustion chambers (Fig. 1.1, d) whitwill be the focus of the
present work, take place in tori or disks: they contain rotahg symmetries and can there-
fore exhibit azimuthal/transverse oscillations such as ettromagnetic wavesRang et al.,
2007, acoustic waves Krebs et al., 2002 Noiray et al., 2011, Parmentier et al., 2012
Bauerheimet al., 20141), surface wavesKeng & Sethng 1989 Simonelli & Gollub, 1989,
magneto static spin-wave's(Ho mann et al., 2007 Guslienkoet al., 200§ Barman et al.,
201Q Kammerer et al., 2011 or solid vibrations (Creighton, 1982 Perrin & Charnley,
1973 Lin & Parker, 200@,b; Kumar & Krousgrill, 2019. When the rotating symmetry
is perfect, these modes occur in doubly-degenerate pairdhwiwo independent oscilla-
tions (a clockwise and a counter-clockwise waves) at the sarfrequency (a, in Fig. 1.2,
left). However, when systems with rotational symmetry are nu ed either in their ge-
ometry or by spatially varying their properties or their boundary conditions, degenerate
pairs can split into two distinct modes with di erent yet close frequencies (b, in Fig. 1.2,
right). In some applications, the splitting frequency f can be fairly large and therefore
cannot be ignored (e.g. f = 0:25 GHz for spin-wave modes in small ferromagnetic
elements Ho mann et al., 200%).

In many applications, this splitting can lead to catastropic e ects, requiring stud-
ies to understand their underlying nature and methods to sygess them. For instance,
photonics crystal (i.e. devices where several electromagical micro cavities are cou-
pled with a specic pattern to form "photon molecules”) with high quality-factor are
essential for the development of the next generation of oplectronic components, but
undesired symmetry breaking and associated non-degeneranodes reduce their overall
performances. To tackle this problemBorisnika (2006 proposed arrangement patterns
with enhanced symmetry characteristics, which reduce e & of non-degenerate modes
and improve the quality factors of the devices: here, perfteaxisymmetry is the objective.

1Spin waves are propagating disturbances in the ordering of magnetic matials.

15



16 Chapter 1 : Introduction

Figure 1.1: Several problems with rotation symmetry exhibiting azimuthal modes and symmetry break-
ing. a) Arrangement of photonics crystals b) Whispering gallery mode resnators (WGMs) where the
symmetry is broken by particle. Theory and symmetry can be used togdier to approximate the particle
size ¢) Azimuthal oscillations modes on a neutron star and d) Annular combstor exhibiting azimuthal

combustion instabilities.

In applications based on magnetic disks which exhibit spwaves Ho mann et al., 2007

Guslienkoet al., 2008 Barman et al., 201Q Kammerer et al., 2017), theoretical models
show that the splitting is a consequence of the interactiorf the azimuthal mode with the
vortex core gyrotropic motion. Both simulations and expements have con rmed that
removing the vortex core from the disk suppresses mode sptig (Ho mann et al., 2007%).

This suggests that theory, simulations or experiments camueil the splitting origins and
o er methods to suppress them.

In con gurations where symmetry breaking is well describetheoretically (Mazzei
et al., 2007, scientists can willingly introduce modi cations, whichalter symmetry, to
analyze the phenomenon responsible for this splitting. Fexample, in ultra-high quality
factor whispering gallery mode resonators (WGMs), a smalhiperfection (similar to the
case b in Fig. 1.2) or a deposited particle (Fig. 1.1, b) can s¢et light from one of
the two cavity modes (counter-clockwise for instance) intéree space as well as in the
opposite direction (i.e. clockwise). Scientists can therxgloit this splitting to accurately
determine particle sizesNlazzeiet al., 2007 Kippenberg 2010. A similar methodology is
used in helioseismologyL@vely, 1983 Kosovichey 1999 Tripathy et al., 2000, where the
internal solar structure and dynamics can be inferred frombserved frequencies, which
can be split either by rotation, asphericity or the magneticeld of the star.

In the particular eld of uid mechanics, symmetry breaking phenomena are less
studied due to complex geometries, high non-linear levelschoomplex physics. In simple
con gurations (square and quasi-square channels), such@itting e ect has been studied
for surface waves Keng & Sethnag 1989 Simonelli & Gollub, 1989. Results show that

16



1.1 Overview of symmetry breaking in physics 17

a) Symmetric case  b) Non-symmetric case

Normalized amplitude (-)

Normalized amplitude (-)

Frequency (Hz) Frequency (Hz)

Figure 1.2: a) Sketch of a con guration with rotating symmetries (top) and its associated spectrum
(bottom). Two waves (clockwise (CW) and counter-clockwise (CCW)) can exist and have the same
frequency fo: the mode is "degenerate”. When the rotating symmetry is broken (b), the degenerate
mode atfg is split into two distinct waves with di erent yet close frequ enciesf; and f, (bottom).

the symmetry of the con guration has dramatic e ects on the gnamics. The degenerate
case yields no time-dependent patterns. However, setups \wéhe two components are
separated in frequency, even by a small amount (about 1%),rckead to chaotic states §i-
monelli & Gollub, 1989. Similarly Davey et al. (Davey & Salwen 19949 investigate the
linear stability of the rst circumferential mode in both a circular and an elliptic pipe.
They show analytically that the circular problem has a dould degenerate eigenvalu,
while the ellipticity of the latter con guration splits the doublets into two distinct eigen-
valuesf o f=2. The imaginary part of the splitting frequency f is non-zero and thus
the ellipticity of the cross-sectional area always makes ¢h ow less stable. This split-
ting mechanism induced by the symmetry reduction (from thexasymmetry group S* of
the circular problem to the mirror symmetry groupZ, associated to the elliptic cross-
section) is brie y discussed in its fundamental mathemata aspects in Guckenheimer &
Mahalov, 1992 and applied to the instability of a vortex lament in a non-circular cylin-
der. Such a symmetry reduction also plays a crucial role ondhoscillations of droplets
due to a-sphericity Cummings & Blackburn, 1991 and/or Coriolis forces if the droplet
is rotating (Busse 1984. Symmetry violation are also encountered in turbulent ovg
associated with helicity structures Levich & Tsinober, 1983 Politke, 1990.

In the eld of combustion, symmetry breaking has recently beome an interesting
topic for annular gas turbines (Fig. 1.13, d) loiray et al., 2011, Parmentier et al., 2012
Bauerheimet al., 2014,e), which exhibit azimuthal acoustic waves produced by theroy
acoustic instabilities (O'Connor & T.Lieuwen, 2012) (Fig. 1.3). This is the main topic of
this PhD work, which is organized as follows: rst an overvie of combustion instabilities
especially in annular chambers is given in Section 1.2. Thetools and approaches used
or developed in this thesis are brie y presented in Section.3, from analytical theory
to the full 360 simulation of annular engines. Finally in Section 1.4, azintikal modes
and potential symmetry breaking encountered in annular gasirbines are described and

17



18 Chapter 1 : Introduction

Figure 1.3: Example of gas turbines with annular combustion chambers for power genation (Siemens,
top) and for aeropropulsion (Silvercrest Snecma, bottom).

constitute the main topic of this PhD (Section 1.5).

1.2 Combustion Instabilities overview

1.2.1 Instabilities: introduction and challenges

Large power densities in gas turbines can be accompanied lyctuations leading to po-
tential problems known as combustion instabilitiesCulick & Kuentzmann, 2006 Lieuwen
& Yang, 2009. They are due to a coupling e ect between the ame and acouss, cre-
ating high pressure and heat release oscillations in the ¢hiaer. These oscillations may
destroy the propulsion systemI(ynch, 2011 Poinsot & Veynante, 201]) as presented in
Fig. 1.4 showing a ve-burner combustion chamber before (t¢fand after (right) com-
bustion instabilities highlighting damage provoked by sut a phenomenon. Therefore,
over the last sixty years, combustion instabilities have cwstantly been a key issue for
aeronautics and space engines. A huge research e o@andel 2002 Culick & Kuentz-
mann, 2004 Lieuwen & Yang, 2009 has been dedicated to the investigation of coupling
mechanisms and the control of unstable modes in high-penfieance enginesHarrje &
Reardon 1972 Culick, 1987 Yang & Anderson 1995.

An underlying challenge in modeling combustion instabiligs is the di culty to per-
form full-scale experiments, or at least to carry out deta@dd measurements in the chamber
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1.2 Combustion Instabilities overview 19

Figure 1.4: A ve-burner combustion chamber before (left) and after (right) comb ustion instabilities.

due to the extreme conditions and the complex physics invad (Poinsotet al., 1987 Lee
& Santaviccag 2003 Lee & Anderson 1999 Venkataramanet al., 1999. Moreover, the
necessity to perform experiments with inlet and outlet impgances matching real engine
conditions make direct comparison of laboratory results anreal engine data very di -
cult. Using simulation is therefore an attractive additionhmethod: thanks to the increase
of the computational power, numerical simulations on masaly parallel computers are
nowadays able to replicate the complex mechanisms involvedcombustion instabilities
in full-scale geometries\(Volf et al., 2009 Sta elbach et al., 2009 Wolf et al., 2010. Low-
order models and even theory on simple geometrid3dwling, 1995 1997 Kopitz et al.,
2005 Evesque & Polifke 2002 are also developed to guide LES and experiments. This is
a crucial step to improve the understanding of these phenomee Nevertheless, no indus-
trial tool to date is able to predict instabilities at the desgn stage and key phenomena
a ecting the existence and the nature of modes are still undenvestigation.

1.2.2 Combustion instabilities mechanisms

Combustion instabilities are generally diagnosed when @®ure oscillations (longitudinal,
radial and azimuthal waves) lead to noise and potential danga (Lynch, 2011 Candel
2002 McManus et al,, 1993. They may also be present in a gas turbine and have
limited direct visibility even though they substantially a ect the ame e ciency and the
overall engine long term lifetime. These oscillations areud to a coupling e ect between
combustion (heat release) and acoustics (pressure or vetypceld) ( Brown et al., 1986
Candel 1992 Dowling & Stow, 2003.

In this coupled resonant loop, a rst mechanism is the emissn of sound by ames.
Indeed, a uctuation of the reaction rate of quasi-isobaricombustion acts as an unsteady
local source of volume, which therefore generates sourtr@hle, 1972 1985 Clavin &
Siggig 199)). The relation between the acoustic poweP, and the variation of volume
ow rate ( Searby 200§ is (mechanism (1) in Fig. 1.5):

|

VA
P,= - % 1

- 1 i H 3
= e " < gt if V (1.2)

where =y is the density ratio between cold and hot gases,is the speed of sound and
L= & is the volume ow rate of the ame, which depends on the ame sdiace
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and ame speedS;. This expression is valid only for compact sources, whichsasnes
\ 3 whereV is the volume of the source and is the acoustic wavelength. These
heat release oscillations depend on many parameters suctgasmetrical features $mith
et al.,, 2012 2010, equivalence ratio uctuations (Lieuwen & Zinn, 1998 Sattelmayer,
2003, ow rate modulation etc. Thus, even if methods and tools hee been developed
over the past few years, the understanding and prediction auch phenomena are still
di cult regarding the complex physics involved.
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Figure 1.5: Schematic diagram of combustion instability: ow or equivalence ratio perturbations are

convected by the mean ow (U 6 0), modify the ame surface and provoke heat release oscillations.
The ame behaves like an acoustic monopole generating acoustic waves, igh propagate atu c¢. This

acoustic energy propagating in the whole domain (upstream and downstreamjnay be converted, for
example by a swirler, into a convective wave (equivalence ratio, articity, entropy) and a new cycle is

starting.

The second mechanism involved in the generation of combuwstiinstabilities is the
sensitivity of ames to noise: as shown in Fig. 1.5, acousticaves, generated by the un-
steady combustion and propagating into the whole domain irubsonic ows (mechanism
(2) in Fig. 1.5) may be converted into convective waves (vodity, equivalence ratio or
even entropy), for example by a swirler (mechanism (3) in Fidl.5). These waves are
then convected by the mean ow (1 6 0, mechanism (4) in Fig. 1.5) and can perturb
the ame and change the instantaneous rate of heat release €ofnanism (5) in Fig. 1.5).
The uctuations of the heat release generating sound agaithe acoustic wave might gain
energy from interaction with the unsteady combustion as psented by Rayleigh et al. in
1894 Rayleigh, 18949. If the gain is greater than the acoustic losses, the wavemapli-
tude increases exponentially until a limit cycle controllé by non-linearities (Lieuwen &
Neumeier 2002 Krstic et al., 1999 is reached or until the combustor explodes, quenches
or is stopped by the operator.

The scenario of Fig 1.5 takes place in two di erent worlds (theonvective and the
acoustic worlds), where speci c tools can be applied. Whila ithe convective world, the
mean ow is an essential feature (otherwise no convective qpagation is possible and

20



1.2 Combustion Instabilities overview 21

reactants are frozen, which implies that no combustion maycour), it can be usually
neglected in the acoustic world where the assumptian c¢' cis su cient to charac-
terize acoustic wave propagation. In other words, while egpsive DNS or LES has to be
performed to capture mode conversion and ame responses hetconvective world, sim-
ple tools such as Helmholtz solver or even theory can be apdli® describe the acoustic
world.

Full engine Annular chamber 4 sector:

Figure 1.6: Photograph of a full engine of Pratt&Whitney (left), zoom on an annular combustion
chamber from Turbomeca (middle) and details of some annular sectors of an a&alar combustion chamber
from Rolls-Royce (right).

A very speci c case where combustion instabilities raise rtiple fundamental ques-
tions corresponds to the annular chambers of many gas turleis (Fig. 1.6): in these
con gurations, instabilities often take the form of azimuhal modes (Fig. 1.7) propagat-
ing along the azimuthal directione and not only in the longitudinal direction € (Can-
del, 1992 Crighton et al., 1992 Poinsot & Veynante 2005 Lieuwen & Yang 20035.
Mechanisms leading to azimuthal instabilities are more cgotex than those encountered
in longitudinal con gurations. As presented in Fig. 1.8, whib focuses on neighboring
burners of an annular rig (Fig. 1.7, right), the azimuthal moeé acts like a clock which
modulates the axial mass ow rate in the burners (Fig. 1.8-a) Ut also creates a trans-
verse excitation (Fig. 1.8-b), especially in burners locatl at a pressure node. These
two mechanisms wrinkle the ame and a ect its surface and pason: they can promote
ame- ame interaction (Fig. 1.8-c, also known as ame mergig) but the e ect of this
interaction on thermo-acoustic instabilities is not yet flly understood (Lespinasseet al.,
2013 O'Connor & T.Lieuwen, 201Z,b). Note that the mechanisms presented in Fig. 1.8
assume that burners are compact with respect to the acousti@velength, an assumption
which is usually valid for azimuthal modes in annular combuers: ' 2L, a where

is the azimuthal wavelength, 2. is the perimeter of the annular chamber ana is the
burner diameter.

The structure of azimuthal modes has been a continuous topa discussion since the
work performed at SiemensKrebs et al., 2002, which proved that multiple modal struc-
tures could coexist in a real gas turbine: spinning, standjnor even mixed, modes can
appear successively and instabilities can switch from ongucture to another (Schuer-
manset al., 2006 Evesqueet al., 2003. Structures of spinning, standing and mixed modes
are represented in Fig. 1.9. A rst LES attempt to understand his peculiar phenomenon
was carried out byWolf et al. (2009, who showed that swirlers induce a mean azimuthal
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Figure 1.7: 3D view (left) and schematic view (right) of an azimuthal combustion instability (pressure
uctuations along the azimuthal direction ) in an annular engine (left) and zoom on two neighboring
burners (right).

velocity which can modify the ame- ame or ame-acoustic irteractions and thus in u-
ence the spinning or standing modes occurrence as shown oa awson's experiment
(Worth & Dawson, 2013,a). Schuermans et al. have also argued in 2006 that at high
pressure levels, only turning modes would survive becaudenon-linear e ects (Schuer-
manset al., 2009. Sensiau et al. (2008) and Noiray et al. (2011) have demoreted that
turning modes would appear only in purely axisymmetric casestanding or mixed modes
occurring otherwise Noiray et al., 2011, Sensiay 2008 Sensiauet al., 2009. However,
the e ect of the modes structure (standing, spinning) on theame-acoustic interactions
and therefore on instabilities is still an open question.
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Figure 1.8: Azimuthal mechanisms driving combustion instabilities: the azimuthal mode acts like a
clock modulating the axial mass ow rate in the burners (a) but also creates a transverse excitation
(b). Both mechanisms can also generate ame- ame interaction (c) and itse ect on thermo-acoustic
instabilities is not yet understood.
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Figure 1.9: Structure of spinning (top), standing (middle) and mixed (bottom) modes (oinsot &
Veynante, 2005 determined by the modulus (left) and phase (right) of the complexpressure oscillations.

1.3 Approaches to study combustion instabilities

In order to study thermoacoustics of combustors in academand real industrial con g-
urations, several approaches may be found with pros and conghis PhD thesis focuses
mainly on modeling and simulations, from theoretical and ailytical studies to full 360
detailed simulations on both academic (from Sections 6 to 8nd industrial con gurations
(not presented here for con dentiality purposes). Fig. 1.1displays a simpli ed overview
of methods used to predict combustion instabilities. In tts thesis, all these tools will
be used at di erent moments. Of course, experiments remairbsolutely necessary but
there has been only a few experimental studies in this eld:he Sattelmayer group in
Munich studied an annular chamber Kopitz et al., 20095 and very recently, the Cam-
bridge (Worth & Dawson, 2013,a) and the EM2C (Bourgouin et al., 2013 Bourgouin,
2019 groups have developed new annular chambers, but the comigan between these
chambers and prediction tools is only beginning. We will ref to these experiments every
time this will be possible in this work.

1.3.1 Theoretical works on instabilities

On the left part of Fig. 1.10, theory is an essential element @ombustion instabilities
research. It is often neglected because developing theonycomplex geometry systems
is a challenge. Cerfacs objective was to insist on this aspewhich has been especially
developed in this PhD thesis. Since the 50s, an important egrch e ort has been per-
formed on the underlying phenomena governing the feed-baldop and the ame-sound
interaction leading to instabilities (Williams, 1985 Clavin & Joulin, 1983 Candel 2002.
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Figure 1.10: Overview of methods and tools used and/or developed in this PhD thesi to investigate
and predict combustion instabilities, from cheap analytical theoriesto full 360 Large Eddy Simulations.

The rst theoretical explanation and stability criterion for thermoacoustic combustion
instabilities was provided very early by Lord Rayleigh Rayleigh, 1899 based on the
acoustic energy balance equation. Dierent forms of stality criteria may be obtained

depending on which uctuating energy de nition is used Chu, 1965 Nicoud & Poinsot,

2005 Brear et al., 2012. In its incomplete form, at zero Mach number and for an eneyy
based only on the acoustic pressure and velocity, the acogstnergy equation reads:

dE
p +F =R (1.2)
z - z 7
whereE=  f @i+ 1P 4 F =  pi:adAandR = Lol 14
2 2 oG A Po

E being the acoustic energy in the domain ,F the acoustic ux through the boundary
@= A andR is a source term due to the uctuating heat release produced/the ame
I 1% coupled with the acoustic pressure eld®. hi corresponds to the period-averaging
operator. The energyE grows if the source termR dominates the acoustic uxF, which
leads to the Rayleigh criterion:
Z 1 Z
p—rpO!IOid > ' AdA (1.3)
0 A

This criterion reveals that ame-acoustic interactions ad acoustic damping included
in the sourceR and ux F terms are crucial elements to understand and predict com-
bustion instabilities:
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1.3 Approaches to study combustion instabilities 25

Flame-acoustic interactions: The source termR depends on the coupling
between the pressurg® and the heat releasd % = (Q! £)° produced by the
ame. In amelet theories, the unsteady reaction rate! c° can be expressed as
1e% = o(s? o+ sco 9 where s, is the consumption speed and is the ame
surface. MoreoverQ°= © H (in the lean regime, i.e. when < 1) where °
is the equivalence ratio uctuation and H is the enthalpy at the stoichiometric
condition. Therefore, acoustic waves can in uence a ame thugh three e ects:

1. Modi cations of the consumption speeds®: this e ect is mainly controlled
by chemical kinetics, where pressure increases lead to dgnsicreases and
therefore change the reaction rateMclintosh, 1993 Jinenez et al., 2012.
However, this mechanism can dominate in spray ames where asbics
can a ect the evaporation process and modulates the fuel uat the ame
front (Saito et al., 1996 Clanet et al., 1999.

2. Modi cations of the ame surface ° mostly because of large vortical struc-
tures wrinkling the ame front ( Poinsot et al., 1987 Candelet al., 20149.

3. Equivalence ratio uctuations © this e ect is mainly governed by the mod-
ulation of the air and fuel mass ow rates by acoustic wavesdding to oscil-
lations of the local equivalence ratio. Vortex shedding indted by acoustics
could also modify mixing and therefore can a ect the local affuel distribu-
tion.

In real combustors (except in solid rocket boosters), the @end e ect is the most
important and has been studied analytically for simple acanic premixed planar,
conical and V- ames by (Lieuwen 2001 Schuller et al., 2003 and more recently
by (Cuquelet al., 2011 Blumenthal et al., 2013. For more complex con gurations,
ame-acoustic coupling is usually modeled using a Flame Trafer Function (FTF)
based on the time-delay model (the so-called n-tau model)talslished by Crocco
(1969 or its non-linear version called Flame Describing Functio(FDF) proposed
by Noiray et al. (2009. These transfer functions have to be characterized thanks
to experiments or LES simulations because theoretical aggaches cannot be used
for most industrial cases equipped with swirlers. Indee®alies(2010; Palieset al.
(2012 have shown that the unsteady ame dynamics and the swirl main can
interact constructively or destructively, leading to a dierent ame response to
acoustics. Other swirl perturbations, such as helicoidal mdes induced by a Pre-
cessing Vortex Core (PVC) can yield similar e ects as showrylMoecket al. (2012);
Acharya & Lieuwen (2013 and reviewed byCandel et al. (2014. Nevertheless,
these numerical ame models are available only for a few oding points, while
the stability of engines has to be checked on all operating ipts. Analytical scaling
methods Kopitz et al., 2009 can however provide the FTF for an operating point
thanks to an already known FTF on an other operating point redcing the number
of FTF needed for a complete study of industrial con guratiorstability. The work
presented in this thesis focuses only on the linear regimeguertheless a study of
non-linear regimes using FDF's have been also explored usingA&AMAC and
is brie y described in the Appendix C since it can lead to symnigy breaking as
well (Ghirardo et al., 2015.
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Acoustic damping:  The ux term F in Eqg. (1.2) is due to acoustic losses at
boundaries. While simple impedancezg (Z = 0 corresponding to a pressure node
or Z = 1 for a velocity node) are usually a good rst-order approximi&on of
boundary conditions, they do not include acoustic dampings{nce hp%%:1 = 0
on the boundary) leading to approximate stability criterion. To correctly predict
growth rates, much more precise conditions must be derived provide acoustic
re ection coe cients for subsonic and choked nozzlesMarble & Candel, 1977
Duran & Moreau, 2013. This requires taking into account the mean ow terms
which make the formulation much more complexSelle et al., 2004; Nicoud &
Wieczorek 2009 Motheau et al.,, 2012. Specic e orts have also been applied
on e usive plates, used for thermal cooling, that can genel e cient acoustic
damping and act like passive control systems under certainmditions (Howe 1979
1997 Tran et al., 2009 Mendez & Eldredge 2009 Motheau et al., 2012. However,
more work on damping is needed to fully characterize combimt instabilities in
real applications. This PhD thesis will propose in Section & methodology to tackle
this problem numerically.

Since ame-acoustic interactions and damping mechanismgend on the acoustic
pressure and velocity elds, theoretical approaches havdsa been developed to predict
acoustic modes in simpli ed con gurations and therefore tmbtain the growth rates and
stability of the system. Simple longitudinal con guratiors were intensively studied in
both the linear (Schulleret al., 2012 Mejia et al., 2014 and non-linear regimes Dowling,
1995 Stow & Dowling, 2004 Noiray et al., 2009. Complex annular con gurations were
investigated analytically or quasi-analytically only reently, mainly based on acoustic
network representations $tow & Dowling, 2001 Evesque & Polifke 2002 Moeck et al.,
2010.

The rst part of this thesis will introduce an analytical theory based on the Annular
Network Reduction (ANR) approach to compute analytically fregencies in a simpli-
ed annular combustor. This tool, called ATACAMAC (Analytica | Tool to Analyze and
Control Azimuthal Modes in Annular Combustors), allows to extact key parameters
(e ects of mean ow (Bauerheimet al., 2014), coupling between cavities Bauerheim
et al., 2014), input uncertainties (Bauerheimet al., 2014) as well as symmetry break-
ing (Bauerheimet al., 2014a,e)) controlling instabilities in such a con guration. Being
able to exhibit fully analytical expressions of the paramets controlling instabilities in
an annular combustor is one of the main results of this PhD (Gipters 2 and 3).

1.3.2 Low-order modeling and Helmholtz solvers

A classical method to predict combustion instabilities isd use a network with acous-
tic elements leading to a simpli ed problem that can be solkanalytically or numeri-
cally (Poinsot & Veynante, 2005 Stow & Dowling, 200%, Politke et al., 2001a; Krebset al.,
2002 Knager et al., 200Q 1999 Leperset al., 2009. This approach makes predesign pos-
sible when only the rst longitudinal or orthoradial modes ae sought for. More recently,
a semi-analytical approach using quasi-one dimensionaltwerk on annular con gura-
tion (one ring (Parmentier et al., 2012) has been extended to two rings con guration
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1.3 Approaches to study combustion instabilities 27

or even 2D networks on the ATACAMAC tool (Analytical Tool to Analyse and Control
Azimuthal Modes in Annular Chamber) Bauerheimet al., 2014a,d,e). This kind of tool
is a rst interesting step for pre-design industrial tools wich capture azimuthal as well
as longitudinal modes. Such an approach also provides keysuls on passive control
techniques and mechanisms a ecting the mode nature.

For more complex con gurations, where 1D formulations do ndiold, 3D Helmholtz
tools can solve the Helmholtz equation at reduced cost in theefjuency domain (Fig. 1.10,
middle):

1
Po

where o and depend on the space variable and the unknown quantities are the com-
plex amplitude p(x) of the pressure oscillations and the complex frequendy (Nicoud
et al., 2007. Acoustic ame coupling, acoustic damping (e.g. e usive @ites), or realistic
impedance e ects on the mode structure and growth rate can #nefore be numerically
obtained. Rotating transverse modes were studied in a siegburner con guration us-
ing both LES and a Helmholtz solver bySelle et al. (200§. Evesque et al. applied
a similar acoustic tool to study spinning and standing mode a simpli ed multiple-
burner annular combustor Evesque & Polifke 2002, which complement time-domain
studies (Pankiewitz & Sattelmayer, 2003 where non-linear ame behaviors can be eas-
ily introduced, the diculty being the description of complex impedances in a time-
formulation. Combining non-linear Flame Describing Functins (FDF) and frequency-
domain acoustic tool was proposed recently bilva et al. (2013. Finally, Campaet al.
(2011 applied a Helmholtz solver on a gas turbine with multiple anmlar cavities high-
lighting the strong e ect of coupling between cavities on th results. Nevertheless, low-
order modeling and acoustic tools su er from multiple assuptions such as linearity, null
mean ow or FTF depending only on the axial velocity uctuations. A novel approach
called AMT (Acoustic Mode Triggering) is therefore presenteth Chapter 9 to relax these
assumptions by combining both time and frequency domain cqgmtations. In AMT, a
mode obtained by a Helmholtz solver is added to an LES solutido see how this mode
really behaves when the assumption used in the Helmholtz seivare relaxed as can be
done in LES or DNS.

1 12 .
r- —rp —p=j! a(x) 1.4)
0 Po

1.3.3 LES approach for combustion instabilities

Low-order modeling techniques are fast and e cient to predi instabilities in real or
simpli ed con gurations if FTFs are known. However, the main coavective and reacting
phenomena are by-passed and hidden in the FTF. Thus network meld or acoustic tools
are not su cient to understand and control the whole combusibn instability process. An
alternative solution is to go to more detailed simulationsKig. 1.10, right), for instance
using the Large Eddy Simulation approach (Chapter 6). LES ithe main tool today
to perform unsteady turbulent numerical computations. Thé computational method is
based on the Kolmogorov's theory proposed in 194Kd¢imogorov, 1941 and then widely
improved for non-reactive ows Smagorinsky 1963 You & Moin, 2007,b; Nicoud &
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Ducros 1999 Moin, 2002 Piomelli et al.,, 198§ and in the last ten years for reacting
ows (Jones & Whitelaw, 1982 Riber et al., 2006 Pitsch, 2006 Poinsot & Veynante, 2011,
Schmitt et al., 2007 Janicka & Sadiki, 2009. By spatially low-pass Itering the Navier-
Stokes equations, the LES approach models small scales & folution and consequently
reduces the computational cost of the simulations compareo full-scale simulations
known as DNS (Direct Numerical Simulation). Multiple recent ppers have demonstrated
that LES is well-suited for the study of turbulent ames desjte its high computational
cost (Colin et al., 1999 Pitsch, 2006 Riber et al., 2006 Forkel & Janicka, 200Q Branley
& Jones 200X Domingo et al., 2002 Schmitt et al., 2007).

Recently, this tool has been applied to azimuthal instabiiies studies in a complex
industrial annular chamber (Wolf et al., 2009 201Q Sta elbach et al., 2009 using the
compressible LES solver AVBP (Fig. 1.11) for a full ring compation of azimuthal in-
stabilities in an helicopter engine. This important breakbirough showed that LES could
capture self-excited azimuthal instabilities in annular lskambers. Even though this was
an exciting result, one of the main drawbacks of such an ap@ch is obviously its ex-
treme cost but also the heavy post-processing treatmentsideed, LES simulations being
highly turbulent, uctuations quantities have both an acouwstic and a turbulent part that
might be di cult to discriminate. Mathematical methods based on POD (Proper Or-
thogonal Decomposition - rstly proposed by Lumley in 1967 L{umley, 1967 and then
used in CFD simulations at CERFACS (Wolf et al., 201Q Roux et al., 2007) or CBF
(Characteristic-Based lIter) (J. Kopitz, 2009 have been applied successfully in order to
extract the acoustic eld from a turbulent unsteady eld.

Figure 1.11: Full ring LES simulation performed by Wolf et al. (2012

LES is therefore a promising tool to understand and controlzzamuthal modes in
annular combustors. In this PhD work, this approach has beeapplied in this thesis on
the academic annular experiment of CambridgéNorth & Dawson, 201d,a). First, forced
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single-sector LES are combined with annular Helmholtz simations to compute FTF and
stability of the 360 system with respect to several parameters and models (Chapt7).
Comparison of these numerical results with experimental ebrvations have proved that
this hybrid method is able to predict the ame-acoustic inteaction and stability of a real
annular chamber despite its sensitivity to many features: ash quality, description of
boundary conditions making the acoustic waves treatment geible Poinsotet al., 19929,
chemistry schemes and wall treatments and temperaturédgy-Wo-Chong & Polifke, 2012
Poinsot, 1987 Duchaineet al., 2011, Mejia et al., 2014 Bauerheimet al., 2014&). From
this analysis, a speci ¢ operating point is chosen to competself-excited azimuthal modes
in the complete 360 con guration (Chapter 8).

1.4 Azimuthal thermo-acoustic modes

1.4.1 Azimuthal vs. longitudinal modes

This overview on combustion instabilities and applicatiorto azimuthal modes reveals
that important e orts on numerous topics have been develogksince the early 50s but
that azimuthal modes constitute a speci ¢ class of problem lch has been less studied
and raises new problems. For example, a simple comparisoriveen longitudinal and
azimuthal modes raises useful questions on the speci cii®f unstable modes encoun-
tered in annular con gurations. To illustrate why instabilities in annular chambers need
special investigations, this section brie y compares lomgdinal modes in a straight duct
(Fig. 1.12-a) and azimuthal modes in an annular combustor (FigL.12-b). In the one-
dimensional con guration of Fig. 1.12 (a, left), both propagting and standing waves can
appear. Propagating wavesq = p° cu? travel in opposite directions with phase vari-

ation along the longitudinal axis:q (x + x)= q (x)e ¥ X wherek = !=c. With the
boundary conditions of Fig. 1.12 (a, left), the local valuesfa® and g can be written:
8 ! " # !
2 q+ _ ékL 0 q+
> 9 x=L 0 € - q x=0 (15)
"gp=¢y = 1 and g'=q =+1

Consequently, the key feature controlling the acoustic medin a longitudinal con g-
uration is the boundary conditions (hereu>=0 at x =0 and p°=0 at x = L). The
system de ned in Eqg. (1.5) contains two boundary conditionsvhich couple the rst and
second line of the matrix equation and thus impose both fregacy and structure of all
acoustic modes. The system becomes one-dimensional and/ amle solution per mode
exists: for example, a quarter-wave standing mode & 4L) at the frequencyf = c=L
for the rst mode.

An annular con guration (Fig. 1.12-b) also features one-dinresional acoustic waves.
However, in that case, the boundary condition is very di erenn As shown in Fig. 1.12-b,
the condition does not x a speci c value of the ratioq"=q but imposes axi-periodicity,
i.e. g ( )= g ( 5): the boundary does not couple” andq as it does for longitudinal
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Figure 1.12: Typical longitudinal (a, left) and annular (b, right) con gurations with b oundary condi-
tions (u®= 0 and p®= 0 or periodicity) and characteristic length scale L.

con gurations. The formulation of the system is:

8 ! " # !
E + ék+|_ 0 q+ .
= . ék L 1 0 q+ 0
0 ekt | -
2 g . ) A °
¢ = and g =q,. (
(1.6)

This formulation shows that periodicity conditions in peréct symmetric cases are weaker
because only imposing the frequency but not the mode strueti anymore: imposing
0y = . is equivalenttoq, = g, in symmetric con guration sinceq” and q have a
similar behavior. Thus, when the problem isxi-symmetric , the matrix of the system
a
0
g~ and counter-clockwiseq waves are both solutions of the problem with the same
frequency:f = c=2L. Since the problem idinear , any combination of these two waves
is also a solution and therefore propagating, standing or réd modes can be generated:

the mode is degenerate. However, if axi-symmetry is brokenaténg for example to

M is hermitian?, i.e. M = imposing herek® = k = k, and the clockwise

k = ko k, then the two equations of (1.6) are di erent, which yields wo modes
with di erent frequencies and a xed structure: here two spining modes at frequencies
f = £ ck

2L 2

In this PhD, two di erent symmetry breaking called geometrcal (GS) and ow (FS)
symmetry breaking are investigated, leading to di erent nares of the matrix M and
therefore di erent mode structures:

FS breaking: The clockwise and counter-clockwise waves are still decéegb but
have di erent propagation properties k™ 6 k ), leading to:
a o0

M = 0 b with a6 b .7

2A matrix M is called hermitan if (M )' = M where is the conjugate operator andt the transpose
operator.
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Figure 1.13: a) A typical 3D con guration of an industrial annular combustion chamber equi pped with
N = 24 burners with or without CBO and b) Network model of the annular chamber (—— ) with N =24
burners. The annular plenum -- ) is removed for the sake of simplicity.

where corresponds to the conjugate operator. FS breaking is obta&id for example
when a mean azimuthal ow exists, leading to di erent speedalues (4 c¢) for the

azimuthal waves.

GS breaking: The clockwise and counter-clockwise waves are coupled thgh

an interaction mechanism characterized by a parameter (dailed in Chapter 2),
leading to:

_~a 0 10 _ a 0 .
M—Oa 1 = a4 a with 60 (1.8)

GS breaking is obtained for example when the geometrical symatry is broken
by introducing ba es, Helmholtz resonators or di erent types of burners in the
azimuthal direction.

As a conclusion, the mode structures observed in annular cgyurations are the results
of two ingredients: the linearity of the system and its axi-priodicity. In other words,
the mode structure is xed by either non-linearities or by beaking the axi-periodicity of
the con guration. Non-linear e ects have already been stu@id by Noiray et al. (201J);
Noiray & Schuermans(2013 and therefore this thesis will focus on both geometrical

(GS) and ow (FS) symmetry breaking in annular combustors, amicial element not yet
explored in details for such a system.

1.4.2 Symmetry breaking in annular gas turbines

Recently, symmetry breaking has been investigated in congx annular gas turbines ( g-
ure 1.13) (Noiray et al., 2011 Parmentier et al., 20129 which exhibit azimuthal acoustic
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Figure 1.14: Nature of the azimuthal mode observed in {Molf et al., 2012). The nature is determined by
the C-indicator phase (Appendix I): constant for a standing mode and poportional to !t for a spinning
mode.

waves produced by thermo-acoustic instabilitiesq’'Connor & T.Lieuwen, 201Z). In
real engines, usually, identical burners (at least within anufacturing tolerances) are
distributed regularly along the azimuthal direction (gure 1.13). Therefore, perfectly
axisymmetric con gurations have been intensively inveggiated using theoretical Par-
mentier et al.,, 2012 Bauerheim et al., 2014; Stow & Dowling, 2001 Pankiewitz &
Sattelmayer, 2003 Stow & Dowling, 2003, acoustic and LES tools Evesque & Politke
2002 Kopitz et al., 2005 Sta elbach et al., 2009 Wolf et al., 20129 and more rarely exper-
iments (Krebs et al., 2002 Worth & Dawson, 2013,a; Bourgouin et al., 2013. Annular
chambers exhibit speci ¢ azimuthal modes, which can be stdimg or spinning in the az-
imuthal direction (Fig. 1.9) (Evesqueet al., 2003 Sensiauet al., 2009. Azimuthal modes
are often "degenerate”: two modes are found at the same fresqcy (two counter-rotating
spinning modes for example). These two modes can combine awdtch, leading to com-
bustors which exhibit standing, spinning or mixed modes fovarious times, changing
from one mode to another one at random instants as observedl&S (Fig. 1.14) (Wolf
et al.,, 20129, laboratory setups (Worth & Dawson, 2013; Bourgouin et al., 2013 and
even in real gas turbinesKrebs et al., 2002. Mode switching has been postulated to be
due to random turbulent uctuations (Noiray & Schuermans 2013. However, azimuthal
modes are not necessarily degenerate leading to a more caogpéd situation where the
con guration is strongly a ected by symmetry modi cations, as shown by studies of
sound produced by bellsRerrin & Charnley, 1973 where non-degenerate but very close
azimuthal modes (also called "non-degenerate singlets'§dd to "warble", an undesired
low-frequency modulation due to the coupling of two modes thidi erent but very close
frequencies.

The e ect of asymmetry on the eigenfrequencies and nature akzimuthal modes in
annular chambers is still an open question and is the focus thiis thesis. Earlier work
has focused on symmetry breaking using ba es to prevent combtion instabilities in
the F-1 rocket engines (reviewed byefelein & Yang 1993). They suggested that
asymmetry can be introduced to control unstable modes usipgssive techniques. Stow &
Dowling (Stow & Dowling, 2003 applied azimuthal variations using Helmholtz resonators
on an annular academical test bench. Similarly,Berenbrink & Ho mann, 2001 and
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(Krager et al., 2000 (reviewed by (Culick & Kuentzmann, 2009) broke the symmetry of
an annular engine by using CBOs (Cylindrical Burner Outlet,gure 1.13-a, bottom) to
modify the time-delay ; of some of the 24 ames and control instabilities in & = 24
burners industrial combustor. They varied the number of CB® installed among the 24
burners showing that adding CBOs improved stability. Howewe it was not clear wether
the stabilization was due to the CBO devices rather than, asrgued by the authors, to
symmetry breaking in this particular case. LatelyMoeck et al. (2010; Gelbert et al.
(20129 carried out an annular Rijke experiment with heating grids ating like ames.
They introduced circumferential variations through asymmatric power distributions of
the grids to modify azimuthal modes and noticed that the stagg pattern can split
degenerate azimuthal modes (doublets) into non-degenezgtairs (singlets) as suggested
in (Perrin & Charnley, 1973 for bells.

A few theories consider the e ect of asymmetry on the existee and nature of az-
imuthal modes (standing, spinning or mixed):Schuermanset al. (200§ suggest that
standing modes are observed for low amplitudes but that, atigher amplitudes, one of
the two rotating modes eventually dominates. Howevefensiauet al. (2009 have shown
that even in the linear regime, any change in symmetry can ldao the appearance of
one rotating mode dominating the other one: when the symmatrof the con guration
is broken, the standing azimuthal mode is changed into two goter-rotating azimuthal
modes with di erent growth rates so that one of them eventu&# dominates the other, at
least in the linear phaseNoiray et al. (2011 have proved that the 2" Fourier coe cient
of the heat release, temperature or even acoustic lossesraghal distribution (where p
is the order of the azimuthal mode considered) strongly impés the frequency as well as
the mode nature on an annular rigWorth & Dawson (2013,a) have also shown that the
modes nature can result from the interaction with the mean w by breaking symmetry
thanks to clockwise/anti-clockwise swirlers: they obseed a strong correlation between
the bulk swirl direction and the direction of spin. They havethen broken the rotating
symmetry with ba es distributed along the azimuthal direction with a speci ¢ pattern.
In that case, standing modes were dominant. Finally, two di eent classes of symmetry
breaking have be studied, as mentioned in Egs. 1.7 and 1.8:

Geometrical symmetry breaking: The design of the annular combustor can be
modi ed with a non-axisymmetric pattern of burners, for ingance by using ba es
or di erent ames, which can be done using a Cylindrical Burer Outlet (CBO)
on some of the burners to modify the time-delay of the Flame Transfer Function.
Experimentally, this kind of symmetry breaking seems to proote standing modes
(Fig. 1.15) but the e ect of the ame distribution and the asymmetry pattern on the
mode structure as well as the stability of the con gurations still an open question.
Geometrical symmetry breaking can also result from manufaging tolerances,
which lead to uncertainties and possible asymmetries in theystem. For instance,
Fig. 1.17 shows a DMD analysis of the heat release produced macademic annular
combustor installed at EM2C where three ames (black arrowWsare out-of-phase
(out of the sixteen burners of the combustor). This phenomen clearly breaks the
rotation symmetry of the con guration and might modify its stability.

Flow symmetry breaking: Even if the geometry of the chamber is perfectly
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Figure 1.15: Geometrical symmetry (GS) breaking studied by Dawson & Worth (2014: the rotation
symmetry is broken by Ny, ba es distributed in the azimuthal direction with a speci c patte rn. Standing
modes are promoted when GS breaking occurs. These diagrams preseoatter plots of the two spinning
mode amplitudes (clockwise and counter-clockwiseA and A* respectively).

Figure 1.16: Flow symmetry (FS) breaking studied by Worth & Dawson (2013): the rotation symme-
try is broken by a mean azimuthal ow motion induced by swirlers (left, swirlers with the same direction).
When swirlers directions are alternate (right), the mean azimuthal ow is absent leading to no symmetry

breaking.
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Figure 1.17: DMD analysis of the heat release produced by ames in an academic annularombus-
tor (Bourgouin et al., 2013. It shows that three of the ames (black arrows) are out-of-phase ( =0 or
), which may denote an unwanted symmetry breaking.

axisymmetric, the mean ow itself can have a non-symmetricamponent which
a ects the azimuthal acoustic mode (via the sound speed fonstance). This ow
asymmetry can be generated by the compressor or di user outleswirlers or even
e usive plates used in modern gas turbines to increase residial time and therefore
improve mixing. Worth & Dawson (2013) observed a strong correlation between
the bulk swirl direction and the direction of spin of the azimithal mode (Fig. 1.16).
However, Worth & Dawson (2013) have found that this correlation may depend
on the number of burners introduced in the annular rig (i.e. He azimuthal con-
nement), which complexi es the situation. Until now, no theoretical background
or numerical simulations can clarify this point and describ the e ect of the mean
azimuthal ow on the acoustic mode nature and growth rate.

1.5 PhD objectives and outline

The goal of this PhD thesis is to investigate the e ects of symetry breaking on the fre-
guencies as well as the structures of azimuthal modes enctauad in annular combustors.
The two di erent methods to break symmetry (1 - Flow symmetry eaking (FS), when
the ow itself breaks the rotation symmetry of the annular conbustor and 2 - Geometri-
cal symmetry (GS) breaking induced by the design, intended mot, of the combustion
chamber) will be studied using a wide range of tools. Thesedis will be either existing
codes (LES and Helmholtz solvers) or new approaches specllgaleveloped for this PhD
(ATACAMAC, AMT, Active Subspace), as shown in Fig. 1.19.
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Figure 1.18: Transverse cut of an annular gas turbine and its associated network modelOn the left,
the con guration is reduced to an annular chamber connected toN burners, called BC con guration.
On the right, the con guration is called PBC and the annular plenum is retained to study coupling
mechanisms between the two annular cavities.

PART | -  First, a theoretical framework is developed to produce andlgal expres-
sions for the nature and growth rate of modes in a BC (Burners3hamber) con guration
(Fig. 1.18, left) where an annular chamber connectd burners. Based on this frame-
work, two mechanisms called GS (Chapter 2) and FS (Chapter 3ymmetry breaking are
investigated. This analytical study is performed using théATACAMAC tool (Analyti-
cal Tool to Analyze and Control Azimuthal Mode in Annular Chambe) and a reduced
approach called ANR (Annular Network Reduction) introduced irtially by Parmentier
et al. (2012. It shows that both symmetry breaking methods split the degnerate mode
into two distinct modes with di erent natures. Moreover, this splitting is always accom-
panied by the destabilization of the ames which can promoteombustion instabilities.
This analytical tool is then extended in Chapter 4 to more rdsstic con gurations, called
PBC (Plenum+Burners+Chamber), where the annular chamberd fed byN burners con-
nected to an annular plenum (Fig. 1.18, right). This con guréion corresponds more
closely to real engines where burners are fed from the samewaar plenum, adding one
possible resonant cavity to the sitem compareed to BC case3he coupling between
the two annular cavities can modify the acoustic in the syste and therefore its stabil-
ity. A UQ (Uncertainty Quanti cation) approach is nally cons tructed in Chapter 5 on
ATACAMAC to evaluate the e ect of symmetry breaking in PBC congurations due to
uncertainties on acoustic- ame interactions (i.e. in Flamélransfer Functions) showing
that undesired symmetry breaking can result from manufacting uncertainties and then
a ect the stability of a gas turbine: the control of uncertanties in a real gas turbines is
required to predict stability with precision.

PART Il -  To complement the theoretical results of Part I, Large Eddy i&ula-
tions, presented in Chapter 6, are performed on the acadenaionular combustor of Cam-
bridge (Worth & Dawson, 2013,a). First, a sensitivity analysis based on single-sector
computations (Chapter 7) shows which physical parametersext the Flame Transfer
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Function and therefore the growth of rate of the con guratia, predicted by Helmholtz
simulations of the whole annular combustor. This study alsdemonstrates that numer-
ical models (SGS and combustion models) as well as the setgid re nement, single
vs. double sector computation etc.) have almost no e ect on FH results which proves
the accuracy of the LES approach chosen here. From this seivdy study, a speci ¢ op-
erating point is extracted to compute the full 360 con guration: the ethylene case with
N = 18 burners is computed and compared to experimental resalin Chapter 8. This
study unveils a signi cant gap between the simple con guradn studied theoretically in
Part | and more realistic turbulent systems, which needs todbridged.

PART Il - Part | is developed using only theory (Fig. 1.19, top), while &t I
focuses on heavy LES (Fig. 1.19, middle). Helmholtz solvers ¢-i1.19, bottom) consti-
tute an intermediate tool which is combined with LES in Part 1I: a new approach called
AMT (Acoustic Mode Triggering) is developed in Chapter 9 and JVadated on longitudi-
nal con gurations. This tool is then applied on annular congurations in Chapter 10 to
analyze fundamental aspects of combustion instabilitiesnd both FS and GS symmetry
breaking e ects that theory fails to fully describe or that LES cannot solve because of
its extreme cost. This methodology is based on injecting arcaustic mode (computed
theoretically or with a Helmholtz solver) into a LES simulaton. AMT allows to inject one
single well-controlled mode into the LES. Therefore, it avds the transient growth phase
computation and directly leads to limit cycles. AMT also allavs to investigate non-linear
triggering by initializing LES with modes of arbitrary amplitudes (not detailed in this
thesis) as well as to predict acoustic damping of real indusl systems (here damping
due to Helmholtz resonators or ba es azimuthally distributed in the chamber), which
can be computed by LES. It also provides a validation of cerita theoretical results on
symmetry breaking (Chapter 10) by post-processing the timéependent simulations by a
Dynamics Mode Decomposition (DMD) to extract the two azimulhial components: non-
degenerate modes can be studied in details by analyzing theespective growth rates
and structures.

Finally, this PhD thesis intends to provide general and fundaental rules on sym-
metry breaking e ects on annular combustion instabilities which can be then applied
on real con gurations such as the one currently developed &necma and Cerfacs called
LEMCOTEC (not shown here for con dentiality purposes). Figue 1.19 summarizes the
two symmetry breaking types (GS and FS) and tools (theory, UQ, AM and LES) used
in this thesis to investigate symmetry breaking e ect on amuthal thermoacoustic modes
in annular combustors.

37



38 Chapter 1 : Introduction

HSYRHSWE () *+ .1 1"HEY WS008 (1)) +,! I"#$%(0/#$%&(| "4$%6/ 9BO1)! *+ |
/ \ :,/ [p‘!sin(!)? ‘/M‘jl/ﬂ‘;"ws‘( \\‘ . ( \
o T i o :
— _c ! :
= PR |
1 1
a :
X |

AN 01% y M/o U som )

S e

PART II
>
<
o
Y,

12345%

: \ 104 /
6789::<%=%>7/RA! o k O— 0 j

PART Il

12345%

Figure 1.19: Summary of tools (Theory, Uncertainty Quanti cation, Large Eddy Simulati on and Acous-
tic Mode Triggering) and symmetry breaking types (FS: --- and GS: ——) studied in the di erent
parts and chapters of this PhD thesis. Three classes of acoustic modase studied: longitudinal mode in
linear con gurations for tools validations and azimuthal modes in BC (Fig. 1.18, left) and PBC (Fig. 1.18,
right) annular systems.
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Chapter 2 : Theoretical analysis of azimuthal thermo-acoustic modeas an annular
chamber fed byN burners

Annular combustion chambers found in many gas turbines can exhibit unstable acous-
tic modes which are due to a coupling between unsteady combustion and azimuthal
acoustic waves propagating in the sectors of the chamber (usually 12 to 24). The
acoustic structure of these modes is controlled by the design of the chamber. For
a perfectly axisymmetric system with identical burners, degenerate acoustic modes
are created: they can be standing, spinning or "mixed". The present work studies
BC (Burners+Chamber) cases which are not perfectly axisymmetric, because di er-
ent burners are installed along the azimuthal direction. Here two dierent types
of burners are distributed in the chamber to break its azimuthal symmetry. These
symmetry-breaking e ects can be studied using a fully analytical method based on a
network approach. The e ects of symmetry breaking on the modes nature are studied
in an idealized case where only 3 sectors are present in the chamber before considering
a realistic case with 24 sectors. Similar results are obtained for both cases and show
that the modes nature is controlled by a single factor called "splitting strength” which
depends only on ; 2, Where ; characterizes the ame response to acoustic waves
of burneri. The modes growth rates are determined by a second parameter called
the "coupling strength" which is the sum of all ;'s. When 24 burners are used, the
pattern used to distribute the two types of burners along the azimuthal direction also
becomes a control parameter. To rst-order however, the model suggests that when
focusing on only one acoustic mode, the most stable con guration is obtained when
using only one burner type corresponding to the most stable case and that mixing
di erent burner types cannot improve the stability of the chamber independently of
the burners distribution pattern. However, this strategy of mixing burners should
be further investigated to stabilize multiple modes (for example the rst and second
azimuthal modes) or the same mode but at di erent operating conditions, by mod-
ifying the coupling strength while keeping the splitting strength as low as possible.

2.1 Introduction

The present chapter describes an analytical approach to estigate the e ects of geo-
metrical symmetry (GS) breaking on azimuthal modes in an antar chamber fed by
N identical or non-identical burners. This con guration caled BC (Burner+Chamber,
Fig. 2.1) allows the investigation of asymmetry's e ect on genfrequencies and nature
of circumferential modes. The model is based on a network deption (Fig. 1.13) of
the combustion chamber where only plane acoustic waves ted\and interact with ames
(Parmentier et al., 2012. It allows to take into account the e ects of burners and of om-
plex ame models (see the discussion in Section 2.3.2) wheoviding a solution which
remains almost fully analytical. This analytical formulaion reveals which parameters
control the growth and the nature of the modes, something wtth would be impossi-
ble with a numerical approach. The work presented in this clmer focuses only on the
linear regime, nevertheless a study of non-linear regimesing FDF's have been also ex-
plored using ATACAMAC and is brie y described in the Appendix C since it can lead
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Figure 2.1: BC con guration to study unstable modes in annular chambers

to symmetry breaking as well Ghirardo et al., 2015.

This chapter is organized as follows: Section 4.2 brie y desbes the principle of the
acoustic network model called ATACAMAC ("Analytical Tool to Analyze and Control
Azimuthal Modes in Annular Combustors") developed in this thsis and how an analyti-
cal dispersion relation can be obtained in such a con guratn (Parmentier et al., 2012.
In Section 2.3, analytical calculations of eigenfrequers are presented for both an "un-
perturbed" case (an annular cavity without ames) and for a gneral non-symmetric BC
con guration (Fig. 2.1). Section 4.4 describes the test casas well as the 3D Helmholtz
solver used to validate the ATACAMAC results. Two application cases are presented :
an academic chamber witiN = 3 burners and a real con guration with N = 24 burners
(Fig. 1.13). In Section 2.4.2, ATACAMAC is applied to a BC con guration with N =3
identical burners (Section 2.4.2.a) and themMN = 3 di erent burners (Section 2.4.2.b),
highlighting the e ect of circumferential patterns on eigafrequencies and modes nature.
ATACAMAC results are systematically compared to those prowled by a 3D acoustic
code solving the complete acoustic equations in three dingons in the low Mach num-
ber case Nicoud et al., 2007 Silva et al., 2013 Selleet al., 2006 Sensiauet al., 2009.
Finally, Section 2.4.3 presents the e ects of asymmetry onstabilities in aN = 24 burn-
ers con guration typical of real engines. Results are compad to observations made in
real gas turbine enginesEerenbrink & Ho mann, 2002, Knager et al., 2000, validating
the choice of a theoretical approach to unveil symmetry br&mg e ect on azimuthal
modes in this PhD thesis.
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2.2 A network model for a BC (Burner+Chamber)
non-symmetric con guration

2.2.1 Model description

This study focuses on a BC (Burners+Chamber) con guration Wwere an annular chamber
is fed by N burners (Fig. 2.1). An impedance is imposed at the upstream end of each
burner. Mean density and sound speed are noted and c° in the annular chamber and

9 and  for the unburnt mixture in the N burners. The perimeter and the section of
the annular chamber are noted 2. =2 R . and S, respectively. The length and section
of the i" burner areL; and S;. The position along the annular cavity is given by the
angle de ning an abscissax. = R. . The location of the ames is similar in all burners
and is given by the normalized abscissa = z: =L; (Fig. 2.1)

This model corresponds to situations where pressure ucttians in the combustion
chamber depend on the angle (or the azimuthal position x) but not on the axial direction
z in the chamber (they depend on the coordinate only in the burners). This case can be
observed in combustors terminated by choked nozzles whicboastically behave almost
like a rigid wall (i.e. u®= 0 under the low upstream Mach number assumptionMarble
& Candel, 1977). Since the chamber inlet is also close to a velocity node,oates which
have no variation alongz can develop in the chamber, as shown by recent LES in real
engines Wolf et al., 2009.

The model provides the analytical expression of eigenfrezncies for a general asym-
metric case for any mode ordep and any number of burnersN as well as general
rules on stability for annular combustors. Results on stridare and nature of azimuthal
modes (spinning, standing or mixed) will be derived using th analytical study to show
how asymmetry can promote speci ¢ modes and control instdlties (Worth & Dawson,
201d,a; Moecket al., 201Q Gelbert et al., 2012 Noiray et al., 2011J).

2.2.2 Annular Network Reduction (ANR)

Network models which account for one annular cavity conneceo N burners usually
require a large number of unknown variables (acoustic prese and velocity in each
network tube) and a large matrix describing the system (tymially a 2N -by-2N matrix).
To reduce the size of the system (i.e. a matrix of size 2-byiBdependent of the numbeN
of burners), the ANR (Annular Network Reduction) methodology poposed in Bauerheim
et al., 2014l) is applied: the full annular combustor is split intoN sectors which di er only
via the burner/chamber junction (Figs 2.2 and 2.3). Betweenaeh sector, the propagation
of azimuthal waves (along or x) can be modeled by a transfer matrixR}; as proposed
by (Parmentier et al., 2012 (Fig. 2.3, propagation):

g = R U = Vc\)’ 2.1)

where R; =
q i+3 a

2o

whereq = p° °cu® w = e#k- "N and the wavenumberk = !=c°.
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Figure 2.2: 3D view of a BC con guration with N = 4 burners (left), zoom on the i" sector (top
right) and model of the whole BC con guration (bottom right) where ; represents the burner/chamber
interaction (Parmentier et al., 2012

Figure 2.3:  ANR methodology: each sector is decomposed into a free propagation of azimuthalaves
(characteristic length 2L.=N) and a compact burner/chamber interaction (characteristic length a )
modeled by the coupling parameter ;
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Figure 2.4: Equivalent impedance of the wholei" burner (which includes thei® active ame) near the
burner/chamber interaction zone (Fig. 2.3). The translated impedanceZ; at z = L; takes into account
the upstream impedanceZ at z = 0, the propagation inthe cold (0O <z< L j)andhot(L j<z<Lj)
parts of the burner as well as the active ame e ect via the Flame Transfer Function (n;; ;)

The area where thé burner is connected to the annular chamber-¢- in Fig. 2.2,
top right) was investigated by O'Connor & T.Lieuwen (201Z,b) and can be assumed to
be compact. As shown in Fig. 3.3, using the equations of acowspropagation in the
cold (O<z< L j)and hot (L ; <z <L ;) parts of the burner as well as the jump
conditions through thei™ ame (z = L ;), the e ect of the whole i™ burner on the

annular chamber can be obtained by a translated impedanceofn z = 0 (impedanceZ)
Pg;i (z=Li)

to the burner/chamber junction at z = L; (impedanceZ, = WW'TO) (Bauerheim
et al., 2014; Blimbaum et al., 2012: '
2 = FSk [[Cke Skiz]+ Ck [CkvZ + jShki] 2.2)
"7 FCkK [j[SkZ + Cki]+ Sk [[CkzZ Sk '
where F = 3—52(1 + n;é" 1) and notations for sine and cosine functions ar€k: =

cog k yLi), Sk = sin(k yL;), C& = coq(1  )kL;), S¥ = sin((1  )kL;) and
wavenumbers arek = !=c® and k, = '=c?.

The jump conditions at the burner/chamber junction at null Mach number read
(Dowling, 1995 Davies 1988 Poinsot & Veynante, 2011):

Pio+% = ply = phi(z= L) (2.3)
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ui°+%SC+ \lNg;i(;{Z: Li; S =u’; S (2.4)
_ Pl
6002"

Consequently, a transfer matrixXT; for the interaction part of Fig. 2.3 can be deduced:

0

p 0 1 0 pO
OCOUO

Y -
. Ti oW ., 2 ;1 ocu® (2.5)
i+1 i+ 35 i+

where the coupling parameter ; (Parmentier et al., 2012 Bauerheimet al., 20141; Palies
201Q Schulleret al., 2019 (Fig. 2.3, burner/chamber interaction) is directly linked to

the equivalent admittance ¥Z;, of the wholei" burner:

i s
2 Scztr

(2.6)

=
When a velocity node Z = 1 ) or a pressure node4 = 0) is imposed at the upstream

end of each burner and ames are located at the burner/chambgunction ( = 1), the
coupling parameters ; reduce to (using (2.2) and (2.6)):

_ 1S o il -
TS 8qutan(kuLi) 1+ n;é whenzZ = 1 (2.7)
1S| OCO HE
= _ . +neg i — ]
or 35, ScﬁCOtan(k“L') 1+ n;e whenZ =0 (2.8)

wherek, = C'— and (n;; ;) are the interaction index and the time-delay of the FTF for

the i'" ame (Croccq 195)).
Finally, Eg. (2.5) can be recast to relate characteristic wasq = p° °c’uinstead
of primitive variables p° and u® leading to the scattering matrix T;:

g = T 9 where T, = R | (2-9)
a9 i a ' i

1
2

The waves at both ends of the" sector are connected by thél; = T;R; scattering
matrix using (2.1) and (2.9) (Fig. 2.3):

q = Ti a = Ti Ri q (2 10)

47



Chapter 2 : Theoretical analysis of azimuthal thermo-acoustic modeas an annular

48 chamber fed byN burners
Using the periodicity condition g = g and Eg. (2.10) leads to:
N+1 1
|
Y‘- ’ + +
m 4 =4 (2.11)
=N . 9 .

The system de ned by Eq. (2.11) has non-trivial solutions dg if its determinant is
null. Therefore, the ANR methodology provides an implicit anigtical dispersion relation
for the pulsation! for a general non-symmetric BC con guration:

|
v !
det Mi Iq =0 (2.12)

i=N

wherel 4 is the 2-by-2 identity matrix.

2.3 Analytical calculation of eigenfrequencies and
mode structures

The analytical dispersion relation (Eq. 2.12) provides th&equencies and the structure of
the modes of the annular chamber. It allows to study symmetrigreaking by investigat-
ing the e ects of the N burners responses (modelled by thd parameters i; i 2 [1;N]
de ned by Eq. (2.6)) on the growth rate and the nature of azimthal modes. Several con-
gurations are considered here (Fig. 2.5) to understand the ect of symmetry breaking
on combustion instabilities.

2.3.1 Unperturbed annular cavity (without burners and ames)

First, an annular chamber with no burner (i.e. ; =0, for all i 2 [1;N]) is studied as a

reference case (Fig. 2.5, top left). The sound speed eld cesponds to a reactive case:

¢ = ¢ in the annular chamber. The transfer matrix of each sector @ (2.10)) reduces

to M; = R; sinceT; = l4: only azimuthal propagation occurs. Consequently Eq. (21}

reduces to:

wN 0 q"
_1

_ g
0 = (2.13)

WN q 1 q 1

The dispersion relation is therefor&vN = 1 where W = &3t <™N_ The N solutions of
Eq. (2.13) areW, = P and correspond to real eigenfrequencies of the unperturbed
problem:

pd
KLc=p sothat f = IR forallp2 N (2.14)
C

As expected, Eq. (2.14) corresponds to a family of azimuthalades where the rst

one (= 1) is the rst azimuthal mode at frequency c®=2L . which is the mode observed
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Figure 2.5: Typical con gurations: Unperturbed (top left), symmetric with ide ntical burners (top
right), pseudo-symmetric con guration (bottom left) and the general non-symmetric con guration (bot-
tom right)

in many practical cases. Eq. (2.13) also provides the eigewctorsV associated to the
eigenfrequencie§ given by Eq. (2.14). In this situation, the generated eigepacef Vg is
two-dimensional: all azimuthal modes are degenerate anddae either standing, spinning
or mixed. All modes are neutral since no acoustic dissipatias included (zero growth
rate: Im(f) =0).

2.3.2 Non-symmetric BC con guration with active ames in
the low-coupling limit

Using a combustor with non-identical burners is a promisingpproach for controlling
azimuthal modes (Fig. 2.5, bottom right). An asymptotic expasion of the dispersion
relation (Eq. (2.12)) can be used to study this case. Sincel dlurners can be di erent,
all coupling parameters ; (Eg. (2.6)) can be dierent. A fully analytical solution can
be formulated when the solution is "close" to the unperturb& annular cavity case of
Section 2.3.1. This is obtained by assuming small couplingameters ;:

. L foralli2 [1;N] (2.15)

Under this assumption, a Taylor expansion of the transfer mek of the whole system
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_Q .
(M = ©_ TiR)) at second order gives
" W : ) P 1 N 2i+2 #
m= WML QWIrOoW)+o( D) L +0f 1)
Joom WM 224 ) well 0 QI+ Q)+ of D)
(2.16)
where
( Py
= N
Q(X)zlﬁ iN:11PjN:i+l i jXN 2(] i) (217)

and the Landau notationo(x) called "little-0" is used to designate any quantity neglighle
compared tox.
From Eq. (2.16), the dispersion relation at second order is:

W2V 2WN +1 (W 1)
E E

det(M 1d)
X 1 X . .
+ - [\NZN WN 2G 1) WZ(] ) 4 1] =0 (218)

i=1 j=i+l

Eqg. (2.18) is a dispersion relation which involves termaN = &3t <N and ;(k)) de-
pending on the wave numbek = !=c®. Under the low coupling assumption (Eq. (2.15)),
the wavenumberk is close to the wavenumber of the unperturbed problek® = p =L
(Section 2.3.1):k  k°+ =L.. A proper asymptotic expansion oW = eikl N =
g+ )N &P (1+2j =N) in terms of the wavenumber perturbations * and
gives?

0
pd L C

= + + = + =
W =(1+ E )Wo+oE ) ie. klc=p or f 2L 2L

(2.19)

where Wy = e@P™N s the solution of the unperturbed problem and correspondst
kLc.=p (.e. f = %) wherep is the mode orderE =2j - andj?= 1.
The coupling parameters ; also depend on the frequency and therefore &l (or
). This dependency on the frequency can come from (1) the pragation in the burners
and (2) the ame response which can depend on the frequency evhusing FTFs instead
of simplern formulations. This coupling parameter can be approximatety:
_ @ 0, 4 Wo
i(W) |(_W{Z—£0;+E Wo @w - i T N i
9 | —fz
1

(2.20)

1A rst-order Taylor expansion of extra-diagonal terms which have no zeio order term is su cient to
compute a second-order dispersion relation oflet(M  1d).

2The two componentsV* andV of the azimuthal mode do not necessarily have the same wavenum-
ber perturbation . Therefore the notation W is used since the azimuthal propagation of wavesV
depends on the wavenumber perturbation
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Using (2.19) and (2.20), a Taylor expansion of the termg/( ) and ;( ) in the
dispersion relation (2.18) at second ordeo( 2) knowing that ? is of order of ) gives:

2

A 4B +4C “=0 (2.21)
where
8
EA: wN 2WON+1hj o W1 i
P . o
fOL L W wg D gl e @.22)
3 B= LW 1 1+ pWEN ]
. — 1 N N+1
C= NZ N 2 WOZN TN
P P -
where o= L, Pand ;= [, } knowing that ; (') ?+ Z-W, ! (see
Eq. (2.20)).
From Section 2.3.1W,; = 1 which leads to simpli cations of coe cients A, B and C:
8
A=4 i | Sin W(] )
i=1 j=i+l (2.23)
2 B= o
- C=1

One should note that the term ; in the coe cient B of Eq. (2.21), which corresponds
to the frequency-dependent part of the burner and ame modg| naturally vanishes. It

suggests that at rst order, burners and ames can be charaetized only at the angular

frequency! =170 (i.e. the frequency of the annular cavity alone). Nevertheds, this de-

pendency to frequency is necessary for more accurate estimas, especially when strong
coupling occurs (i.e. when the small coupling factor assummn does not hold Bauerheim

et al,, 2014)).

Eigenfrequencies are deduced from the quadratic equation.H2.21):
B P B2 AC

= - (2.24)

which leads to a simple expression for the wavenumber perations in the case of a
general non-symmetric BC con guration:

1 q
= - o % A (2.25)

P . . . : .
where o= iN=1 9 will be called the "coupling strength" while A is the non-synmetric

part de ned in Eq. (2.23) depending on the number of burnersl and the mode orderp.

3The analytical resolution of the dispersion relation will lead to the soltion /9 which proves

that Pisa rstordertermand ? ?or { are second order terms.
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p . . - :
The term Sy = 2 Ain Eq. (2.25) is called the "splitting strength”" because it

separates the two eigenvalues” and . It can be recast for simpli cation (see Ap-
pendix A) and highlights the key role of the p" complex Fourier coe cients ( 2p) of
the azimuthal coupling factor distribution °=[ ¢;::; 91:
X p . .
S= § A= Pjcos () = o (2 (2.26)

ijj =1
Py ol . . .
where (k) = [, % /%™ s the k™ Fourier coe cient of the coupling factor az-
imuthal distribution °©.
Eq. (2.25) is a generalization oParmentier et al. (2012 and Noiray et al. (201])
results to an annular chamber connected by burners with active ames. It shows that:

1) Stability of the N burners combusior is controlled to rst order by the imaginay
part of the coupling strength ¢ = iN:1 9 This coupling strength depends only
on the sum of the individual coupling parameters ;, not on the pattern used to
distribute these burners when they di er.

2) The splitting strength Sy de ned by Eq. (2.26) controls the nature of the modes:
if Sop = 0 modes are degenerate (i.e.” = ) and if Sy 6 0, they are not.

Noiray et al. (201) obtained a similar result where the mode was controlled by
hr (2p), the 2p" Fourier coe cient of the heat-release distribution. Eq. (226) is a
generalization of such a result: the present network modeédeloped in this paper shows
that the mode is controlled by the azimuthal distribution ofthe coupling parameter °
which includes the active ame @ model) but also by the geometry characteristics,
the upstream impedance& of the burners as well as the density and temperature di er-
ences between cold and burnt gases. All these features canc the asymmetry of the
system and therefore the stability: they cannot be negleadewvhen studying combustion
instabilities in annular chambers.
A summary of this analytical method providing the frequen@s and the stability map

of the p" azimuthal mode in a chamber withN burners is given in Appendix B.

2.4 Application to multi-burner annular chambers

Analytical expressions of eigenfrequencies (Eq. (2.25))afimuthal modes are compared
to results obtained with AVSP (Nicoud et al., 2007, a full 3D Helmholtz solver for two
cases:

A simpli ed academic con guration with N = 3 burners (Section 2.4.2).

A realistic case withN = 24 burners (Section 2.4.3).

The 3D geometries correspond to a BC setup with = 3 or N = 24 burners (Fig. 2.6)
similar to Fig. 2.1 (physical and geometrical parameters arge ned in table 4.1). The
burner/chamber interfaces are placed az = 0 and the ames are on the burner side.
The ame width is equal to 2 mm which guarantees its compacity with respect to the
acoustic wave length. Boundary conditions correspond to mermeable walls everywhere
except at the upstream end of burners where an impedanZe = 0 (i.e. p°®= 0) is
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Figure 2.6: Toy-models to validate the ATACAMAC methodology. (a) Perfect annular chamber with
N =3, (b) N =24 cylindrical burners, (c) burner/chamber con guration

CHAMBER
Half perimeter Lc 6:59 m
Section Se 0:6 m?
BURNER
Number N 3or24
Length Lo 0:6 m
Section S 0:01 m?

FRESH GASES

Mean temperature T 700 K
Mean density 0 979  kg=n?
Mean sound speed c° 743 m=s
BURNT GASES
Mean temperature T® 1800 K
Mean density © 381 kg=n?
Mean sound speed c° 1191 m=s
FLAME PARAMETERS
Interaction index n; 1.0
Time-delay i variable S

Table 2.1: Parameters used for numerical applications. They correspond to a tymal large scale
industrial gas turbine.
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NAME N CBO ASYMMETRY PATTERN

B3_.CO 3 0

B3.C1 3 1

B24.CO 24 0
B24.C20P1 24 20
B24.C20P2 24 20
B24.C20P3 24 20
B24.C20.P4 24 20
B24.C24 24 24

Table 2.2: BC con gurations investigated with both the 3D Helmholtz solver AVSP and th e analytical
approach ATACAMAC. : Burner without CBO : Burner with CBO

imposed to mimic a connection to a large plenum. For th® = 3 burners con guration,

two cases are investigated (table 2.2): rst with identicalburners and then with two
types of burners with di erent time-delays ; and ,. The interaction index of ames
is set to the same valuen = 1:0 (knowing that typical low-frequency values fom are
around % 1' 1:57 here Poinsot & Veynante, 2011) in each burner. For theN =24

con guration (Fig. 2.6), two types of burners with di erent time-delays are mixed to
mimic the combustion chamber where burners can be equippedr (hot) with CBO's

(Cylindrical Burner Outlet) to modify their ame response (Berenbrink & Ho mann,

2001 Knager et al., 200Q. Table 2.2 displays the circumferential patterns ( for CBO

buners and for burners without CBO) which are considered.

2.4.1 Description of the 3D acoustic code

Assumptions and results of ATACAMAC can be validated using a 13D acoustic solver
called AVSP (Nicoud et al., 2007 Silva et al., 2013 Selleet al., 2006 Sensiauet al.,
2009 which solves the Helmholtz equation in a reactive ow withotithe assumptions
used in ATACAMAC (' Nicoud et al., 2007 but of course at a higher cost. AVSP takes
into account the interaction between combustion and acouss. It solves the eigenvalue
problem issued from the discretization on unstructured mass of the Helmholtz equation
at zero Mach number. Meshes contain approximately 2 milli@ncells (corresponding to
the ratio of the wavelength to the longest cell length= ha ' 250) which is su cient
considering the simplicity of the geometry and the waveletly of the rst azimuthal
modee. Source terms due to ames are modeled using Flame Trmd~unctions (FTF)
(Croccq 195)). The local heat release uctuations are expressed in the imer i as:

qO: Nu;i g 'UO(Xref;i ) Pt (2.27)

whereX et IS a reference point upstream of the ame in burner.

The local interaction indexny; [J=m?] describes the local ame-acoustic interactions.
The values ofn,; are assumed to be constant in the ame zone; (Fig. 2.6) and are
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chosen to recover the global value of the interaction index, [ ] corresponding to the
in nitely thin ame when integrated over the ame zone ; (Nicoud et al., 200%:

Z
Ny (3" v Mdx= nye' (2.28)

whereng [J=m] is the global index related to the Crocco index; used in ATACAMAC:
1

N = Ng5— WhereS; is the surface of the in nitely thin ame. One should note tha
at low frequenciespn; Tp=T, 1.

For the sake of simplicity, the ames are also assumed to bedependent of frequency.
These assumptions allow to use AVSP to check the precision bktanalytical techniques
developed in ATACAMAC. In annular con gurations with multip le burners, the heat re-
lease uctuations in burneri are supposed to be driven by axial velocity uctuations at tle
reference pointX.i. This assumption, called ISAAC (Independence Sector Assunig
in Annular Combustor) in (Sensiauet al., 2009 was validated by an LES of a full annular
combustor (Sta elbach et al., 2009 and is used in the present study. In the in nitely thin
ame model used in ATACAMAC the reference points are chosen dhe ame locations
z;; . The normalized abscissa of the ame is set to ' 0:91 (Bauerheimet al., 2014).
3D e ects near the burner/chamber junctions can be accountefor (Pierce 1981 using
a standard length correction in the low-frequency range fa ang%i tube (Silva et al.,
2009 which is applied at the downstream burner's end (L; = 0:4 4S=). In AVSP,
the reference points are placed a few millimeters upstreanh the ames (Fig. 2.6) for
numerical accuracy issuesSjlva et al., 2013.

2.4.2 Symmetry breaking with N =3 burners

Analytical expressions of frequency of azimuthal modes (E(R.25)) can be obtained for
a generic annular BC con guration withN burners. First, the symmetric case (Fig. 2.7,
left) with N = 3 identical burners is studied (Section 2.4.2.a). Then, th e ect of cir-
cumferential variations on combustion instabilities is imestigated (Section 2.4.2.b) and
validated on an asymmetric BC con guration where one type lurner is replaced by a
type 2 (Fig. 2.7, right).

2.4.2.a Symmetric case with N = 3 identical burners

In an axisymmetric con guration where burners are the samef all sectors (i.e. | = ,
for all i 2 [1;3]), only two di erent mode types exist. Indeed, the splitthg strength
So in Eg. (2.26) simpli es depending on the mode ordep and the number of burners
N (Appendix A):

If p=3m; form2 NthenSy;=3 ©

For any other mode of ordep: Sp =0 (2.29)

Consequently, only two di erent classes of modes can develm annular BC con g-
urations with N = 3 identical burners:
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Figure 2.7: Schematic view of the BC con guration with N = 3 burners for the validation of numerical
and analytical resolutions of Eq. (2.12). Left: symmetric case (all interations terms ; (Eg. (2.6)) are
equal) ; Right: asymmetric case (two identical burners with the sane ; and one burner with )

Figure 2.8: Pressure structure of the two components of the azimuthal mode in @\ = 3 burners

con guration: a standing mode imposing a pressure node at every burer locations —— , f ) and a
standing mode imposing a pressure anti-node at every burner locains (--- , f*).
Non-degenerate singlets: If p=3m; m 2 N the splitting strength is not null

(So= o0=3 9 Eg. (2.26)) and the azimuthal mode is split into two compongs
V and V* with di erent wavenumber perturbations () and frequencies f( )

(Eq. (2.19)):
=0 ( f =22
i g0 corresponding to £+ o S g0 0 (2.30)
T2 2L

Fig. 2.8 displays the mode structure associated to* and f : due to symmetry
considerations, these modes (e.g. p=3) can lock on burnefs & 3) (see Bauer-
heim et al. (2014) for an analytical proof). Their wavelength corresponds tohe
chamber perimeter (or its half in a case of a con guration wit an even number of
burners). The rst modeV with frequencyf is standing and imposes a pressure
node at every burner: therefore it is unperturbed by them ( = 0); the mode is
neutral. The second mod&'* at the frequencyf * is also standing but imposing an
azimuthal velocity node (i.e. a pressure anti-node) at eveburner (* = 3 9).
Degenerate doublets: All other azimuthal modes o 6 3m; m 2 N) are com-
posed of two eigenmodeg which have the same frequencies (degenerate modes)
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because the splitting strengthSy = O:
(

0
o corresponding to

Q
o
o

= p
T 2L

pcf
2L ¢

or
o0

(2.31)

+
I

f+

Q

NN W
Bl AW

-
o

In this con guration, the transfer matrix of the whole systen (M de ned in
Eg. (2.16)) is equivalent to the null matrix. The mode natureis undetermined
as pointed out by Noiray et al. (201): a standing, spinning or mixed mode can
develop.Noiray et al. (2011 have shown that non-linearities on the FTF can how-
ever promote one of these natures, a phenomenon which canbet described by
ATACAMAC since it is based on linear FTFs.

Figs. 2.9 and 2.10 provide two validation points (marked by) of ATACAMAC for
symmetric con gurations using the full 3D acoustic solver XSP: modes denotedA
when =0= ,=2=0:23andE when ;=2= ,=02=0:68. A good agreement is
obtained between the acoustic code (AVSP) and ATACAMAC.

2.4.2.b Symmetry breaking with N =3 dierent burners

This section discusses the behavior of azimuthal modes wiare of the three burners has
a di erent FTF corresponding to a di erent value of ? (see Fig. 2.7, right). Especially,
the observation in Perrin & Charnley, 1973 Sensiauet al., 2009 will be investigated:
circumferential variations with speci c patterns obtainel by distributing di erent burner
types along the azimuthal direction could split nominally @égenerate doublets into non-
degenerate singlets, as observed b8dnsiauet al., 2009. If two burners have a coupling
factor ¢ and the third one 9, Eqg. (2.25) can be solved withN = 3 and gives the
following solution:

Non-degenerate singlets: Azimuthal modes with p = 3m; m 2 N are non-
degenerate singlets characterized I8y = (=2 9+ 9 (Eq. (2.26)) with wavenum-
ber perturbations:

(

0
=0 . f = P&
f2 4= 20 9 corresponding to o f}ﬁ ©@ 0 9 (232)
o2 - 2. 2L ¢

P . . :
where o = iN=1 9 These modes, as in the symmetric cases, impose a pressure

node or pressure anti-node at each burner location leading two modes with
di erent frequencies:f* 6 f

Nearly degenerate singlets: For other azimuthal modes p 6 3m; m 2 N),
Eq. (2.25) leads to nearly degenerate singlet$drrin & Charnley, 1973: the
degenerate doublet encountered in symmetric con guratien(denoted DD with

o= 3 0= § 39 Eqg.(231))is split depending on the splitting strength
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Figure 2.9: Real and imaginary part of the frequencyf * andf of the two components of the rst mode

(p=1) in the B3 _C1 con guration with the pattern 121 ( yand a xed ,=0=0:23. — : Atacamac
(numerical resolution of Eq. (2.12)), : Atacamac (analytical formula Eq. (2.34)), : AVSP, --- :
Trajectory of the modes average {* + f )=2, : Symmetric case where ;=0 = ,=0 =0:23, ?

corresponds tog= " 11 ms.

So= ¢ 9(Eq.(2.26) for theN = 3 case with the pattern 121 ( , table 2.2)):

1 1
= = o0 —So (233)
&t
DD Splitting
— 1 0 0 + 3 0
sothat = > 1+t2 5 and T = 51 (2.34)

These results were validated in Figs. 2.9 and 2.10 for the rstizimuthal mode =
1) of the con guration B3.C1 with the pattern 121 ( , table 2.2) where coupling
parameters are de ned by Eq. (2.8).

When Sy 6 0, the nominally doublet is split into two dissimilar azimuthal modes (e.g.
modes denotedB* and B in Fig. 2.9 corresponding to ;= 2 = 0:55 and ,= 0 = 0:23)
with close frequencies and di erent growth rates as menti@d in (Perrin & Charnley,
1973 Sensiauet al., 2009. The term Sp = 9 9 for the pattern 121 () measures
the di erences in ame response between the two burner typeand controls the degree
of degeneracy of the azimuthal mode

Figure 2.11 displays the associated mode structure of the syratric (mode A) and
asymmetric (mode B) cases. For symmetric con gurations, gfamode structure is unde-
termined so that both spinning or standing modes can occur (&i 2.11, top). However,
breaking the symmetry using two di erent burner types (e.gmode B with ;= 0 =0:55
and ,= 2=0:23) leads to standing modes only (Fig. 2.11, bottom).

~c

“Note that some asymmetry could still give degenerate doublets (i.eSp = 0): for instance, the rst
order mode (p=1) of a N =6 burners BC con guration with the pattern ( ) or ( )isa
doublet with = 3( 9+ 9).
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Figure 2.10: Real and imaginary part of the frequencyf* and f of the two components of the

rst mode (p = 1) in the B3 _C1 con guration with the pattern 121 ( )yand a xed ,=0 = 68.

—— : Atacamac (numerical resolution of Eq. (2.12)), : Atacamac (analytical formula Eq. (2 34)),
: AVSP, --- : Trajectory of the modes average {* + f )=2

=2, : Symmetric case where ;=2 =
= 0=0:68, ? corresponds tof ' 11 ms.

Figure 2.11: 3D and isolines of pressure modulus (left) and modulus and phase of acdigspressure
(right) of the rst azimuthal modes ( p = 1) of the asymmetric case B3C1 with the pattern 121 (

table 2.2) in two situations: mode A ( 1= 2 =09=0:23)and mode B (1= 2 =0:55and ,= 2 =0:23).
: A (spinning), : A (standing), (standlng)
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Figure 2.12: Mode stability for an annular chamber with N burners depending on the condi-
tion (2P35) and the splitting strength %Im (So). : and : *. The splitting strength is
N

S§ = ija 0 Jocos %(j i) (Eqg. (2.26)) and measures the dierence between the two burner

types 1 and 2. Shaded areas correspond to unstable zones. a) All modes arestable, b) all modes are
stable and c) symmetry breaking makes one mode unstable: the splitig strength Sy must be reduced
to stabilize both modes as in the situation b).

2.4.2.c Conclusion on symmetry breaking in the N =3 case

Sections 2.4.2.a and 2.4.2.b show that the splitting stretig Sy de ned by Eq. (2.26)
controls both the stability and the mode structure of an annlar chamber (N = 3) where
two types of burners are installed. Nevertheless, a "necegsaondition” for stability can
be derived independently of the splitting strength value. Adeed, the imaginary part of
the modes averag%lm( T+ ) dolgs not depend on the splitting strengths, but only

on the total coupling strength = iNzl 9 yielding a necessary condition for stability:
1 . 1
Sim( "+ )= Slm( <0 (2.35)

If this condition is not ful lled (Fig. 2.12, left), there is no hope of stabilizing the
mode since at least one of the two components of the azimuthabde (/* or V ) will
remain unstable (e.g.A andB" in Fig. 2.9).

For a symmetric case where the splitting strengtls, is zero, Eq. (2.35) is a necessary
and su cient condition to have a stable mode. However, when sgmetry is broken,
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Figure 2.13: Strategy to stabilize an annular combustor.

satisfying condition (2.35) cannot guarantee stability (Fg. 2.12, middle and right). In
this case, the necessary and su cient condition becomes

max(Im( *);im( )) <0 (2.36)

because the splitting introduced by symmetry breaking (meared by the splitting
strength Sp) has to be taken into account. For weak splitting (Fig. 2.12, midle) the
two modesV* andV remain stable (e.g. eigenmoddd in Fig. 2.10) but for higher
splitting (Fig. 2.12, right) one mode can become unstable . modeC* in Fig. 2.10).

2.4.3 Symmetry breaking with N =24 burners

Conclusions of Section 2.4.2.c obtained with = 3 burners suggest a strategy to stabilize
the p" mode of a generaN burners con guration as described in Fig. 2.13. Axisymmetric
con gurations (left part of Fig. 2.13) only have one degree dfeedom to stabilize thep™
mode which is the time-delay ;: if ; is such that condition (2.35) is met, then the
con guration is stable.

For non-symmetric con gurations (right part of Fig. 2.13), however, satisfying
Eg. (2.35) does not guarantee the stabilization of the conwgation. In this case, the

+ —

SNote that max(Im( *);Im( )) > %Im( * 4+ ) and for a symmetric con guration
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Figure 2.14: Stability map depending on of the rst azimuthal mode (p = 1) of the symmetric BC

con guration with 24 burners. 0 is the period of the rst azimuthal mode 2 =1=f0= f)'go ' 1lms

asymmetry pattern is an additional degree of freedom and twoptions are available to
ensure the stability of thep" azimuthal mode:

Symmetrize the con guration (Option 1) . if condition (2.35) is satis ed, at
least one kind of injector satis es Im( °) < 0: this kind of burner can be used for
all sectors which leads to the mode's stabilization. This djpn is the most e cient
method to stabilize an azimuthal mode since no splitting oacs in a symmetrized
annular combustor for modes of interest.

Reduce the asymmetry e ect (Option 2) : Another solution is to keep the
same kind of burners (;:::; %) but rearrange them to reduce the splitting of the
azimuthal mode and stabilize it. Optimization can be perfaned to nd the best
pattern which leads to the smallest value of the splitting sength S,.

As an example, symmetry breaking is studied here forf = 24 burners con guration
(Berenbrink & Ho mann, 2001 Kniager et al., 2000 representative of real industrial gas
turbines. First, the stability of the rst azimuthal mode (p = 1) of the symmetric
con guration is studied as a function of the time-delay (which is the same for all
burners), with the interaction index n = 1:0. Results (Fig. 2.14) show a very good
agreement between numerical and analytical solutions givéy the 3D Helmholtz solver
AVSP and ATACAMAC.

To break symmetry, two di erent types of burners (called Tyge 1 and 2) are distributed
along the chamber, characterized by di erent time-delays,; and , (Fig. 2.14). A time
delay ; = 3:25ms is set for Type 1 burners. This corresponds approximately the most
unstable burner (m (f avsp) = 2:98s 1, in Fig. 2.14 right), which is assimilated here to
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Figure 2.15: Growth rate of the rst azimuthal mode ( p = 1) for various asymmetry combination of
burners with and without CBO: B24 _CO (24 noCBO burner), B24.C24 (24 CBO burners) and the four
patterns B24_C20 (see table 2.2).--- : Imaginary part of the modes average %I m (o) depending on
the con guration ( Co, C2p and Cy4)

the baseline case, a burner without CBO (in table 2.2). Type 2 burners correspond
to systems equipped with CBOs (Cylindrical Burner Outlet). These devices are cylinder
extensions which are mounted on some of the burnemgrenbrink & Ho mann, 200%
Knager et al., 2000 to modify the ame time-delay and to stabilize the chamber.The
length of the cylinder is such that the time lag , from the injection port to the ame front

. . . . — l 1 .
is increased by approximately a quarter of an acoustic pedo , = 1+ ;7' 6ms (since

the rst azimuthal mode has a frequencyf °' 90Hz): it corresponds to a stable burner
wherelm (faysp) = 1:01s !in Fig. 2.14 ( in table 2.2). Note that using 20 Type 2
burners with , =6 ms and 4 Type 1 burners with ; = 3:25 ms respects the necessary
stability condition given by Eq. (2.35) ¢-- for the con guration Cy in Fig. 2.15). The
stability of the four patterns proposed in table 2.2 is studid using ATACAMAC and
AVSP. Results are plotted in Figs. 2.15 (growth rates) and 2.1@requencies) for the rst
azimuthal mode p=1)¢:

B24 _CO: This con guration corresponds to the unstable baseline casvhere only

Type 1 burners are used: the necessary condition (Eg. (2.3% not satis ed. Some

burners have to be changed in order to get a stable combustor.

60One should note that conclusions are made only for the rst azimuthal mods. For other modes,
the conclusion may di er since the splitting strength (Eq. (2.26)) depends on the mode ordep. For
instance, the pattern P4 leads to no splitting for the rst azimuthal mode but probably generates a large
splitting e ect for the second azimuthal mode.
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Figure 2.16: Frequencies of the rst azimuthal mode (p = 1) for various asymmetry combination of
burners with and without CBO: B24 _CO (24 noCBO burners), B24C24 (24 CBO burners) and the four
patterns B24_C20 (see table 2.2).DD : Degenerate Doublets.

B24 _C20 _P1: 20 CBOs Type 2 devices have been mounted to try to stabilize
the mode. The necessary condition (Eq. (2.35)) is satis eddowever this pattern
has a large splitting strengthS,. Consequently it splits azimuthal modes into two
singlets with di erent growth rates making the rst azimuth al mode unstable. This
case is an excellent example of how, for asymmetric circumgfetial patterns, one
can use stable burners that match the condition %I m (o) < 0 and yet, due to the
asymmetry term Sp, have an unstable mode as shown in Fig. 2.12 (right).

B24 _C20 _P2: As suggested by Fig. 2.13, a solution to stabilize the mode is to
nd asymmetry patterns like B24.C20.P2 with a lower splitting strength Sy for
which both singlets remain stable as mentioned in Fig. 2.12 (ddle image).

B24 _C20_P3 and B24 _C20_P4: The pattern B24.C20.P2 induces a low split-
ting strength and stabilizes the mode. However, optimal asymetry patterns can
be found which lead to no or very low splitting and thereforeresure the mode stabi-
lization. Patterns B24.C20.P3 and B24 C20.P4 give stable degenerate doublets.
In these casesSy = 0 and therefore Eq. (2.35) becomes a necessary and su cient
condition for stability. The mode is stable:Im(f )' 0:25s !

B24 C24: As explained in Fig. 2.13, the most e cient option to stabilizea
mode is to symmetrize the annular combustor with burners wbh all satisfy the
necessary condition (Eq. (2.35)), i.e. 24 burners with a CBO'’he mode is very
stable: Im(f )' 1:.0s ! (Fig. 2.15).

Considering the average imaginary part of the modes%lm( o) (--- in Fig. 2.15),

it is interesting to notice that, independently of the asymnmetry patterns, combining 20

64



2.4 Application to multi-burner annular chambers 65

NAME ASYMMETRY PATTERN " K
P1 %ps 3+6' 167
P2 2 3 026
P3 0
P4 0

Table 2.3: Analytical expressions of the reduced splitting strengthK for the four patterns of Tab. 2.2

CBOs and 4 noCBOs burners give potentially less stable mod#san using 24 CBOs:
breaking symmetry has a limited interest here compared to dthg CBOs on all burners.
Nevertheless, if for any reason (ignition, pollution, consiction, etc.) one must keep
the two types of burner, the present analytical model o ers m easy way to optimize
the circumferential distribution of the burners by minimizang the imaginary part of the

splitting strength 1m (Sp) to stabilize the p" mode. To illustrate this idea, Figs. 2.17 and
2.18 display the e ect of several asymmetry patterns on theohtting strength ( Sp) using

a con guration with 20 CBO - 4 noCBO burners. When only two typs of burners are
used, Eg. (2.26) simpli es into a very useful expression ab@avn by Appendix A. The

splitting strength So becomes:

Imposed by the pattern
So = Z;illlf 9 : 9 (2.37)
Imposed by the di ererlme_bitwg burner types 1 and 2
where the reduced splitting strengthK depends only on the asymmetry pattern (see
table 2.3 for the analytical expression oK for the four patterns studied). In Eq. (2.37),
9and §are xed by the burner characteristics so that minimizingS, to increase stability
is equivalent to minimizing K.

Consequently, an optimization process appears as a promgiapproach to nd pat-
terns with the minimal value of the reduced splitting strenth K which leads to a null or
very low splitting and therefore ensure the stability of thep" azimuthal mode. This also
highlights the potential of low-order models to perform opinization processes of large
problems (here about 1,800 patterns are possibjeat very-low cost.

Finally, enumeration and distributions of reduced splittirg strengthsK are displayed
in Fig. 2.19 depending oM ocgo , the number of noCBO burner types Nnocgo =2; 4
and 6): all possible asymmetry patterns are computed whelM,,cgo burners are chosen
as burners without any CBO while theN  Np,cgo Other ones correspond to burners
with a CBO. The rst burner of the pattern is always without CBO to avoid circular
similarities. Enumeration of patterns according to their educed splitting strengthsK
considering the rst order mode p = 1) is obtained numerically using Eqgs. (2.26) and
(2.37). Results are adimensionalized by the total number patterns considered to provide
the distribution of splitting strengths K. Fig. 2.19 shows that higher reduced splitting

"The problem addressed here corresponds to 4 no-CBO burners mixedttv 20 CBO burners. When
the rst burner is xed as a no-CBO type, the number of patterns is: 233 = 202!3!3! =1;771.
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Figure 2.17: The reduced splitting strength (K) for several patterns where three noCBO burners are
kept together at the same place and the last noCBO burner's place is changeazimuthally. The splitting
is then moderatly a ected by the asymmetry pattern.

Figure 2.18: The reduced splitting strength (K) for several patterns where two noCBO burners are
kept together at the same place and the two other noCBO burner's places @ changed azimuthally. The
splitting is then strongly a ected by the asymmetry pattern.
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Figure 2.19: Distribution of the reduced splitting strength K vs. Npocgo , the number of burners
without CBO. All possible asymmetry patterns are used to compute eachdistribution: 23 patterns for
NnOCBO = 2, 2275 for NnoCBO =4 and 77804 foanOCBO = 6)

strength values are obtained when the number of noCBO burree(N.cgo ) iS increased.
Distributions of K are also larger whenN,,cgo IS higher: these situations are more
complex to analyze and optimize. Moreover, only a few pattes lead to a small splitting
strength in this case.

Symmetry breaking can also modify the dynamic nature of thecaustic modes. The
modulus and phase of acoustic pressure of the rst azimuthaiode ( = 1) & are plotted
in Fig. 2.20 for the four patterns of Tab. 2.2, showing two digct behaviors.

Patterns P1 and P2: Patterns P1 and P2 give non-degenerate doublets: the
two componentsV* and V of the azimuthal mode are standing (in Fig. 2.20)
and oscillate in opposite phase with di erent (yet very closefrequencies (e.g. 90.3
Hz and 91.3 Hz for the pattern P1). Figure 2.15 shows that for pagtn P1, one
mode is ampli ed whereas the other one is damped, resulting a single unstable
standing mode.

Patterns P3 and P4: On the other hand, asymmetry patterns leading to de-
generate doublets have an undetermined mode structure: thego componentsV*
and V of the azimuthal modes have the same frequencies so that thegn be
combined to obtain either a spinning{— in Fig. 2.20), a standing ( in Fig. 2.20)
or a mixed mode.

2.5 Conclusion

This chapter describes a fully analytical approach, comgkd by a 3D numerical vali-
dation, of the stability of azimuthal thermoacoustic modesn annular chambers. The
analytical model is based on a quasi-one-dimensional zédach number natural formu-
lation where N burners are connected to a downstream annular chamber. Flasnare
supposed to be compact and are modeled using a Flame Transfené&tion, character-

80nly one of the two components of a given azimuthal mode is shown in Fig. 20.
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Figure 2.20: E ect of the asymmetry pattern on the azimuthal mode nature. 3D and isolines of the
pressure modulus (left) and modulus and phase of the acoustic prag® over the circumference (right).
P1 or P3: necessarily standing () ; P3 or P4: any combination of standing ( ) or spinning(—).

ized by a coupling factor and a phase shift. Manipulation ofnie corresponding acoustic
equations yields a simple dispersion relation which can belged analytically in specic
situations where coupling factors are small (weak couplipg This analytical approach
allows to predict the stability of azimuthal modes in symmeic cases where all burners
are identical but also to study cases where di erent burnerypes are mixed in a cham-
ber, using a prede nite pattern. The analytical method higlights the importance of two
parameters:

A "coupling strength” o which is the sum of the individual coupling factors { of
each burner and controls the stability at rst order.

A "splitting strength" Sy de ned in equation(2.26) which a ects the stability and
the mode structure and depends on a combination of the coumlj parameters of
each burner.

First, a symmetric con guration with N identical burners with null inlet impedances
(i.e. p°=0) is studied. Only two mode behaviors are observed: degeat doublets and
non-degenerate singlets, the latter being capable of geaeng warbles (low frequency
oscillations due to a non-degenerate modé&drrin & Charnley, 1973). Then, a non-
symmetric case where two di erent types of burners are disbuted in the chamber is
studied: symmetry breaking is proved to modify the azimuthamodes behavior in a
simple case with only three burners in an annular chamber. ‘Ehstaging patterns can
split nominally degenerate azimuthal modes (doublets) int non-degenerate pairs (sin-
glets), a situation already mentioned in the literature andobserved in recent Helmholtz
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simulations (Sensiauet al., 2009.

Finally, the e ect of the asymmetry pattern itself is investigated in aN = 24 burners
case representative of industrial gas turbines. A very goaagreement is found for all
cases between analytical (ATACAMAC) and numerical (AVSP) reglts, obtained with a
3D Helmholtz solver. Results are compared to experimental érvations where CBOs
(Cylindrical Burner Outlet) are added to certain burners tocontrol combustion insta-
bilities. A simple criterion is derived to provide a necessga condition to stabilize an
annular combustor. Since the asymmetry pattern does not appr in this criterion and
the splitting strength is the only control parameter, this fiows that symmetry breaking
can modify the mode nature but has no real impact on mitigatigp combustion instabil-
ities in annular chambers. The best method to control a chanalb with N = 24 sectors
is to use 24 identical burners with an FTF leading to stable amiuthal modes. However
if keeping only one type of burner is not possible, a strategy stabilize the mode is
proposed: nd an optimal pattern which leads to a low splittirg of the corresponding
azimuthal mode. The general character of this conclusidis limited by the low coupling
assumption which implies no interaction between burners. ti®ngly coupled situations
where burners interfere Bauerheimet al., 2014; Worth & Dawson, 2013) may lead to
an e ect of the asymmetry pattern on the overall stabilizaton of the annular engines.

9A summary of this method is provided in Appendix B: it allows the computation of the "coupling
strength”, the "splitting strength”, the frequency and the growth r ates of all modes as soon as the FTF
of each burner is known.
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The objective of this chapter is to extend the previous analytical model for BC con-
gurations to capture ow symmetry (FS) breaking and investigate its e ect on
the frequency and nature (spinning, standing or mixed) of azimuthal modes. FS
breaking is due to the mean azimuthal ow induced by swirlers or e usion cool-
ing systems. The ATACAMAC (Analytical Tool to Analyze and Control Azimuthal
Modes in Annular Chambers) methodology is applied using the linearized acoustic
equations with a steady and uniform azimuthal mean ow. It provides an ana-
lytical implicit dispersion relation which can be solved numerically. A fully an-
alytical resolution is possible when the annular chamber is weakly coupled to the
burners. Results show that symmetry breaking, either by mixing burners types
(GS) or with a mean azimuthal ow (FS), splits the azimuthal modes into two
waves with dierent frequencies and structures. GS breaking promotes standing
modes but adding even a low azimuthal mean ow fosters spinning modes so that
the azimuthal mean ow must be taken into account to study azimuthal modes.

3.1 Introduction

The previous chapter has emphasized on an analytical tool giudy geometrical sym-
metry breaking in BC (Burners+Chamber) annular combustorsshowing that breaking
symmetry a ects the frequency, the stability as well as the ature of azimuthal modes.
In particular, the nature of azimuthal modes has been the top of multiple past stud-
ies since the pioneering works of companies like SiemeKseps et al., 2002 or Alstom
(Noiray et al., 20110 who showed that both spinning or standing azimuthal modesoald
be observed in an annular gas turbine. Five years ago, the de@mhent of powerful LES
techniques applied to full annular combustorsSta elbach et al., 2009 Wolf et al., 2012
showed that azimuthal modes could change nature randomlyaving from spinning to
standing structure at random instants. Experiments have ab been developedourgouin
et al., 2013 Worth & Dawson, 2013), con rming LES results but also raising additional
guestions, for example linked to the e ect of outlet conditns on the development of
modes. Various theories have been proposeddjray et al., 2011 Noiray & Schuermans
2013 Schuermanset al., 2006 Sensiauet al., 2009 Ghirardo & Juniper, 2013, focusing
on two questions: (1) what controls the nature and the occuence of azimuthal modes
? and (2) is it possible to suppress them ? Most solutions facon breaking symmetry,
for example by mixing burners with di erent unsteady resposes in a given chamber as
studied in Chapter 2.

Analytical studies are usually performed to determine the ability of the con gura-
tion but can also predict linear e ects on the mode structure Non-linear theories based
on linearized Galerkin methods Noiray et al., 2011 Ghirardo & Juniper, 2013 are also
developed where the con guration is usually reduced to a spte annulus with zero or an
in nite number of burners and no plenum but the acoustic- ane behavior is non-linear
and modeled using a Flame Describing Function (FDF). Non-lineapproaches are espe-
cially designed to study limit cycles and mode structures huhey require simpli cations.
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Linear e ects of geometrical symmetry breaking on more reatic con gurations, due to
di erent burner types, has been proved to change the nature azimuthal modes (Chap-
ter 2) but other elements may also break the rotation symmejr For example, the ow
itself can possess a non-symmetric component which breake symmetry of the annular
con guration and may modify both the stability and the mode s$ructure of the system,
as observed in recent experiments\orth & Dawson, 2013,a). Therefore, this chapter
is dedicated to the investigation of this second symmetry baking mechanism.

This chapter extends the previous linear approach to invagate two linear mech-
anisms controlling azimuthal by breaking symmetry: 1) Geoestrical symmetry (GS)
breaking studied in Chapter 2 by mixing burners with di erert responses and 2) Flow
symmetry breaking by introducing a mean swirling motion (SMin the annular chamber.
These two mechanisms have to be studied together to highligttieir interactions and
respective strength on mode structures and frequencies. &15M mechanism is shown
to play a strong role: it makes the period of the two modes (awtating with the mean
swirl and counter rotating) di erent because propagating ac+ w or ¢ w (wherew is
the swirl velocity and c the sound speed in the chamber). This 'splits’ azimuthal mazs
(which are usually degenerate at zero Mach number) into twastinct modes. This e ect
is dominant compared to GS breaking and results suggest thtte nature of azimuthal
modes in annular chambers cannot be analyzed in the zero Maaimber limit but must
incorporate the e ects of a mean azimuthal velocity. All apptations are performed for a
chamber containing 4 burners but conclusions are expecteal e valid for real chambers
(N ' 10 to 30). The con guration corresponds to a BC (Burners+Chimber) case where
the plenum is not included in the analysis.

3.2 The analytical model

3.2.1 Model description

A similar con guration studied in Chapter 2, whereN burners feed a 1D annular chamber
(Fig. 3.1) is investigated in this Chapter. Di erent types of burners are used to study
GS breaking (Section 3.3.4) but here a mean azimuthal ow isnposed in the chamber
(Fig. 3.1) to study SM breaking (Section 3.3.3). This mean oweld is supposed to be
one dimensional, steady and uniform:

to(X;t) = ug(x;t)e = M e (3.1)

where e is the azimuthal vector andM = uy=C is the azimuthal Mach number. Such
swirling motions are often observed in annular chambers kacse all swirlers have the same
rotation direction. In many recent chamber designs, whereuwsion systems are used to
introduce additional azimuthal rotation and modify resid@ce times, the azimuthal local
Mach number can be fairly large§ up to 0:01 0:1). Even if this azimuthal ow is not
one-dimensional (for instance, swirlers induce an azimwth ow in opposite directions in
the outer and inner part of the annular rig leading to a low bW swirl and a complex
interaction between the acoustic mode and the swirl motionNorth & Dawson, 2013,a)),
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this present study will consider a simpli ed case with a ondimensional mean azimuthal
ow to unravel the interaction between acoustic with such awirl motion.
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Figure 3.1: BC con guration to study unstable modes in annular chambers with a steady and uniform
azimuthal ow (constant Mach number M ).

3.2.2 ATACAMAC methodology and analytical dispersion re-
lation

The ATACAMAC (Analytical Tool to Analyze and Control Azimuthal Mo des in Annular
Chambers) Parmentier et al., 2012 Bauerheimet al., 20141) methodology proposed in
Chapter 2 is used to reduce the size of the system by splittithe annular combustor
into N sectors (Fig. 3.2). Each sector is split into two parts: an aziuthal propagation
in the annular chamber and an interaction area at the burneghamber junction. which
now depends on the mean azimuthal Mach numbéd .

[0+ M&O12(+"  #S%EY*H" 3845 "
T - %*'+& e
3+2$E§1§+(42I(5(6( ++*/# @ #$%&(

(p|+2 |+ 1) (p|+1 I"||+1)

_:5 ; T 008
T . ?
©

7- 8*+192« ;\; Detalls in Fig. 3 .
+. &'H#L192+(#H'&BN 2% | .
A Canavia((
0&1.2(

S (&H+HA25(

Figure 3.2: Con guration with N = 4 burners (left) and zoom on i sector (middle) andi™ T-junction
(right).
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3.2.2.a Interaction area at the burner/chamber junction

The area where the acoustic interaction between th& burner and the annular chamber
occurs (Fig. 3.2) is compact@'Connor & T.Lieuwen, 201Z). The e ect of the i!" burner
on the acoustic eld can be modeled by a translated impedancg; (Z; ;L i;n;i; i) =

pY,; (z=Li) .
TS’W;(%L) (Blimbaum et al., 2012.

+)-( B-1&*( %
—

(pé+%'u;+%) (p|+l l'I|+1) (p|+1 U (p|+1 u|+1)l
— |E> — HEN

o teuftow ey eeomlen] [ (L )

I"HS06* % Ly

A0 % ——

B,
Teeh ©. wh )
-2

Figure 3.3: Equivalent impedance of thei®™ burner: the translated impedanceZ, takes into account
the upstream impedanceZ, the propagation in the cold (0<z< L j)andhot (L j <z <L ) parts of
the burner as well as the active ame (atz= L ;).

The linearized equations of conservation of mass and momemt for isentropic ([°=
c®® 9 con gurations with non-zero azimuthal Mach number (Fig. 33) discussed in $tow
& Dowling, 2003 Dowling, 1995 Stow & Dowling, 2001, Motheau et al., 2012 are applied
at the T-junction (mean ow is added only in the chamber but nomean ow is introduced
in the burners along the longitudinal directionz, i.e. M, = 0) which contains only burnt
gases (Figs. 3.2 and 3.3):

m|°+% +mp; = md,; and D|+1 =D, = D} (3.2)
wherem® = (u%+ Q)S is the linearized mass ow rate through the surfac& and
D%= p°+2 uu®+ %? is the linearized acoustic momentum wheré and f ° designates

the mean and uctuating quantity of f respectively.
With an azimuthal mean ow in the chamber, these equations beene at the T-

junction:

[Pl P 2IM Se= WP So+ whi(z= L)S uly S (3:3)

i@+ MH)+2 %M )y = poi(z= L) = pla(1+ M9 +2 °CM upy,  (3.4)
or in matrix form:

0 0
o =T (3.5)
i+
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where the interaction matrix T; is:

2 3
. 2
4 4 Mg M 5
Ti=1lq+ G 1M R (3.6)
2 4j 1+ M2
whereG = %’; i Is the coupling parameter at non-null Mach number angl = P 1

It is related to the coupling parameter without mean ow ; introduced in Chapter 2
(Parmentier et al., 2012 Bauerheimet al., 2014; Palies 201Q Schuller et al., 2012
linked to the equivalent impedanceZ,, of the i burner (Fig. 3.3):

i = ScH2ISiZy) (3.7)

3.2.2.b Propagation in the i annular sector

Pressure and velocity uctuations can be written at any locion x in the annular chamber
as (Parmentier et al., 2012 Krebs et al., 2001):

pg :(Aejk+x + Be jk X)e jit

OCOUSZ( Aejk*x Be ik X)e jit (3-8)
wherek = =
Equation (3.8) yields:
p° _ p°
j 0coy° o = R( x) j 0coyP ) (3.9)
where the propagation matrixR( x) is:
B eikJr X 1 J e jk X 1 J
R( x)= 5 i1 + 5 i1 (3.10)

Knowing that for each sector the azimuthal propagation distnce is the same (x =
2L .=N), all propagation matrices are equal and writterR(2L .=N).

3.2.2.c Analytical dispersion relation

Since interaction (Eg. (3.5)) and propagation (Eg. (3.10)jnatrices are known, the transfer
matrix M; of the i!" sector can be obtained:

M;

Finally, the periodicity of the system and the equation of onsector (Eq. (3.11)) lead
to:

p° R _ p°
joow  TITHRELANT  Gop (3.11)

p° p°
j OCOUO N - . Mi J OCOuO N (312)
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The system (3.12) has non trivial solutions only if its deteninant is null leading to
an implicit analytical dispersion relation for the frequeny f :
|
v !
det Mi 1g =0 (3.13)

i=N

wherelq is the 2-by-2 identity matrix.

3.2.3 Analytical resolution for a chamber with N =4 burners

The implicit dispersion relation (Eq. (3.13)) can be solve@nalytically using an asymp-
totic approach for low coupling factor ; or G:

8i 2 [LN]; kGk 1 (3.14)

The matrix M = Qi1=4 M; = M,M;M,M; corresponds to the geometrical asymmetry

pattern 1212 and to the symmetric con guration ifM; = M5 is enforced (1 = ). The
Taylor expansion of this matrix (caIIedM) around the frequency of the annular rig alone
(f = %+ f (Parmentier et al., 2012 Bauerheimet al., 2014) wheref ® = ¢°=2L for
the rst azimuthal mode) at rst order assuming low coupling factors (Eg. (3.14)) and
low Mach numberM lis:

Qi i 2Lc 20, M
Mi=lg+2 5, . M PG
GRS iM

i=4

(3.15)

whereG' ™ andGY M are the values of the coupling parameter§, and G, evaluated
at the frequencyf °(1 M ).
Equation (3.15) yields an explicit dispersion relation:

2

Lo +4§G§*M+G§;M f+4 " g " *M?=0 (3.16)

o

Frequencies of the rst azimuthal mode can be obtained by sehg the quadratic
equation (Eg. (3.16)). They are recast using nondimensioleed numbers such as the
mean azimuthal Mach number, the total coupling factor (o =2(G> ™ + & ™)) and
the splitting strength (S) de ned in Chapter 2 for the pattern 1212 as:

s=2g"" G653 ") (3.17)
so that solutions of Eg. (3.16) are:
q___
fio= & o S2+4 2M2 =4L . (3.18)

where + corresponds to Wave 1 (co-rotating iM 6 0) and to Wave 2 (counter-rotating
if M 6 0): the frequencies are split.
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The eigenspace associated to each frequenéy € f°+ f, andf, = fO+ f,)is
one-dimensional and the mode nature is xed by and kSk. The system de ned by
Eg. (3.12) can be evaluated at the frequencids and f, obtained in Eg. (3.18) which
provides the relation:

2 M S S u p° _ 0
SS u 2jM j w0 (3.19)
where Sy, = P S2+4 2M? corresponds to the interaction of GS %) and SM (M )
breaking.
. gt pO+ 9c0u? .

For Waves 1 and 2, Eqg. (3.19) gives the ratltg— = m

q _ S g _ 2M + Sy
q 2M + Sy andq' S

Consequently the frequency and nature of azimuthal modeseacontrolled by the
splitting strength kSk, the Mach numberM and their interaction kSy k.

(3.20)

3.3 FS and GS breaking in annular combustors

3.3.1 Description of the con gurations

)+,- 1 )+,- 1
/ "#$
#
s e
5
23+,.% ~
|
,{.’:/’ & 8 @
< = '%gls o
Q@
\ -0/1./,
-0/1./$ R 1.2.1.1).$45617% $
a) 3D view of the BC conbguratior b) Axial cut ¢) 1D model for ATACAMAC

Figure 3.4: Con guration with N =4 burners

The e ect of geometrical and ow symmetry breaking on frequecy and nature of
azimuthal modes will be investigated using the analyticalesults (Egs. (3.18) and (3.20))
in an idealized annular combustor wittN = 4 burners (Fig. 3.4). Only the rst azimuthal
mode is considered. Physical and geometrical parametere ate ned in Tab. 3.1 and
Fig. 3.4. The upstream impedancé& is set to zero to mimic a large plenum connected
to the burners and the ames are placed at the burner/chambegunction (= 1) which
leads to Bauerheimet al., 2014):

1S 00

7 35 0@ 1+ ne @ cotan(k,L;) (3.21)
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wherek, = !'=c,.
Four di erent cases (Fig. 3.5) are studied in this chapter:

R LIRTRIR

"#3%&H'()* () T"H#%&H'()* TR ()X

Figure 3.5: Con gurations leading to symmetry breaking

Sym-NoMach: First, a symmetric con guration where burners and ames are
identical is studied (Section 3.3.2, Rarmentier et al., 2012). The Mach number
M is zero.

Sym-Mach: A constant mean azimuthal ow (M 6 0) is added to the previous
case.

Asym-NoMach: At zero Mach number M = 0), the con guration is disym-
metrized using two burner types with di erent Flame Transfer Finctions (ny; 1)
and (ny; ») with the pattern 1212 (Section 3.3.4).

Asym-Mach: Finally, an azimuthal mean ow corresponding to a mean Mach
number M is added to the previous case (Section 3.3.5).

L. 6:59 m
Chamber S 06 m2
Burner Ly 0:6 m
S; 0:01 m?
o 979 kg=n?
u
Fresh gases & 243 m=s
O 381 kg=n?
Burnt gases © 1191 m=s
n; 1.57
Flame .
i variable S

Table 3.1: Parameters used for numerical applications corresponding to a large salindustrial gas
turbine.

Analytical results are systematically compared to numeridasolutions of the eigen-
problem (3.12): the freque@cies are computed using a nondar solver (Newton-Raphson)
searching for zeros oflet ~— M; g4 .

Knowing the frequency, the state at theN'" burner location (Vy = (p%; j °cCud)™)
is computed as an eigenvector satisfying Eq. (3.12). The arstic pressurep?, and velocity
u are propagated at any azimuthal locatiorx in the chamber using Egs. (3.5) and (3.10).

79



Chapter 3 : Theoretical study of mean azimuthal ow and asymmetry e ecé on
80 thermo-acoustic modes in annular combustors

The azimuthal variation of the pressure moduluskp%) and phase ( = arg(p?) with
the azimuthal coordinate & or ) indicates the mode nature: spinning (linear phase),
standing (constant phase) or mixed. A structure diagramkpk cos( ),kpksin( ), M or
kSK) is constructed to track the evolution of the mode structurevith the Mach number
(M) or the splitting strength (kSk). It allows to compare e ect of GS breaking already
studied in the previous chapter with FS breaking in terms of nate structure. Analytical
results with no mean ow will be also validated using a 3D acatic solver called AVSP
devoted to the resolution of acoustic modes at zero Mach nueabof combustion chambers
(Nicoud et al., 20079.

3.3.2 Symmetric case with no mean ow (Sym NoMach)

All 4 burners are identical thus matricesM; = T;R; and coupling factors ; are all equal
(the subscripti can be omitted here). The dispersion relation (Eg. (3.16) Wi kSk=0
and M = 0) has a double root: the mode is degenerate and the expressiof the rst
azimuthal mode frequency (Eq. (3.18)) reduces to:

f = FO_:%%E? 2?% i;; (3.22)

Eq. (3.22) is compared to results provided by the numericaksolution of Eq. (3.13)
and the 3D acoustic solver in Fig. 3.6 showing a very good agment on frequency and
growth rate.

N 94 3

sy a

a 93 1;)’ 2 45068,

S o 0! (Im(f) > 0)

= g

q:_) o1 cl 1

= S| #sns

e S| amityed)

D: C olﬁ

8 02 o4 0 06 08 10 "0 02 04 0 06 08 10
119 (1) 119 (1)

Figure 3.6: Fregency (left) and growth rate (right) vs normalized time-delay = 0 (where 2 = 1=f°) of
the rst azimuthal mode in a con guration with N =4 burners. — : Atacamac (numerical resolution

Eqg. (3.13)), : Atacamac (analytical - Eq. (3.22)) and : 3D acoustic solver

In a symmetric con guration, the eigenstlce associated tte rst azimuthal mode
is two-dimensional (the matrix of the system i1:4 M; (Eq. (3.19)) is the null matrix) so
that spinning, standing or mixed mode can occur and have thamme growth rate: the
mode structure is undeterminedNoiray et al. (2011 have shown that non-linearities on
the FTF can promote one of these types, a phenomenon which catrie described by
the present linear model.
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3.3.3 Flow symmetry breaking (Sym Mach)

Consider now a case with a mean ow (SM e ectM 6 0) where all burners are identical
(i.e. all coupling factorsG are equal so thatkkSk = 0). The dispersion relation (Eq. (3.16)
with kSk=0and M 6 0) has two distinct solutions so that waves 1 and 2 have di eent
frequencies and growth rates:

7 M
- ¢ oG M (3.23)

L L 2L
gy |_te z ey
fo fi1(); f2()

f1;2

The mean azimuthal ow modi es the nature of the system: the igenspace is only
one dimensional because the matrix of the system ((Eg. (3)l®hereS=0and M 6 0)
does not reduce to the null matrix and (Eg. (3.20)) gives theature of the two waves:

Wave 1: ¢, 6 0 and g, = 0 corresponding to a co-rotating spinning mode.
Wave 2: ¢, =0 and g, 6 0 corresponding to a counter-rotating spinning mode.

Adding an azimuthal mean ow (M ) splits azimuthal modes into two spinning waves

with di erent frequencies and growth rates.

3.3.4 GS breaking with no mean ow (Asym NoMach)

The Sym-NoMach case (Section 3.3.2) is now investigated witlio distinct Flame Trans-
fer Functions corresponding to the introduction of two di eent burner types (i.e. two
di erent coupling parameters ; and ;) to break symmetry with the pattern 1212
(Fig. 3.5). The time-delay ; varies from Gns to 11ms while the other time-delay
is xed to 2:21ms.

The dispersion relation (3.16) gives two di erent frequeriesf; and f,:
@ 9 @ &9

and f,=
2L, L. 2T 2, L.

fi= (3.24)

GS breaking splits the rst azimuthal mode in two classes. Mie 1 depends only of

1 and is driven only by the type 1 burners. Mode 2 depends only on, and type 2
burners, leading to a constant stability map (Fig. 3.7) sincenly ; is varying while ; is
xed.

The splitting strength (Eq. (3.17)) is non null and controlsthe degeneracy of the mode
(kSk=2k 9 k= 25ckf, f1k) which generalizes the results dfloiray et al. (2011)
obtained in a simple annular rig not connected to burners.

Due to this splitting, the eigenspace associated to eachdueency , and f,) is one-
dimensional and Eq. (3.20) gives the nature of the two waves:

Wave 1. ¢;=g, = 1 (p2 =0) corresponding to a mode locked on the burner
(which is of type 2 for the pattern 1212) and imposing a pressainode. This mode
is standing and not perturbed by burners of type 2.

Wave 2: q;=g, = +1 (u$ = 0) corresponding to a standing mode imposing a
velocity node at each burner of type 2 and a pressure node aeey burner of type
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Figure 3.7: Fregency (left) and growth rate (right) vs normalized time-delay 1= 2 (where 9 =1=f0"
11 ms) while , is xed to 2:21 ms of the rst azimuthal mode in a con guration with N =4 burners.
— : Atacamac (numerical resolution Eq. (3.13)) and : Atacamac (analytical - Eq. (3.24)) and : 3D
acoustic solver (AVSP)

1: itis perturbed only by burners of type 2 (constant stabity map in Fig. 3.7 since
2 IS xed).

A structure diagram (Noiray et al., 2011 ((kpkcos(), kpksin( ), kSK), Sec-
tion 3.3.1) can be constructed (Fig. 3.8) to highlight the wa nature: if the trajectory
at a xed splitting strength kSk is a circle the wave is spinning (= ). If the trajectory
is a line the wave is standing ( = 0 or ). Fig. 3.8 shows the transition of the nature
of "Wave 1" from spinning to standing when the splitting strength kSk increases (the
time-delay , is xed to 2:21ms and ; can vary). This result is a generalization of the
graph "( 1, 2, Cz)"in ( Noiray et al., 2017 for the p" azimuthal mode in the non-linear
regime.

! p" Sin(! )A W& +&(
1] o

\\\x\\\ V—J“—/“—/—‘/——/\
S =0.0007
"#$%&' s: 0.0003t

11 v I'p'lcoy!)
S=0

Figure 3.8: Structure diagram (kp%cos( ), kp%sin( )) of the Wave 1 vs splitting strength kSk. For
each splitting strength, the trajectory corresponds to azimuthal positions going from Oto 2 .

3.3.5 GS and SM breaking (Asym Mach)

Using di erent burner types ( ; = 2:21ms and , = 4:98ms leading to a strong splitting
term kSk ' 0:145) and adding a mean azimuthal ow ¢ can vary) combines GS and
SM e ects.
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The azimuthal mode frequency and structure are given by Eq&.18) and (3.20): the
mode is mixed and split by both the geometrical (GSkSk 6 0, Section 3.3.4) and ow
(SM, M 6 0, Section 3.3.3) symmetry breaking (Fig. 3.9 wheM =0:1).
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Figure 3.9: Fregency (left) and growth rate (right) vs normalized time-delay ;= 2 (where 0 =1=f0)
while , =2:21 ms of the rst azimuthal mode in a con guration with N =4 burners and a mean ow
M =0:1. — : Atacamac (humerical resolution Eqg. (3.13)) and : Atacamac (analytical - Eq. (3.18)).

A con guration where ; = 2:21ms and , = 4:98ms with a pattern 1212 (corre-
sponding to S ' 0:145) is studied by increasing the mean ow fronM = 0to 10 2.
The structure diagram (Fig. 3.10, Section 3.3.1) shows a traition from a standing mode
(when the Mach numberM is low) to a spinning mode (wherM is higher): a small
swirl motion (SM) can a ect the mode structure even with a stong geometrical symmetry
(GS) breaking.

Ip!sin(! )A /M! =10 o
i _____.7\090\]\\)
!"#$%&$'(/, /
P I p'tcoy!)

Figure 3.10: Structure diagram (kp%cos( ), kp%sin( )) vs Mach number M of the wave associated
to the frequency f, of a con guration with an initial splitting strength S' 0:145.

3.4 Conclusion

This chapter extends the analytical approach described inHapter 2 to study a sec-
ond mechanism controlling azimuthal modes frequency andtge (spinning, standing or
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Figure 3.11: E ects of geometrical (GS) and ow (SM) symmetry breaking on the mode nature.

mixed) in annular combustors containing 4 burners: the exsnce of a mean azimuthal
ow (FS breaking). The ATACAMAC methodology ( Bauerheimet al., 2014l) is extended
to solve the linearized acoustic equations with a steady anohiform azimuthal mean ow
in the annular chamber. It provides an analytical implicit dspersion relation for the fre-
quencyf which can be solved numerically. An analytical resolution igossible in speci c
situations where the annular chamber is weakly coupled to ¢hburners. Results show
that symmetry breaking, either by modifying burner characotristics (GS) or with a swirl
motion (FS), splits the azimuthal mode into two waves which aahave di erent but close
frequencies and structures. Results are summarized in FiglB showing the nature of
the two components of the azimuthal mode as a function of medach numberM and
splitting strength S. However, as for non-linear theoriesdNoiray et al., 2011 Ghirardo &
Juniper, 2013 or acoustic simulations, only the nature of these two compents A and B
can be determined but their ratioA=B xing the nal mode structure remains unknown
and would requires high delity simulations or the completeresolution of the mode dy-
namics (where the critical issue would be the determinatioaf the initial condition), a
point discussed in thesis in Chapter 9. Nevertheless, thisgory could be validated by the
extraction of the splitting frequency as well as the nature fathe two components from
LES or experiments. No experimental validation has been perfned yet but annular
systems available at CambridgeWorth & Dawson, 2013) or EM2C (Bourgouin et al.,
2013 would be excellent setups to verify the validity of this modl which was derived
here for 4 burners but is expected to be also valid for real ambhers with more burners.
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4.1 Introduction 87

This chapter extends the analytical method (ATACAMAC of Chapters 2 and 3) to
PBC con gurations where an annular chamber is fed bl burners connected to
an annular plenum. Like for BC con gurations, the ANR (Annular Network Reduc-
tion) methodology allows to retain only the useful information related to the azimuthal
modes of the two annular cavities and yields a simple dispersion relation which can
be solved numerically. In specic situations where coupling factors are small (weak
coupling), a fully analytical solution for the frequencies and growth rates can be de-
rived. Results show that for low coupling parameters, the two annular cavities are
decoupled: chamber and plenum modes coexist with little interaction. However, a
bifurcation appears at high coupling factors leading to a frequency lock-in of the two
annular cavities (strong coupling) which modi es the stability of the whole system.
This tool is nally applied to an academic case where four burners connect an annu-
lar plenum to a chamber. For this con guration, analytical results are compared to a
full three-dimensional Helmholtz solver to validate the analytical model in both weak
and strong coupling regimes. Results show that this simple analytical tool allows
to predict modes in annular combustors and investigate strategies to control them.

4.1 Introduction

The previous Chapters (2 and 3) have presented the developm®f an analytical tool
to analyze azimuthal modes in a simpli ed con guration cakd BC, where an annular
chamber is connected td\N burners. The inlet of each burner was described by an
impedance and they are not connected. However, modern gashtmes are much more
complex and exhibit numerous azimuthal modes coupling mite annular cavities as
presented byCampaet al. (2011. The most important one is the plenum which feeds all
burners. Since this plenum is also annular, it can developiamithal modes like chamber
does. One interesting is therefore to classify these modewaunderstand which cavity
drives the instability. For example, standing and turning nodes Krebs et al., 2002
Evesqueet al., 2003 are both observed Krebs et al., 2002 Noiray et al., 2011 Wolf et al.,
2012 Schuermanset al., 2009 but predicting which mode type will appear in practice
and whether they can be studied and controlled with the sameeathod remains di cult
(Ghirardo & Juniper, 2013. Similarly, most large scale annular chambers exhibit mtipple
acoustic modes in the frequency range of interest (typicgllLO to 30 acoustic modes can be
identi ed in a large scale industrial chamber between 0 andd® Hz) and classifying them
into categories is the rst step to control them. These cateagies are typically 'longitudinal
vs azimuthal modes' or 'modes involving only a part of the chmber (decoupled modes)
vs modes involving the whole system (coupled modesKrgbs et al., 2002 Lieuwen &
Yang, 2005 Campaet al., 2011, Pankiewitz & Sattelmayer, 2003. Knowing that a given
unstable mode is controlled only by a certain part of the comistor is an obvious asset for
any control strategy. In the case of combustors including aannular plenum, burners and
an annular chamber (PBC con gurations), such a classi catin is useful to understand
how azimuthal modes in the plenum and in the chamber (which ka a di erent radius
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and sound speed and therefore di erent frequencies) can énact or live independently.
For example, FEM simulations of a real industrial gas turbingCampa et al., 201]
Campa & Camporeale 2019 produce numerous complex modes which involve several
cavities (plenum, burners and chamber) at the same time. Untonately determining
whether certain parts of a chamber can be 'decoupled' from ¢hrest of the chamber is
a task for which there is no clear strategy. 'Decoupling’ faors have been derived for
longitudinal modes in academic burners where all modes amngitudinal (Schulleret al.,
2012. Extending these approaches to annular systems requiresst to derive analytical
solutions allowing to isolate the e ect of parameters on thenodes structure. This is one of
the objectives of this chapter.Thus, no full analytical reslution of frequency and nature
of azimuthal modes has been performed in PBC con gurationsThe present chapter
extends the analytical methodology ofSchuller et al. (2019 for longitudinal tubes and
of Parmentier et al. (2012 for BC con gurations to a PBC con guration with N burners
in order to highlight key parameters involved in the couplig mechanisms.

Figure 4.1: Con gurations to study unstable modes in annular chambers

The chapter is organized as follows: Section 4.2 describég tprinciple of the ANR
(Annular Network Reduction) methodology and the submodels t@ccount for active
ames. As for BC con gurations, the network model is decompesl into azimuthal prop-
agators and H-shaped connectors coupling the annular plendaathe chamber (compared
to T-shaped connectors in BC setups where the chamber is cested only to theN burn-
ers). This approach allows to build an explicit dispersionelation giving the frequency,
growth rate and structure of all modes. In Section 4.3, theroracoustic regimes (from
fully decoupled to strongly coupled) are de ned dependingnothe analytical coupling
parameters conducted in Section 4.2. Finally, this analytad model is validated using
the model annular chamber described in Section 4.4 with sihigiic shapes to construct
coupling factors and study azimuthal modes for a case wheregpkenum is connected to
a chamber by four similar burners N = 4, no symmetry breaking). First the weakly
coupled regime (Section 4.5) and then the strongly coupleégime (Section 4.6) are in-
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a) b)
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Figure 4.2: FEM simulations performed by Campa et al. (2011) on a complex industrial gas turbine
(only 6 sectors are displayed) and its PBC con guration model. Two kinds of eigenmodes are observed:
a) Decoupled mode and b) Coupled mode

vestigated. The bifurcation from weakly to strongly couplé situations is triggered by

increasing the ame interaction index controlling the ameresponse to the acoustic ow.
Results show that ATACAMAC allows to predict azimuthal turning and standing modes
in a PBC con guration and performs as well as a 3D Helmholtz satr for all regimes
while simple annular rigs (Noiray et al., 2011 Ghirardo & Juniper, 2013 or BC models

(Parmentier et al., 2012 Stow & Dowling, 2009 are not able to capture the bifurcation

from weakly to strongly coupled regimes. In this chapter, bton gurations are perfectly

axisymmetric. The e ect of the annular plenum and potentialcoupling mechanisms on
symmetry breaking is studied in the next chapter (Chapter 5)

4.2 A network model for PBC con gurations

4.2.1 Model description

The model is based on a network view of the annular chamber fbg burners connected
to an annular plenum (PBC, Fig. 4.3). This model is limited to guations where pressure
uctuations depend on the angle (or x) but not on z in the chamber and the plenum
(they depend on the coordinatez only in the N burners). This case can be observed
in combustors terminated in choked nozzles which behave aist like a rigid wall (i.e.
w® = 0 under the low upstream Mach number assumption). Note howev that this
restriction prevents the present model to represent acadéal combustors where the
combustion chamber is open to the atmospher&d\rth & Dawson, 2013; Moecket al.,
201Q Bourgouinet al., 2013 or to predict "mixed modes" appearing at higher frequencge
in con gurations terminated by choked nozzles@ampaet al., 2011J).

Since the chamber inlet is also close to a velocity node, masdehich have no variation
along z can develop in the chamber, as shown by recent LESté elbach et al., 2009.
Radial modes (wherep® depends onr) are neglected because often occurring at high
frequency. Gas dynamics are described using standard linead acoustics for perfect
gases in the low Mach number approximation. The mean ow indied by swirlers remains
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slow (Sta elbach et al., 2009 and azimuthal waves propagate at the sound speed which
is di erent in the plenum (fresh gas at sound speed?) and the chamber (burnt gas at
sound speed?).

Figure 4.3: Network representation of the plenum, burners and chamber (PBC con guation)

In the previous chapters, a BC (Burners+Chamber) con guraibn was considered:
an annular chamber is fed by N burners without taking into aamunt the existence of a
plenum ; the impedance imposed at the inlet of th& burners corresponded to a closed
end W°=0) and ames were located at the burners extremity :; ' L; whereL; is the
length of the i burner). This section describes how this BC case is extendem PBC
(Plenum+Burners+Chamber) con gurations where an annularplenum feedsN ducts
("burners") which are all connected to an annular chamber. Mst annular gas turbine
chambers can be modeled using this scheme (Fig. 4.3).

In a PBC con guration, burners are connected at both ends tate annular plenum and
chamber. The boundary conditionsv®= 0 used for BC con gurations are retained here
only on walls of the annular cavities but not at the inlet/outiet sections of the burners.
Mean density in the annular chamber is noted® ( 2 in the plenum). The subscript u
stands for unburnt gases. The perimeter and the section ofdfannular plenum are noted
2L, =2 R and S, respectively whileL; and S; stand for the length and cross section
area of thei™ burner. The perimeter and the section of the annular chambere noted
2L, = 2 R and S, respectively. The position along the annular plenum and chaber
is given by the angle de ning abscissax, = R, for the plenum andx. = R. for the
chamber. The location of the ames in the burners is given byhe normalized abscissa

90



4.2 A network model for PBC con gurations 91

= Zg =L (Flg 43)

4.2.2 Acoustic waves description and ANR methodology

To reduce the size of the system, the ANR methodology (Annular Nebrk Reduction)
introduced for BC cases in Chapter 2 is extended here to PBCams. First, the combustor
is decomposed intd\ sectors (Fig. 4.4) by assuming that every sector can be studie
separately and that no ame-to- ame interaction occurs beween neighboring sectors, a
guestion which is still open today QO'Connor & T.Lieuwen, 201Z,a). Sta elbach et al.
(2009 have shown that this was the case in LES of azimuthal modes f8iemenc/Ansaldo
and Snecma type turbinesWorth & Dawson (2013,a) have also demonstrated experi-
mentally that this assumption in annular combustors is vali when the distance between
burners is large enough to avoid ames merging.

Figure 4.4: Decomposition of an annular combustor inN sectors

For each individual sector, the acoustic problem may be spinto two parts: propa-
gation (Section 4.2.2.a already described in previous chiggs) and H-shaped connector
(Section 4.2.2.b) (Fig. 4.5). The angle and the coordinates of the plenunx, and cham-
ber x. take their origin at the burneri. The end of the sectoi is located atx, = 2,5—" and
X¢ = Zh—c (thus assuming that burners are evenly located around the anlar combustor).
H-shaped connectors are supposed to be compact regarding dteustic wavelength.

4.2.2.a Propagation

As presented in the two previous chapters, the pressure anda@ty perturbations inside
the i sector of the annular chamber (denoted via the subscrift i) can be written as:

p2i(Xe;t) = (A coskxc) + B sin(kxc))e 1 (4.1)
0Pul; (Xe; t) = j (Aisin(kxs)  Bjcoskxc))e (4.2)

wherej? = 1,k = !=c?is the wavenumberA; and B; are complex constants.
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Figure 4.5: ANR methodology: splitting of one sector into propagation and H-shaped sectiorparts for
a PBC con guration

From Egs. (4.1) and (4.2), pressure and velocity perturbains at two positions in the
chamberx, and X +  X¢ are linked by:

pg;i _ COSQ( XC) Sin(k Xc) pg;i (4 3)
1 0c0y0 sin(k  Xo) { cosk Xo) . i %cu? '
VA

] Gl (xco+ Xcit) | Sl (xcoit)

R(k Xxc)

The matrix R(k X¢) is a 2D rotation matrix of anglek x.. In the case whereN
burners are equally distributed over the annular chamberht propagation in the chamber
between each burner is fully described by the transfer maXriR(k%) where 4_; is the
chamber perimeter.

Wave propagation in thei!" sector of the plenum satis es the same equation than in
the chamber Eq. (4.3) but the sound speed in fresh gas&@smust be used:

Ppi cosky Xp)  sin(ky Xp) PR
1 00,0 = o 1 00,0 (4.4)
PouClei o o |S'n(ku Xp) {Zcos(ku Xp) R Upi oty
R(ku xp)
wherek, = !=c?.

Propagation in the i" burner from the plenum ¢ = 0) to the ame (z = L ;)
and fromz = L ; to z = L; (Fig. 4.6) can be described in the same way considering
propagation in fresh gases for the rst part (0k z < L ;) and hot gases in the second
part (L j <z <L)

Therefore, equations for the wave propagation in thé" burner are:

0 0
PO =Rk L) 1 abo (Cold part of the i-th burner)  (4.5)
PG i@ o
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Figure 4.6: Propagation in the i!" burner for a PBC con guration in the ANR method

and

0
1 0%0WQ = R(k(1 )Li) 10000 (Hot part of the i-th burner) (4.6)
j

J (R3]

4.2.2.b H-shaped connector

The physical parameters at the entrance (located at the endf ¢the i 1" sector cor-
responding to = ZW and consequentlyx, = 2;—" and x; = %) must be linked to the
output parameters (corresponding to the beginning of thé" sector located at =0 and
consequentlyx, = X, = 0) as shown in Fig. 4.7.

The H-shaped connectors are treated as compact elements il tzimuthal direction.
Jump conditions are rst written along the x direction atz=0and z = L;: at low Mach
number (Poinsot & Veynante, 201J), they correspond to the continuity of pressure and
volume rate through the interface. For the sake of simpligit more complex interactions
(e.g. e ective length or pressure drop e ects) Campaet al., 2011 are neglected knowing

they could a ect the coupling mechanisms between cavitie®t z = L;:

2L ¢

PEi 1(Xe= i) = P = 0;1) = plz = L) (4.7)
0 —_ 2LC 0, — —_ 0 — .
Sclci 1(Xc = W’t)+ Siwi(z = Li) = Scug;(xc =0;t) (4.8)
and at z =0:
0 ZLP. 0 . 0,
pp;i 1(Xp = W! t) = pp;i(xp = 01t) = pi(z = O) (49)
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Figure 4.7: H-shaped overview in the ANR method

2L
Spun; 1(Xp = Wp; t) = Swlz =0)+ Spud;(xp=0;t) (4.10)

Jump conditions are also required in the burners through theames located az = z; .
They are assumed to be planar and compact: their thicknessnsgligible compared to the
acoustic wavelength. Flames are located at= z; = z, ' L ; where superscripts + and

denote the downstream and upstream positions of th& ame. At low Mach number,
jump conditions through the ame imply equality of pressureand ow rate discontinuity
due to an extra volume source term related to unsteady combtiesn (Poinsot & Veynante,
201D:

pio(zlj;-i )= pio(zf;i ) (4.11)

+ 1
SiWiO(Zf;i ) = SiWiO(Zf;i )+ U—PO —‘cl)';i
u

where P° is the mean pressure and, is the heat capacity ratio of fresh gases. The
unsteady heat release_%i is expressed using the FTF model (Flame Transfer Function)
(Croccq 1951
w 1o

uPO T:i

(4.12)

= Sinié' 'wlz,) (4.13)

where the interaction indexn;! and the time-delay ; are input data (depending on

Typical values of the interaction index n; can reachT,=T, 1 at low frequency.
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frequency) describing the interaction of thé" ame with acoustics. Therefore, the jump
condition in Eq. (4.12) is recast using Eq. (4.13):

Swiz;) = S+ ni€" wlz,) (4.14)

Thanks to Egs. (4.7 - 4.14), a transfer matrixT; of the H-shaped connector of Fig. 4.7 is
de ned as:

3 2L
p (xp=0;t) p (xp— =P t)
1 0Cou (xp=0t) O p—ZLp 1)
g IO(xcp—o ) Z - Tg (xp- e Z (4.15)
1 1
r 0cPulixc=01) i r 0C0 Ud(xc= 2e:)

i1

where the transfer matrixT; is:

0
T = | +2§ i iz (é (4.16)
T 0 0 '

i;3 i;4 0

[cNoNeoNe]

and the coe cients x; k=110 4 are:

1Sjcosk(l )Lj)cosk, L i) Fsink(l )Lj)sin(ky L ;)

"7 2S,c0sk(l )Ly)sin(k, L )+ Fsin(k(l  )L;)cosk, L ) @10
_ 1S 1
2 = Es_pcos«(l )Li)sin(ky L j)+ Fsin(k(1  )L;)cosk, L ;) (4.18)
15 F
"*7 2S.cosk(l  )Li)sin(k, L )+ Fsin(k(l  )L;)cosk, L ;) (419
~_ 1S Fcosk(l )Lij)coskyL i) sink(@ )Li)sin(k,L i) 4.90
"7 2S.cosk(l  )Lj)sin(ky L )+ Fsin(k(L  )L;)cosky L ) (4.20)
with the ame parameter F:
F = OZ,Z 1+ne' ) (4.21)

These coe cients are the coupling parameters for PBC con gations. ;; and
are linked to the plenum/burner junction (depending onS;=S, which measures the ratio
between the burner sectiors; and the plenum sectionS,) while ;.3 and .4 are linked
to the chamber/burner junction (depending onS =S, which measures the ratio of the
burner section to the chamber section (Fig. 4.3)).
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4.2.3 Dispersion relation calculation given by the ANR method

In previous sections, the overall problem has been split msmaller parts and now has to
be reconstructed in order to obtain the dispersion relatiofor the whole system. First,
the pressure and velocity uctuations at the end of thé 1" sector are linked to those
at the end of thei'" sector using Egs. (4.3), (4.4) and (4.15).

3 2 3 2
Poxe= 22 it) PO(xp=01) Poxp= 22 1)

§i Scidoro] _ g B Seubormo] _ iG]y
0. _2L¢. - I O . _. - 1o 2L¢ .
Pexe= &5t Pc(xc=0t) pc(x i)
1 Ocoug(xcz 2',\'I—‘J;t) i J:—L OCOUg(xczo i) i i OCOUC(XC- 2hc,t)
whereT; is the matrix de ned in EqQ. (4.16) and R; is the propagation matrix inside the
plenum and chamber in the™ sector de ned by:

2
2ey 00
N
§ 00 (4.23)
o0 Rk
00 N

whereR (k, %:2) and R(k2.<) are 2-by-2 matrices de ned in Egs. (4.3) and (4.4)
Then, Eq. (4.22) can be repeated through thB sectors and periodicity imposes that:

3
. p(p—ﬂt) [ pp( p_ﬂt)
0 0 2L 2L
: u =2t u =Bt
gl p(i t = R § oSl (4.24)
pc Xc= 558it) =N pC(X :7Ct)
l Ocouo(xc—ZL—C ) 1 000, C(xc-ZL—Ct)

i=1 J i=1

System Eq. (4.24) leads to non-null solutions if and only ifs determinant is null:
!

YI.
det RiTi Ig =0 (4.25)
i=N
where | 4 is the 4-by-4 identity matrix and the matrix M = Ql v RiTi is the transfer

matrix of the overall system. Eq. (4.25) provides an implitiequatlon for the pulsation!
and gives the stability limits and the frequency of unstablenodes. Note that Eq. (4.25)
given by the ANR methodology only involves a 4-by-4 determinaf irrespective of the
number of burners N.

2The ANR methodology retains only useful information related to azimuthal modes of the annular
cavities. Knowing that these modes are a combination of two charactestic waves, the minimum size of
the matrix system is 2C-by-2C where Cis the number of annular cavities (hereC= 2: plenum + chamber)
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4.3 Analytical procedure and coupling limits

Due to signi cant non linearities, Eq. (4.25) cannot be sokd analytically in the general
case. However di erent situations (Fig. 4.8) can be exhibiteavhere Eq. (4.25) can be
solved depending on values taken by the coupling parametgrs; and } ¢;:

Yoi =max(j ia;j i2l) (4.26)
and
Yei =max(j isli] ia4l) (4.27)

The parameters} ,; and } .; measure the coupling e ect of the plenum/burner junc-
tion and the chamber/burner junction respectively for thei" sector. They depend only
on the geometry (section ratios5; =S, and ;=& as well as the burners length.;) and the
ame (the ame interaction factor F and the ame position ). Longitudinal modes in
the burners can be also obtained with this model but only puhg azimuthal modes will
be studied in this chapter (Fig. 4.8).

Figure 4.8: The four coupling situations depending on the parameters , and } ¢

4.3.1 Fully decoupled situations (FDPp and FDCp)

If the coupling parameters have vanishing small value$ {; = 0 and } ¢; = 0), the cou-
pling matrices of each sectorT in Eq. (4.25)) are the identity matrix. As a consequence,
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the dispersion relation (Eq. (4.25)) reduces to:

|
v !
det Ri Iqg =0 (4.28)
i=N
The matrices R; being block matrices of 2-by-2 rotation matrices which satfy
R( 1)R( 2)= R( 1+ »), Eq. (4.28) becomes:

| 02 0 0 31
v ' R(2k,Lp) g 0 0
det R, l g = det%ﬁ 00
=N o0 R(2kLe  14)

det(R(2kuLy) la) det(R(2KLy) 1g)=0  (4.29)

Solutions of Eq. (4.29) arek,L, = p and kL. = p wherep is an integer. They
correspond to two families of modes which live separatelya@ A in Fig. 4.8):

FDPp - Fully Decoupled Plenum mode of order p: they satisfy the relation
kuLp, = p and correspond to the azimuthal modes of the annular plenurmoae
(Fig. 4.8).
FDCp - Fully Decoupled Chamber mode of order p: they satisfy the relation
KL, = p and correspond to the azimuthal modes of the annular chambafone
(Fig. 4.8).

4.3.2 Chamber or plenum decoupled situations (PBp and BCp)

These situations correspond to the cases considered in thetprevious chapters (Chap-
ters 2 and 3) where either the plenum or the chamber are fullyedoupled from the burners,
i.e. respectively}, = 0 or }. = 0 (cases B and C in Fig. 4.8). The transfer matrices
of each sector are block-triangular leading to a simple reilan for the determinant and
consequently for the dispersion relation (Eq. 4.25) withduassumption on the non-null
parameter} , or } .. As for the fully decoupled situations, two families of modesan be
exhibited (cases B and C in Fig. 4.8):

PBp - Plenum/Burners mode of order p: in this situation, }. = 0. The

annular chamber is fully decoupled from the system (burne¥plenum) and the

dispersion relation Eq. (4.25) reduces to two equations:

det(R(2kL,) 1)=0 (4.30)

Y 2k, L 1 0
det R —4-P |
€ N ii1 1 d

i=N

=0 (4.31)

Eq. (4.30) corresponds to the dispersion relation of a FDCp rde while Eqg. (4.31)
is the dispersion relation of a PB (Plenum + Burners) con guation where an
impedanceZ = 0 is imposed at the downstream end of the burner simulatinghie
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large chamber decoupled from the system (case B in Fig. 4.8).hi$ latter mode
is referred to as "PBp" standing for Plenum/Burners mode of mer p. These
situations are, however, unrealistic because they negleall interactions between
the annular plenum and chamber: the only solution to obtair} ! 0 in a PBC
con guration is an in nite cross section of the chamber$. ! 1 in Eqgs. (4.19 -
4.20)). Therefore, this chapter will focus on other situatins (e.g. cases D and E in
Fig. 4.8) which are more representative of real engines by inding the interaction
between annular cavities.

BCp - Burners/Chamber mode of order p: in this situation, } , = 0 so that
the annular plenum is fully decoupled from the rest of the syam and the dispersion
relation Eq. (4.25) reduces to two equations:

det(R(2k,Lp) 1)=0 (4.32)

Y 2kL 1 0
det R c
© N i;4 1

i=N

lg =0 (4.33)

The rst equation (Eqg. (4.32)) is the dispersion relation ofa FDPp mode while
Eg. (4.33) is the dispersion relation of a BC (Burners + Chamér) con guration
where a pressure nodeZ( = 0) is imposed at the upstream end of the burner
modeling the large plenum decoupled from the burners and ttanular chamber
(case C in Fig. 4.8). This latter mode is called "BCp" for Burnes/Chamber mode
of order p and was already studied byarmentier et al. (20129.

4.3.3 Weakly coupled situations (WCPp and WCCp)

When} , and} . are both non zero, both azimuthal modes of the plenum and théamber
can exist and interact through the burners. If} , and } . remain small (Eq. (4.34)), an
asymptotic solution can be constructed.

8i; 0<}pi<< landO0<} << 1 (4.34)

The parameters} ,; (Eq. 4.26) and} ; (Eq. 4.27) measure the strength of the coupling

e ect of the plenum/burner junction and the chamber/burner junction respectively for
the i™ sector. If they are small, the transfer matrices of each sect(T;R; in Eq. (4.25))
are close to the rotation matrixR; de ned in Eg. (4.4) so that the eigenfrequencies of the
system will be close to a FDPp or a FDCp mode. Consequently, as folly decoupled
modes, two families of modes can be exhibited (case D in Fig8}.

WCPp - Weakly Coupled Plenum mode of order p: this mode is close

to a FDPp mode and the solution for the wavenumbek, can be searched as an

expansion around this case:

kilp=p + (4.35)

where , p
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WCCp - Weakly Coupled Chamber mode of order p: this mode is close
to a FDCp mode and the solution for the wavenumbek can be searched as an
expansion around this case:

KLe=p + ¢ (4.36)

where . p

For weakly coupled modes, this low coupling assumption als a Taylor expansion of
the dispersion relation (Eg. 4.25) which can be truncated ansolved providing analytical
solutions for ¢ and ,. This expansion is case-dependent: th¢ = 4 case will be detailed
in Section. 4.5. Basically, results show that azimuthal mat will be either Chamber or
Plenum modes slightly modi ed by their interaction with the rest of the combustor.

Note that the low coupling assumption § 1and} 1) does not imply low
thermo-acoustic coupling §; 1) because surface ratios between burner and plenum or
chamber are usually small$=& 1andS=S, 1).

In the specic con guration where the ames are located at tle end of the burner
( = z =L =1 in Fig. 4.3), however, the coupling parameters simplify as

i1 = %g cotan(k,L;) (4.37)
p
_1s 1
2 = 35,5l (4.9
1S F
S 7 gs skl (439
1S
4 = égF Cotan(kuLi) (440)
C

where F is the ame parameter de ned in Eq. (4.21). Equations (4.37}o (4.40) corre-
spond to an extension of the coupling parameters proposed Bghulleret al. (20129 for

longitudinal instabilities and Parmentier et al. (20129 for azimuthal instabilities in a BC

con guration. They show that decoupling § p; 1 and} 1) can be expected in
this case for small sections ratio§;=S, << 1 andS=& << 1, when the ame parameter
F (Eq. (4.21)) is small too.

4.3.4 Strongly coupled situations (SCp)

The low coupling assumption) ,; 1l and}.  1)isnotvalid at high ame interaction
factor (F = S_gﬁ (1+ né' )) or high surface ratios §=S, or S=S,). In these situations
(caseEin Fig?. u4.8), a numerical resolution of the analyticalispersion relation (Eq. (4.25))
is required. It can be achieved by a non-linear solver based the Newton-Raphson
algorithm.

In the rest of this chapter, the weakly and strongly coupleditaations (Fig.4.8) will be
studied on the PBC con guration with four burners (N = 4) described in Section 4.4. The
transition from weakly (Section 4.5) to strongly coupled (&ction 4.6) regimes is controlled
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by a critical coupling limit factor } ¢ . The transition occurs whenmax(} ,; }¢) >} crit -
The geometry being xed (Table 4.1) and the coupling paramets (} , and} ) depending
only on the geometry and the ame, the transition will be triggered by increasing the
ame interaction index n; of the ames from n; = 1:57 (weak coupling) ton; = 8:0
(strong coupling).

4.4 Validation in a simpli ed model chamber

Eigenfrequencies and mode structures of the analytical cdgtion of the dispersion rela-
tion under the low coupling factors assumption (Fig. 4.8, alinodes except SCp) are rst
compared to a full 3D acoustic code and to the direct resolom of Eqg. (4.25) in the case
of a simpli ed 3D PBC con guration which is used as a toy-modefor ATACAMAC and
corresponds to a typical industrial gas turbine.

4.4.1 Description of the simpli ed PBC con guration

The 3D geometry (Fig. 4.9) corresponds to a PBC setup witN = 4 burners similar to
Fig. 4.3 (characteristics de ned in Tab. 4.1). The mean radiR, and R, of the cylindrical
chamber and plenum are derived from the half perimetdr, and L. of the analytical
model. Boundary conditions correspond to impermeable waleverywhere.

Figure 4.9: 3D toy-model to validate the ATACAMAC methodology. Perfect annular ch amber and
plenum connected by four burners N = 4). --- : line in the plenum (PL) and in the chamber (CL)
along which absolute pressure and phase will be plotted

4.4.2 Description of the 3D acoustic code

To validate the assumptions used in ATACAMAC formulation, it is interesting to com-
pare its results to the output of a full 3D acoustic solver. Her, AVSP was used: AVSP is
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Chamber
Half perimeter L¢ 6:59 m
Section Se 0:6 m?
Plenum
Half perimeter L, 659 m
Section Sy 06 m?
Burner
Length L? 0:6 m
Section S 003 m?
Fresh gases
Mean pressure p° 2 10° Pa
Mean temperature  T? 700 K
Mean density o 979  kg=n?
Mean sound speed 743  m=s
Burnt gases
Mean pressure p° 2 10 Pa
Mean temperature  T° 1800 K
Mean density © 381 kg=n’

Mean sound speed c° 1191 m=s
Flame parameters

Interaction index n, variable
Time-delay i variable s
Thickness & 0:03 m

Table 4.1: Parameters used for numerical applications. They correspond to a tymial large scale
industrial gas turbine.

a parallel 3D code devoted to the resolution of acoustic moglef industrial combustion
chambers {Nicoud et al., 2007). It solves the eigenvalues problem issued from a discretiz
tion on unstructured meshes of the Helmholtz equation with acsirce term due to the
ames. The mesh used here (Fig. 4.9, left) is composed of 23M&ells which ensures grid
independence. The ame-acoustic interaction is taken intaccount via the FTF model
(Croccg 1957 similar to the expression used in Eq. (4.13). The local re@an term is
expressed in burner as:

[ = Ny gl i WO(Xref;i ) (4.41)

The local interaction indexn,; describes the local ame-acoustic interactions. The
values ofn,; are assumed to be constant in the ame zone(Fig. 4.9) and are chosen to
recover the global value of interaction index; of the in nitely thin ame when integrated
over the ame zonei (Nicoud et al., 2007. They are also assumed to be independent on
frequency for simplicity. Heat release uctuations in eachame zone are driven by the
velocity uctuations at the reference pointsx.es ;i located in the corresponding burner. In
the in nitely thin ame model these reference points are thesame as the ame locations
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Z . In AVSP, the reference points were placed a few millimetergpstream of the ames
(Fig. 4.9) in order to avoid numerical issues. This was provei have only a marginal
e ect on the computed frequency Kicoud et al., 20079).

4.4.3 Construction of a quasi-1D network from a real 3D com-
bustor

A quasi-one-dimensional model of a simplied PBC con gurabn described in Section
4.4.1 can be constructed using Tab. 4.1. Even though the pes¢ model is quasi-one-
dimensional, simple corrections can be incorporated to dape 3D e ects.

First, the burners considered in Fig. 4.9 are long narrow tubder which end e ects
modify acoustic modes. In the low frequency range, this carelaccounted for Pierce
1981] and a standard length correction for a anged tube $ilva et al., 2009 is applied
at the two burner's ends. The corrected lengtly; for the burners is:

p —
Li=L2+2 04 4S= (4.42)

whereL? is the i"™ burner length without correction andS; is the surface of thé" burner.

Second, the position of the compact ames is de ned via the pameter = z;; =L;
wherel; is the corrected burner length andz,; is the position of the center of the ame.
In Sections 4.5 and 4.6, the ame position parameter is set to= 0:88, a location chosen
because it is far away from all pressure nodes.

4.5 Mode analysis of a weakly coupled PBC con g-
uration with four burners (N =4)

Under the weak coupling factors assumption 8 } ,; 1 and 0<} .; 1) frequencies
of the whole system can be analyzed considering small petiations around the chamber
alone (FDCp mode atk’L. = p ) or plenum alone (FDPp mode atkiL, = p ) wave

numbers leading to two families of modes which appear sepeaig (Section 4.3.3):

kKL = p + (WCCp) (4.43)

kikp, = p + , (WCPp) (4.44)

where p is the mode order, . << p and , << p . Since the two families of modes
behave in the same manner (only radius, density and sound sgeare changed), only
weakly coupled chamber modes will be detailed in this Seatio

Due to symmetry considerations of the cadd = 4, odd-order modes p=2qg+1; q2
N) and even-order modesp(= 2q; g2 N) will not behave in the same manner and are
analyzed in Section 4.5.1 and 4.5.2 respectively. A similstuation was also observed in
previous chapters and appears for speci c values of the nuetbof burners.

103



Chapter 4 : Theoretical analysis of azimuthal thermo-acoustics mod&s a PBC
104 (Plenum-Burners-Chamber) con guration

4.5.1 Odd-order weakly coupled modes of the PBC con gura-
tion with four burners ( N =4)

Considering odd order modesp(= 2g+1; g2 N) with the low coupling limit assumption
0 <} pi land 0<} 1) leads to the expansiorkL, = p + . (for a WCCp
mode). A Taylor expansion can therefore be used to obtainedsampli ed analytical
expression of the transfer matrix of thei™ sector and consequently of the dispersion
relation (Eq. (4.25)). This approach is fully detailed in Apgendix D for the rst mode
on a single burner caseN = 1) for simplicity. The same approach for thep” mode and
four burners (N = 4) leads to (see Tab. D.1):

sin(p ) 2+4 . 9+4 Pl+o()=0 (4.45)

where = gg—t‘; and §is the value of , whenkL.= p . Note that all the burners share
the same length and cross section in this con guration so thahe index i of Eq. (4.20)
was removed for simplicity.

The parameter can be viewed as a tuning parameter between caggi it compares

the period of the azimuthal modes in the plenum alonex = %’)) and in the chamber

alone (0 = f)L—Cg). In general, the two annular volumes are not tuned and the pieds
o and ? of the azimuthal modes of the plenum and the chamber do not nwit, i.e.

= J=26 ;1 2 N (for example for the rst chamber and plenum modesq = 1) of
Table 4.1 where ' 1:60) so that the only solution to satisfy Eq. (4.45) is:

244 . 9+4 P+ (=0 (4.46)
This quadratic equation has a double root :
c= 279 (4.47)

where ¢ is the value of 4 (Eq. (4.20)) at! =!°= pcO=L,.

Real and imaginary parts of the frequency obtained in Eq. (47) are compared to
the exact numerical resolution of the dispersion relationde (4.25) and to AVSP results
in Fig. 4.10. A very good agreement is found showing that the @sptotic expression of
Eq. (4.47) is correct.

From Eq. (4.47), a simple analytical stability criterion canbe derived as explained in
Appendix E for weakly coupled chamber modes (Eq. (E.3)):

.0
sin 2 — sin 2p tlcg < 0 (WCCp modes) (4.48)
| —{z=}| {z—="}
e ect of e ect of

3This approach can be extended at higher orders to unveil plenum/chambeinteractions. From a
third-order truncation of the dispersion relation (Eq. 4.25), a seconderder correction on eigenfrequencies
found in Eq. (4.47) is obtained for WCCp modes:

c= 29 H() Y9 (wccp modes)
whereH ( )=4tan(p = 2).
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Figure 4.10: Eigenfrequency of the WCC1 mode for four burners il = 4) with n; = 1:57 as a function
of = 9. — : Numerical resolution of the dispersion relation Eq. (4.25), : Analytical model prediction
Eq. (4.47), : AVSP results

where 2 = 5%0
Time-delay of the FTF and ame position have an e ect on the stability and can

be studied separately:

Time-delay - From Eq. (4.48), a critical time-delay controlling the trarsition from
stable to unstable regimes can be obtainedy;; = 2=2 = ;—C% for WCCp modes.
This result being also valid for plenum modes (i.e. WCPp mode see Eg. (E.4)
leading to the critical time-delay F?:2 = p%%), stability ranges of the two rst
azimuthal modes WCC1 and WCP1 can be displayed simultaneduygFig. 4.11).
It shows that the region where both the chamber and plenum med are stable is
smaller than the stability ranges of modes taken separatelytabilizing one mode
of the system cannot ensure the stability of the whole systen®f course, this result
does not include any dissipation or acoustic uxes throughhte boundaries Nicoud
& Poinsot, 2005 which would increase stability regions.

Flame position - Similarly to longitudinal modes in the Rijke tube Schulleret al.,
2012 Poinsot & Veynante, 2017, the ame position (de ned by ) also controls
the stability (Eq. (4.48)). Appendix F demonstrates an analtical expression of the
critical ame position for weakly couple modes (Eq. (F.2)) atwhich the stability
change occurs. These expressions are close to the solutaumé in Rijke tubes
(Eg. (F.1)) and have been validated for several weakly couplenodes (Tab. F.1
and Fig. F.1).

45.2 Even-order modes of the PBC con guration with four
burners ( N =4)

Considering even-order weakly coupled chamber modgs £ 2q9; g 2 N) and using
Eqg. (4.25) with the low coupling limit assumption (0< } p; land 0<} ¢ 1),
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Figure 4.11: Stability maps (Eq. (4.48)) of the two rst azimuthal modes ( p = 1) for a ame located
at ' 0:88: WCP1 (top), WCC1 (middle) and both WCP1 and WCC1 (bottom)

the dispersion relation (Eq. (4.25)) becomes (Tab. D.1):

sinp = 2)’[¢+4 ¢ 3]+ 0(§)=0 (4.49)
where = "k“LLC" and ¢ is the value of , whenkL.= p .
When chamber and plenum frequencies do not match, i.e.6 1 (for example for the
second p = 2) mode of Table 4.1 where ' 1:60), the only solution to satisfy Eq. (4.49)
is to have:

2+4 . 3+ 0(2)=0 (4.50)
This quadratic equation has two distinct roots:
c=0and .= 49 (4.51)

The rst solution ( . = 0) of Eqg. (4.51) corresponds to modes which are not a ected
by the ames: the symmetry of the four burners caseN = 4) allows even-order modes
to impose a pressure node at each burner location suppregsthe ame e ect on these
modes which become neutral. The second solution of Eq. (%1 = 4 9) correspond
to modes which are modes strongly a ected by the ame becausteimposes a pressure
anti-node (maximum pressure) downstream of each burner.

Real and imaginary parts of the frequency obtained from Eq4(51) are compared
to the numerical solutions of the dispersion relation Eq. (25) and to AVSP results in
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Figure 4.12: Eigenfrequency of the WCC2 mode for four burners il = 4) with n; = 1:57 as a function
of = 9. — : Numerical resolution of the dispersion relation Eq. (4.25), : Analytical model prediction
Eqg. (4.51), : AVSP results

Fig. 4.12. A very good agreement is found and the non-perturthenode (. = 0) is
correctly captured (straight lines).

Using Eq. (4.51) and Appendix E leads to an analytical stabilt criterion for WCCp
even-order modes (Eq. (E.3)). This result being also valif WCPp modes (Eg. (E.4))
and using the results from Section 4.5.1, stability maps of ¢weakly coupled plenum and
chamber modes (WCC1, WCC2, WCP1 and WCP2) can be plotted togeer (Fig. 4.13)
highlighting the di culty to get a stable system in the absernce of dissipation as supposed
here: considering only these four modes, no stable regiorfasnd for time-delays lower
than 19:1ms in the case described in Tab. 4.1 (Fig. 4.13).

4.5.3 Mode structure of weakly coupled modes

In weakly coupled situations, acoustic activity is preserdnly in one annular cavity and in
the burners as shown in Fig. 4.14 for the WCC1 mode (the same neodith the opposite
rotation direction is also captured by AVSP but not shown herg Fig. 4.15 shows that
this mode is purely rotating in the chamber while it is mixedn the plenum. Therefore,
the combination of the two weakly coupled chamber modes witle clockwise rotation
(show in Fig. 4.15) and the anti-clockwise rotation (not shom) enable to have purely
rotating or purely standing modes but not necessarily in théwvo annular cavities at the
same time.

4.5.4 Stability map of weakly coupled situations

Sections 4.5.1 and 4.5.2 focused on weakly coupled situaiovhere the low coupling
factor assumption { , 1 and}. 1) is valid. Stability maps of perturbed modes (i.e.
6 0) in the complex plane Re(f); Im(f)] are well suited to show di erences between
the several regimes - weakly coupled and strongly coupledusiions. These maps are
oriented circles ¢-- (WCP1) and — (WCC1) in Fig.4.16) centered at the frequency
f(nj =0) ' fo which corresponds to a passive ame modea;(= O: in Fig.4.16) and
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Figure 4.13: Stability maps of the WCC1, WCC2, WCP1 and WCP2 modes

Figure 4.14: Pressure mode structures i’ = jpjcogarg(p?)) obtained with AVSP with pressure isolines
(left) and pressure along the azimuthal direction in the annular chamber (—— ) and annular plenum
(=== ) for the WCC1 mode of a PBC con guration with four burners (N = 4) and n; = 1:57 at the
time-delay: = 2=0

is approximately the frequency of the cavity alonef( = %). The radius is proportional
to the coupling factor which can be increased via the surfacatios (S;=S, and §=&) or
the ame interaction index n;. In the weakly coupled regime, WCCp and WCPp modes
do not strongly interact as shown in Fig. 4.16: modes in the plam and in the chamber
live separately.
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Figure 4.15: Pressure phase of the WCC1 mode obtained with AVSP an; = 1:57 along the azimuthal
direction in the annular chamber (— ) and the annular plenum (--- ) for time-delay: = 9=0

Figure 4.16: Eigenfrequencies of both WCP1 and WCC1 modes (top) and zoom on WCP1 (bodm
left) and WCC1 (bottom right) when the ame delay changes for PBC con gur ation with four burners
(N =4) with n; =0:2, 04, 0.6 and 08, : Passive ame (h; =0), --- : WCP1 mode, — : WCC1
mode,| : = 2=0or = 2 =0 oriented in the increasing direction, .: = 9=1=20or = 2 =1=2

4.6 Mode analysis of a strongly coupled PBC con g-
uration with four burners ( N =4)

For weakly coupled cases (Section 4.5), the frequencies bé tazimuthal modes in the
plenum and in the chamber are only marginally a ected by the ame (Figs. 4.10 and
4.12) so that they can never match (Fig. 4.16). However, if theame interaction index
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(ny) is larger, the frequencies of the azimuthal modes of the anar plenum and the
annular chamber change more and the possibility of having ¢he two frequencies match
opens an interesting situation where the whole system camsmnate. This corresponds to
the strongly coupled modes of order p (referred as "SCp" maslestudied in this section.

Figure 4.17 shows the stability maps of the WCC1-+— ) and WCP1 (--- ) modes
obtained with low ame interaction index (n; = 5:0 and G0) as well as the SC1 () and
SC2 modes () obtained for higher ame interaction index (; = 7:0 and 80* at the
zero frequency limit). Three points in the SC2 trajectory wh n; = 8:0 corresponding
to several time-delays = 2=0 (A), = 2=0:54 (B) and = 2=0:9 (C)) are displayed
in Fig. 4.17 and will be used as typical cases to show pressuteistures in the annular
plenum and chamber.

Figure 4.17: Eigenfrequencies on the complex plane for a PBC con guration with four lurners (N = 4),

----:WCP1 mode (n; =5:0 and 60), — : WCC1 mode (h; =5:0 and 60), : SC1 mode 6; =7:0
and 80), :SC2mode o =7:0and 80),1 : = g =0or = 0 =0oriented in the increasing direction
and.: = 0=1=2o0r = 02=1=2

For low ame interaction index (n; = 5:0 and 60), the rst two modes always have
di erent frequencies and can be identi ed as plenum (WCPp=-- ) or chamber modes
(WCCp: — ) as studied in Section 4.5.

However, for higher ame interaction indicesif; = 7:0 and 80) a bifurcation occurs:
frequencies of the annular plenum, burners and annular chaer can match leading to
strongly coupled modes where the whole system resonates. eTinajectory of the rst
strongly coupled mode (SC1: ) goes from the WCP1 mode (for small time-delays <

S:Z) to a longitudinal mode (not presented here around 40Hz, fdarge time-delays

“Note that the typical order of magnitude of the interaction index n; is T,=T, 1
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> §=2). A second strongly coupled mode (SC2:) has a trajectory in the complex
plane coming from the WCC1 mode (for small time-delays< 2=2) and going to the
WCP1 mode (for large time-delays > 2=2).

The stability map of the SC2 mode () at n; = 8:0 has been validated against the 3D
nite element solver AVSP (Fig. 4.18). A good agreement betweeAVSP ( ) and the
numerical resolution of Eq. (4.25)4— ) is found. The growth rate is slightly underesti-
mated but the global trend is well captured: the mode is fullyinstable for all time-delays
which corresponds to a new behavior compared to the weaklyupbed modes. The ana-
lytical approach developed in Section 4.5 for the weakly cpled regime ( in Fig. 4.18)
is not able to capture this new highly non-linear behavior.

Figure 4.18: Eigenfrequency of the rst order chamber mode f = 1) for four burners (N = 4) as a
function of = 2 with n; = 8:0. — : Numerical resolution of Eq. (4.25), : Analytical model prediction
for weakly coupled situations (Eq. (4.47)), : AVSP results

When the ame interaction index is su ciently large (n; > 7:0), i.e. when the ame
is su ciently intense, the modes of plenum and chamber lock¥ and become unstable
for all time delays. Fig. 4.19 shows the modulus of the coup@infactors k 1k, k 4k
and the interaction productk , sk (terms appearing in analytical results summarized in
Tab. E.1) as a function of the time-delay ; for the three di erent cases corresponding to
the rst order (p = 1) chamber mode:n; = 1:57 (weakly coupled regime)n; = 4:0 (limit
case between weakly/strongly coupled regimes) amd = 8:0 (strongly coupled regime).
It highlights the tuning mechanism:

In the weakly coupled regimerf, = 1:57), both ; and 4 have the same order of
magnitude and they vary in opposite directions. The low couimg factors assump-
tion is satis ed.

Then, at the limit case between weakly/strongly coupled reme (n = 1:40),k 4kis
almost constant with the time-delay ;. The other coupling factors are not a ected.
Finally, in the strongly coupled regime (; = 8:0), the coupling parameter of the
burner/chamber junction 4 is ampli ed which indicates that this junction is tuned.
The evolution of the eigenmode versus the time-delay is resed compared to the
weakly coupled regime: now, the two annular cavities (plenu and chamber) act
together in the same manner ; they are coupled. Consequentlye interaction term
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(k 2 3K)is also increased. The low coupling factors assumption istrsatis ed in
this case.

Figure 4.19: Modulus of the coupling factorsk 1k ( ), k 4k ( )and k » 3k (+) varying with the
time delay ; for three cases:n; = 1:57 (weakly coupled regime),n; = 4:0 (limit case) and n; = 8:0
(strongly coupled regime)

Pressure structuresi°= jpjcogarg(p?)) along the azimuthal direction in the plenum
(PL line in Fig. 4.9) and in the chamber (CL line in Fig. 4.9) obtaned with AVSP for
the second strongly coupled mode are displayed in Fig. 4.20 &ohigh ame interaction
index (n; = 8:0) and several time-delays (A:= 2=0,B: = 2=0:54and C: = 2=0:9
from Fig. 4.17). For null time-delays (A in Fig. 4.17), acoust activity is only present
in the chamber (— ) and the frequency is close to the weakly coupled chamber neod
The acoustic activity in the second annular cavity (i.e. thglenum: --- ) grows with the
time-delay . For = 2 =0:54ms (B in Fig. 4.17) a strong interaction with the burners
appears leading to higher growth rates. Surprisingly, thisase corresponds only to a
moderate acoustic activity in the second annular cavity (@. the annular plenum:---).
For = 2 =0:9 (C in Fig. 4.17) a rst order mode is present in both annular odties
highlighting a strongly coupled situation. This strong ineraction between plenum and
chamber revealed by the presence of acoustic activity in Botannular cavities leads,
however, to a marginally unstable mode.

Fig. 4.21 shows the pressure phase in the annular plenurt<{ ) and in the annular
chamber (— ) for several time-delays. The same mode with opposite ditem is also
found with AVSP but not shown here. For small time-delay (= 2 = 0 for case A and
= 0=0:54 for case B of Fig. 4.17), pressures in the plenum and in theachber have
di erent natures: purely spinning mode in the chamber (linar phase) and a mixed mode
in the plenum (wave shape of the phase). The combination obckwise and anti-clockwise
mode can generate purely spinning or purely standing mode thaot necessarily in both
annular cavities at the same time. However, higher time-dsja cases (as for case C where
= 9=0:9) correspond to strongly coupled situations where both antar cavities lock-
in (Fig. 4.20 C). In such a case, pressure in the chamber and mien exhibit the same
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Figure 4.20: Pressure structures and isolines {f® = jpYcogarg(p?)) obtained with AVSP (left) and
pressure along the azimuthal direction in the annular chamber +— ) and annular plenum (--- ) for
the SC2 mode of a PBC con guration with four burners (N = 4) and n; = 8:0 at several time-delay:
= 9 =0 (top), 0:54 (middle) and 0:9 (bottom). The con guration corresponds to frpp 1 = 56 Hz and
fFDC 1 =90 Hz

nature: purely spinning in both cavities in Fig. 4.21 C (the sme mode with the opposite
rotating direction is also found by AVSP but not shown here). e combination of the
purely spinning modes (clockwise and anti-clockise) cansal lead to standing modes in
both annular cavities at the same time: this is a speci c behléor only encountered in
locked-in modes as case C.

Finally, it demonstrates that a highly unstable mode does nohecessarily exhibit
strong acoustic activity in both annular cavities (as for cae B) and that a mode where
acoustic activity appears in the whole system can be only nginally unstable (as for
case C). Moreover, the phase-lag between pressure in the alan cavity and the annular
chamber as well as the nature of the mode (spinning, standirmg mixed) changes when
acoustic activity is present in both annular cavities, a prperty which has been then
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Figure 4.21: Pressure phase obtained with AVSP for the SC2 mode ah; = 8:0 along the azimuthal

direction in the annular chamber (— ) and the annular plenum (--- ) for several time-delays: = 2 =10
(top), 0:54 (middle) and 0.9 (bottom).

further investigated theoretically and experimentally byBourgouin et al. (2014.
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4.7 Conclusion

This chapter describes an extension of the analytical thepdeveloped in previous chap-
ters of this PhD thesis to more realistic con gurations whes the both the annular chamber
and plenum are considered. A manipulation of the correspoimg acoustic equations in
this con guration leads to a simple analytical dispersion elation which can be solved
numerically. This method allows to exhibit coupling factos between plenum, burners
and chamber which depend on area ratios and ame transfer famon (FTF). For N = 4,
a fully analytical resolution can be performed in speci c silations where coupling factors
of the FTF (Parmentier et al., 2012 Schulleret al., 20129 are small and simple stability
criteria can be proposed. For higher coupling factors, a hifcation occurs yielding a
strongly coupled regime where acoustic activity is presem both annular cavities. The
nature of such a mode (standing, spinning or mixed) changegthvthe time-delay. Purely
spinning or purely standing modes in the annular plenum anchithe chamber were found
simultaneously only when a strongly coupled situation occsi (Fig. 4.21 C). For these
cases, a PBC con guration where two annular cavities are coacted toN burners is re-
quired to predict correctly eigenmodes and stability mapsThis analytical tool has been
compared systematically to the predictions of a full threeimensional Helmholtz solver.
A very good agreement is found showing that the present asymtogic resolution is cor-
rect. In this chapter, all con gurations were considered aaxisymmetric but symmetry
breaking e ects in PBC con gurations for both weakly and stongly coupled regimes are
studied in the next chapter.
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118 turbines

An Uncertainty Quanti cation (UQ) method based on active subspace and low-order
models is applied on a gas turbine geometry to determine its modal risk factor: ten
probability of an acoustic mode to be unstable. The system considered is a PBC con-
guration equipped with 19 burners which is operated in the 'weakly' and 'strongly’
coupled regimes identi ed in the previous chapter. Each ame is modeled by two
uncertain parameters leading to a large UQ problem involvir@8 parameters. The
combustor is modeled as a network @ 19 interconnected 1D acoustic elements
which is solved quasi-analytically (ATACAMAC) as proposed recently WBauerheim

et al. (2014d). This allows to perform a Monte Carlo analysis (approx10; 000 ATA-
CAMAC calculations) assuming that the uncertainties on the inputs (the and of
each burner: 38 parameters) are known: results of this full Monte Carlo method
constitute a reference case which can be aordable when using ATACAMAC but
not Helmholtz solvers. Results show that uncertainties on FTF induce a symme-
try breaking of the con guration. The reference Monte Carlo risk factor is then
compared with that obtained by a less demanding UQ method to prepare for situa-
tions where the analytical method of ATACAMAC would have to be replaced by a
full 3D solver such as AVSP. First, the dimension of the problem is reduced from
38 to only 5 parameters for the two regimes considered by the active subspace ap-
proach based on gradients correlations. Then, linear and quadratic analytical mod-
els based on the ve active variables are t using00 ATACAMAC simulations.
These low-order models are then replayedDQ 000 times to obtain the PDF of the
growth rate as well as the risk factor estimation. Results show that for both regimes,
the UQ method is able to accurately predict the risk factor of the con guration.

5.1 Introduction

All experimentalists and engineers in the eld of combustioknow that instabilities are
phenomena which depend strongly on small variations of paneters: a chamber which
is stable when the weather is nice can become unstable if itrigining ; ten boosters
built on the same design can exhibit di erent stability properties with 8 stable systems
and 2 unstable ones. These observations call for the introction of UQ (Uncertainty
Quanti cation) in the study of combustion instabilities. UQ methods have been spreading
in CFD community for a few years Roache 1997 Chantrasmi et al., 200§. These
methods basically aim at qualifying uncertainties on a CFD mailt, knowing uncertainties
on the inputs of the computation. In the eld of thermoacousics, the main question
is to predict whether a mode is damped or not. The natural nexuestion is "what is
the dependency of this answer to small variations of the inpparameters of the code ?"
which can also be expressed as "knowing uncertainties on utiparameters, is it possible
to obtain the probability that a mode will be unstable ?": this question is known as the
forward uncertainty propagation problem.

This question cannot be studied with LES which is too expena but it can be with
Helmholtz solvers. However the best candidate to test and comue new UQ methods is
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a) b)

Figure 5.1: a) Location in the frequency plane of the rst six thermo-acoustic modes in a typical
combustor without uncertainties (single point, black symbols) and with uncertainties (each mode belongs
to an admissible region of the frequency plane with an associated riska€tor to be unstable). b) The
annular con guration studied with one plenum connecting N = 19 burners and an annular chamber.

to use the analytical tool developed here (ATACAMAC) which dbws fast computation
of problems involving complex phenomena (non-linear pradh, stability margin, bifurca-
tions etc.) while retaining most characteristics of 3D Helmdltz solvers. These 3D solvers
characterize the stable/unstable modes in the frequency a@in. An approximate linear
wave equation for the small pressure perturbationg(x;t) = p(x)exp( j!t ) in reacting
ows may be derived from the Navier-Stokes equationg?pinsot & Veynante, 2009 and
reads:

rogrp -+l (0 T (5.1)

where! 1 (x;t) = I'T(x%)exp( j!'t ) is the unsteady heat releasey the speed of sound and
I is the complex pulsation.

In order to close the problem, the ame is often modeled as a mly acoustic element
thanks to an type of model (Crocca 1952 or a matrix transfer (Polifke et al., 200D),
which essentially relates the unsteady heat release to astio quantities at reference
locations. Equation 5.1 then corresponds to a non-lineargeinvalue problem which can
be solved e ciently at reduced cost (Nicoud et al., 2007. The output of such low-order
tool is typically a map of the thermo-acoustic modes in the ooplex plane (see the black
symbols, in Figure 5.1-a). In this view, each mode is eitheraile or unstable, depending
on the input parameters of the thermacoustic analysis. Eacmode corresponding to
a positive imaginary frequency (positive growth rate) is tiearly unstable and must be
controlled (e.g. by including acoustic dampers) for the cdoostor to be stable. The
design process is made much more complex by the fact that thgput parameters of the
low-order model described by Eq. 5.1, are uncertain. For exgle, the speed of sound
Co, the boundary impedances and the ame forcingt (; t) are very sensitive to multiple
physical parameters such as the ow regime, manufacturingolerances, fuel changes,
acoustic and heat losses which are themselves (partly) urdwn. As a consequence,
each mode actually belongs to an uncertain region in the coteg plane as illustrated in
Figure 5.1-a and quanti ed by the risk factor, the probability for the mode to be unstable.
Moreover, manufacturing uncertainties lead to small di eences in the burners and ames
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behaviors which can induce a symmetry breaking and a poteatidestabilization of the
system as shown in Chapters 2 and 3.

In academic situations containing only one burner, the shapand size of these uncer-
tain regions depend only on a few uncertain parameters such the inlet air temperature,
the amplitude and phase of the ame response and the boundairppedances Duchaine
et al, 201). The situation is more complex in actual industrial combu®rs used for
power generation or aero-engines: they usually contain anraular chamber hosting sev-
eral burners, typically from 15 to 24, and are prone to azimbatl combustion instabilities.
In this case, the number of uncertain parameters may reachveeal tens since the gain and
time delay of each burner (and associated ame) are highly rsgitive to manufacturing
tolerances. The "curse of dimensionality”, well known in ta UQ eld, is thus becom-
ing a problem when applying UQ to such systems. Moreover, theupling between the
combustion chamber, the burners and the upstream plenum idsa rather complex as
revealed by recent experimental\/orth & Dawson, 2013) and numerical (Wolf et al.,
2012 Bourgouin et al., 2013 studies.

Even though our objective is to apply UQ in full 3D Helmholtz salers, it is ap-
plied rst here using the ATACAMAC tool presented in previouschapters because it is
much more faster. The analytical descriptions performed i@hapter 4 for thermoacoustic
modes in annular PBC combustors with burners heterogeneis indeed open new per-
spectives regarding parametric studies and uncertainty guti cation (UQ) at low cost.
Consequently, in this chapter ATACAMAC is used to test a noveapproach in UQ, called
active subspaceConstantineet al., 2014, dedicated to reduce the input space dimension-
ality. To the best of our knowledge, introducing UQ for thermacoustics and symmetry
breaking was never done before although this is a necessaspsto better control the
risk associated with each mode during the design process. il the objective of this
chapter. The application of UQ to full 3D solvers is left for faher studies.

5.2 Thermo-acoustics of a PBC annular combustor

5.2.1 Mathematical framework

In the last decade, theoretical approaches for thermoacaies in annular chambers have
been applied on simpli ed annular con gurations Noiray et al., 2011 Parmentier et al.,
2019 to complement 3D Helmholtz simulations Campaet al., 2011 Pankiewitz & Sat-
telmayer, 2003 and LES (Wolf et al., 2019. In Chapters 2 and 3, the analytical AT-
ACAMAC tool (Analytical Tool to Analyze and Control Azimuthal Mo de in Annular
Chambers) has been developed to handle a BC con guration wieean annular chamber
connectsN burners. This tool has been extended to more complex geomesr with two
annular cavities Bauerheimet al., 2014) in the previous chapter: one annular chamber
fed by N burners connected to an annular plenum, as illustrated in Fige 5.1-b. In such
systems, the two annular cavities can couple and may impaché symmetry breaking
mechanisms. This chapter focuses on such a con guration whea 1D annular plenum
connectsN = 19 burners and a 1D annular combustion chamber, represeniat of real
industrial gas turbines (Figure 5.1-b). The ANR methodology gplied on PBC geometries
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detailed in Chapter 4 leads to the analytical dispersion ration:

YI_
det R T; lg =0 (52)

where R; is the 4-by-4 propagation matrix de ned in Eq. (4.23) andT; is the 4-by-
4 interaction matrix obtained in Eg. (4.16) which depends offiour coupling parameters

ik=1:4 described in Egs. (4.17)-(4.20). In the previous chapter {@pter 4), two di erent
regimes have been identi ed:

Weakly coupled modes: A fully analytical expression of frequencies and growth
rates has been derived in Chapter 4 assuming low coupling pareters between
burners and combustion chamberk ix-1.4k 1. When this assumption is valid,
the annular chamber and the annular plenum can be considerad decoupled and
growth rates can be expressed using analytical results olsted for BC con gura-
tions in Chapters 2 and 3. This regime is called weakly couple

Strongly coupled modes:  When the coupling parameters increase (i.e. when
ames become more sensitive to acoustics), a bifurcationrcaccur corresponding
to a strong coupling between the two annular cavities whichan change the stability
of the whole system. Acoustic activity is present in both anrar cavities with a
phase-lag between the uctuating pressure in the chamber dnin the plenum,
modifying the mode structure and therefore may have an impaon symmetry
breaking e ects. This regime is called strongly coupled andannot be analyzed
analytically.

5.2.2 Thermo-acoustic modes in an axisymmetric PBC con g-
uration with N =19 burners

The mathematical framework described previously in Chapté for a simpli ed combustor
with N =4 burners is applied here on a realistic PBC combustor equped with N = 19
burners (Fig. 5.1-a). This section considers an axisymmaeatrcase and reproduce the work
of Chapter 4 to classify plenum/chamber and weakly/strongl coupled modes of this new
con guration where geometrical and mean ow characteristis are known perfectly (no
uncertainty here) and given in Tab. 5.1. UQ and symmetry breakg will be investigated
in the next sections.

The annular con guration is perfectly axisymmetric with identical burners and ames
so that all ame parameters ;; i), coupling parameters ; and matricesR; or T; are
exactly the same (the subscript can be omitted in this section). Parameters of the FTF
are varied to produce stability maps and unveil mode trajecries as well as coupling
between cavities Bauerheimet al., 2014).

Figure 5.2 highlights three di erent mode types: weakly coupd chamber modes (red
zone), weakly coupled plenum modes (blue zone) and strongligupled modes (green
zone). This chapter will focus on the rst azimuthal mode of he combustion chamber
(red and green zones). Two operating points are identi ed ug this stability map of the
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L. 0:54 m
Chamber | o" 00785 m?
Plenum Lp 054 m
S, 0:00785 m?
Burner Ly 004 "
Si 0:00028 m?
Y 1093 kg=nr
u
Fresh gases & 519 m=s
O 470 kg=n?
Burnt gases © 832 m=s
Flame n, variable
i Vvariable S

Table 5.1: Parameters used for numerical applications corresponding to a PBC corguration equipped
with N =19 burners. They correspond to a typical aircraft engine.

axisymmetric case provided in Fig. 5.2. These operating p¢sncharacterize the values
for n and of the N identical ames:
Weakly coupled chamber mode witm
Fig. 5.2).
Strongly coupled chamber mode witm
Fig. 5.2).
Figure 5.3 shows the associated structure of the acoustic neodbtained in the annu-
lar plenum and the annular chamber by ATACAMAC for the two opeating points: the
weakly (white cross in Fig. 5.2) and strongly (black cross in Bi 5.2) coupled cases. It
shows that changing the ames (i.e. changing the FTF) modi eshie coupling between the
two annular cavities. The strongly coupled case, where the@ustic pressure is present
in the two cavities, cannot be investigated analytically sice the low coupling factors
assumption is not valid. However, combining the numerical selution of the analytical
dispersion relation provided by ATACAMAC with a UQ approach ca unveil coupling
mechanism e ects on symmetry breaking and stability of theystem. In the follow-
ing sections, the weakly and strongly coupled cases will beidied using the numerical
resolution of the dispersion relation (Eq. (5.2)).

0:5 and = 0:635ms (white cross if

1:75and = 0:735ms (black cross in

5.3 UQ analysis of thermo-acoustic modes

5.3.1 Description of the UQ cases

The deterministic approach performed in the previous Seot was useful to classify modes
in the PBC combustor in absence of any uncertainty on the inputata (n and 's). The
probabilistic UQ methods will be applied now to the same comistor but taking into
account uncertainties on the 38 values af and . To do this, it is necessary to specify
how these uncertainties are distributed om and

122



5.3 UQ analysis of thermo-acoustic modes 123

I
1oc COUPLED 20 A%&"()
— MODES s
- 5C ¥ w0/
» ¥ y 08 /!
~ 2.0 /
2 0 ,,,,,,,,,,,,,,,,,,,,,,,,,,, E:k ............. x .............................. d ................................. )
© 1.0 0.5 A
= M MOBE y * Aa
< |
s 'S PLENU 157 \ CHAMBER MODE
o !1"#\‘\
O 1 10c L swe 0
Tt
| >
e 500 700 90

Frequency H,)

Figure 5.2: Frequencies and growth rates of modes computed using Eg. (5.2) for iddcal ames with
FTF inputs: n=0:5; 1.0; 1.57 and 20; =0 msto 0:55ms. Plenum ( ) and chamber ( ) modes with
passive ames are also displayed. Three di erent mode types are ighti ed: weakly coupled chamber
modes (red zone), weakly coupled plenum modes (blue zone) and strgly coupled modes (green zone).
Only two operating points are chosen for UQ which correspond to marginallystable weakly (white cross)
or strongly (black cross) chamber modes.

Weakly coupled mode
(@=0.5 =0.635ms)

o 2

=
+ (=)
3 2

Strongly coupled mode
(@=1.75 lg=0.735ms)

o’ 3
i =
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Figure 5.3: Structure of the acoustic mode (acoustic pressurg® = kpk cos(arg(@))) in the annular
plenum and the annular chambers obtained by ATACAMAC for the two regimes: weakly (top) and
strongly (bottom) coupled cases.
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1)

2)

It is possible to assume thah and are uncertain parameters but that all burners
still have exactly the samen and . In other words, it corresponds to a probabilistic
model of a perfectly symmetric combustor: all ames are exdg identical (same

n and ) but these parameters are uncertain randomly because of fu@ overall

operating condition uncertainties. We will call this caseltentical’ and right away

notice that it only involves two uncertain parameters (sine all ames are statis-
tically dependent). Thus no sophisticated UQ techniques ameeded to solve this
problem compared to the second one.

We can also assume that each burner will have a specing and ; independently
of the others. This is a more realistic point of view for exani@ when uncertainties
are due to random tolerance margins and the 19 burners are kad-up from a set
of burners produced with the same tool but exhibiting randomhanges from on
burner to the other. We will call this case 'Di erent'.

At this point, it is interesting to notice that the 'Identica I/Di erent’ notion introduced
above is also related to the 'Axisymmetry/Symmetry breakingideas introduced in Part
l. Instead of studying burners which are all the same, we agateor even introduce per-
turbations on burners. The 'Di erent' case corresponds to &ituation where symmetry
is broken by uncertainties. Note however that the 'Di erent' term used here does not
correspond to the controlled Symmetry Breaking introduceé Part | where two burner
types where mixed on purpose with very di erent ;. Here, only one type of burner is
used and 'Di erent' only describes variation around its mea characteristics. Applying
UQ to Symmetry Breaking cases was not done here and is left farther studied as
shown in Fig. 5.4.
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Consequently, in a UQ context, 'identical' and 'di erent’ a mes have a particular
meaning since tha™ ame of the system possesses two di erent types of propersie

1) The statistical properties, i.e. mean values{ and ;) and standard deviations (

and ) of the FTF parameters.

2) The current or random properties 0¥ and X for the k™ sample).

The statistical properties are xed by the chosen operatingoints (Section 5.2.2),
do not change from one sample to another, and are always idieal for all ames in
this chapter. However, random properties change at each newansgple k and can be
'identical' (nf = nf';) or 'di erent' ( n¥ 6 ni;) for all ames, the latter meaning that the
N ames are statistically independent, corresponding to theituation where engineers
design combustion chambers with identical burners but mafacturing tolerances lead
actually to di erent burners.

To perform a UQ analysis, data is required on the precision ardistribution func-
tion with which input parameters are known. Mean values; and ; are characterized
by the chosen operating point (weakly or strongly coupled nae) de ned in the previ-
ous Section (5.2.2). However, to date, no precise uncertainjuanti cation of the input
ame parameters ( ,; ) is available. In this work, the numerical sensitivity anay-
sis performed in Chapter 7 combined with experimental obs@&tions from EM2C and
Cambridge lead to the following choice for the standard deations: , = 10%n; and

. = 5% ;. In the absence of additional information about the distrintion function
of these parameters, uniform PDFs have been used in this worKhis assumption has
obviously an impact on the results but not on the robustnessnd feasibility of the UQ
strategy proposed here. Finally, the two operating points (aakly and strongly) are in-
vestigated in the following with di erent (independent) ames, calledWDi and SDi
cases. For comparison, the weakly coupled case will be alseestigated using identical
ames, called WId case. Table 5.2 summarizes these three cases and their respe
statistical properties.

| Name | Weakly/Strongly | 1d./Di. | n | | ] |
wid Weakly Identical | 0:5 | 0:635ms | 0:05 | 317 s
WDi Weakly Dierent | 05 | 0:635ms | 0:05 | 317 s
SDi Strongly Dierent | 1:75| 0:735ms | 0:175| 367 s

Table 5.2: Summary of the three cases with identical or di erent ames investigated in this chapter
and their respective statistical properties.

5.3.2 UQ approaches: Monte-Carlo and Active Subspace

This section brie y presents the classical Monte-Carlo mabd before focusing on the UQ
strategy used in this PhD thesis. The question addressed ihe following is to nd a
robust and fast method to compute the probability density faction (PDF), or at least the
rst statistical moments (mean value, standard deviation &.), of an output Y knowing
the PDF of a numberD of inputs X=; .p chosen in the previous sectionX = (nj; )i=1:n
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so that D = 38 for N = 19 burners. This problem is known as the forward uncertaigt

propagation (Chantrasmi & laccaring 2012 problem where the output is viewed as the
result of a "black box" which can be an experiment, a low-ordemodel or a numerical

solver characterized by an unknown functiof :

Y = f(X;) where PDFs ofX; are known. (5.3)

whereY is the imaginary part of the complex frequencym (f ), noted f,, in this work
and X;'s are the 38 independent parametens; and ; of the 19 burners. From the PDF
of this growth rate, the probability of the mode to be unstal® can be computed and is
called the risk factor: 0% shows that the mode is perfectly able, 100% that the mode
is always unstable.
1 4
Risk factor (%) = —; PDF(f im ) im (5.4)
100 ,
To compute the PDF of the growth rate necessary to constructhe risk factor, two
UQ approaches are used in this thesis:
Monte-Carlo: A well-known brute force method, called Monte-Carlo analys,
relies on repeated evaluations of the functioh using a random sampling of the
inputs X;. M random values ofX; are chosen with respect to their known PDFs
and the function f is evaluatedM times to provide M output values f,,,. This

method always converges but su ers from a slow convergend® (pi- ) which

can become prohibitive if the functionf is expensive to evaluate. Note that the
convergence speed is independent of the dimensidn This method can be applied
on the full input space only when using low-order models sues ATACAMAC. To
apply this method using more expensive tools such as HelmimKolvers, the size
of the input space must be reduced: this is the main objectiv& this work using
the active subspace approach.

Quasi-Monte-Carlo (not used in this PhD): New methods based on Monte-
Carlo analysis are constructed to improve the convergenceeed by using low dis-
crepancy sequences (e.g. the Sobol sequence) instead ofloem generators. It

allows to reduce the convergence speed @ '”(m)o , WhereD is the input space

dimension. This method is theoretically faster than a clagsMonte-Carlo technique
but only for low dimension D.

Active Subspace combined with low-order tting: To avoid expensive
Monte Carlo methods, a UQ approach called "active subspaceCénstantineet al.,
2019 is used to reduce the dimension of the parameter space fror@ ® just a
few. This is a major breakthrough in our problem to break the ichensional curse
since working with 38 dimensions is too expensive even for koltz solvers: only
low-order models like ATACAMAC can be applied directly on thefull parameter
space without the active subspace approach. It is also a nesary step prior to
use e cient Quasi-Monte-Carlo techniques (not shown here)The active subspace
method provides a solution around this issue. This methodgaires gradient evalu-
ations to detect which directions in the parameter space lddo strong variations of
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the growth rate. Other directions leading to at response stiace are not useful for
describing the combustor stability and can be disregardeddding to a UQ analysis
which can be performed on a much less variables.

The gradient of the growth ratef,,, (p) with respect to the input parametersp =
fni; igiz1:n for the k™ sample, denoted i, (p*) = r Kfim, is thus computed by
nite di erences in this PhD. The uncentered covariance maix C of the gradient
vector can then be derived:

1 N

M
k=1

C= E[(r I;()f|m)(r I;()f|m)T]' (r ISf|m)(r Ir()f|m)T (5.5)

where E[:] is the expectation operator andM is the number of samples. Since
this matrix is symmetric, positive and semide nite, it admis a real eigenvalue
decomposition:

C=W WT; =diag( 1 m); 1 = m O (5.6)

whereW is the eigenvector corresponding to the coe cients of a lirsg combination
of input parameters W Tp) and are the eigenvalues which quantify the e ect of
the active variable WTp on the growth rate response |, (p): the higher ; is,
the more signi cant the active variable W, p is on the average output response.
Consequently only a few signi cant linear combinations ofhe input parameters
are retained, reducing the dimensio from 38 to just a few.
These two approaches, Monte-Carlo and Active Subspace, ateeh combined in this
thesis to provide an e cient method to compute growth rate POFs and associated risk
factors. The four steps of this methodology, the two-step lidation and the reference
case presented in this work are summarized below:
Active Subspace approach
Step SM1 - A small (M, samples, typically fromD to 10D ) Monte-Carlo analysis
is performed on the full 38-dimensional space. Convergenests show thatM; = 50
Is su cient for D = 38 parameters.
Step SM2 - For each samplek, gradients in all the D = 38 directions, r ';,fm, are
computed using nite di erences in this thesis. More e ciernt methods for gradient
computations also exist, for example adjoint methods dewied by the Cambridge
group (Juniper et al., 2019 requiring only M, = M, additional runs independently
of the dimensionD.
Step SM3 - The D-by-D covariance matrixC (Eq. (5.5)) is nhow known and can
be used as input of the active subspace approach (Eq. (5.6)opiding both the
spectrum ; and the associated eigenvectoWjT.
Step SM4 - Only a few signi cant eigenvalues ;-;.. are retained where
D. The associated eigenvectord/,’; . are used as a new reduced input space of
dimension .

Validation

Step SV1 - A new small MV, = 10 100 samples) Monte-Carlo analysis is
performed on the reduced-dimensional active subspace to t a low-order algebraic
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model depending on linear or non-linear functions of the age variables. In this
thesis, linear and quadratic models will be tested. Quasi-dte-Carlo techniques
can replace the classic Monte-Carlo method here since thenginsionislow ( D)
but has not been tested in this work.
Step SV2 - This algebraic model can be tested by comparing it with a fuMonte-
Carlo method MV, "' 100 000) to evaluate the growth rate PDFs and associated
risk factors. This task is not CPU demanding since algebramodels are e ciently
evaluated compared to the initial "black box" functionf while 10, 000 using a brute
force method was out of reach.
Reference case
Ref. MC - The Active subspace approach and the validation presented this
section are compared to UQ results (PDF of the growth rate andsk factor) consid-
ered as true values. This is achieved by a full Monte-Carlo ied on the complete
38-dimensional space containinylrer = 10; 000 samples which is a ordable using
ATACAMAC for validation purposes only. Such a large evaluabn of the 'black-
box' function f cannot be obtained usually when using Helmholtz or LES sohger
The associated cost of the UQ method proposed here relies nigian the gradient
evaluations. When adjoint methods or analytical gradientsif( available) are used in-
stead of the expensive nite di erences, the cost due to thevaluation of the 'black-box'
function f is of the order of 2 M; "' 100. Moreover, the large number of simulations
MV, are negligible since it corresponds to the evaluation of angdle algebraic model.
Consequently, this methodology can be used for the risk factpredictions of complex
gas turbines with Helmholtz solvers for which hundreds Mont€arlo simulations in a
reasonable time is feasibleNdiaye et al., 2015 while thousands or more is out of reach
today.

5.3.3 Reference Monte-Carlo analysis on the 38D input space
(Ref. MC case)

First a Monte Carlo analysis on the full parameter space is permed for the three cases
presented in Tab. 5.2 to evaluate reference growth rate digiutions and associated risk
factors. Convergence tests prove thalrer = 10; 000 samples are su cient to evaluate
the risk factor as well as mean and standard deviation of theayth rate.
For both weakly Wid and WDi (Fig. 5.5, top and middle) and strongly SDi

cases (Fig. 5.5, bottom), the mean growth is negative (weakly 2:36 s ! ; strongly:

3:53 s 1) the mode would be stable if predicted by standard methodsHowever,
uncertainties on ames input parameters f; i)i-1-n lead to large standard deviations
(weakly: 1:6 s ! ; strongly: 65 s ) so the mode can become unstable if uncertainties
are taken into account. It is interesting to observe that resonably small uncertainties on
nsand 's( ,' 0land ' 30 s)lead to aresult for the strongly coupled cas8Di
which is unacceptable for proper design of gas turbines: 4@®®@bability that the mode
will be stable against 60% that it will be unstable which coesponds to a useless result
for the designers. This illustrates the challenge of thermacoustics prediction: they are
very sensitive to small uncertainties in the input parametes.
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Figure 5.5: Monte-Carlo results (left) of the three casesWid (top: all burners are identical, weak
coupling), WDi  (middle: all burners are dierent, weak coupling) and SDi (bottom: all burners
are di erent, strong coupling) using M = 10;000 samples, where each black point corresponds to one
ATACAMAC simulation. The PDFs (histogram and kernel density estimat ions) of the resulting growth
rate are displayed (right) and the risk factor (Eq. (5.4)) is evaluated to 37:4% for the WId case, 148%
for the WDi case and 3%% for the SDi case.
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This reference Monte-Carlo analysis (Figure 5.5, top and mnite) also shows that an
annular con guration with multiple identical or independent ames behaves statistically
di erently: the risk factor (Eq. (5.4)) of the weakly coupled case is 34% (Fig. 5.5, top)
when ames are assumed identical but decreases t0:8% (Fig. 5.5, middle) when they
are assumed independent and shapes of the uncertain regioresdi erent. This peculiar
behavior results from the symmetry breaking e ect on the mea ame characteristics.
Indeed, at least for weakly coupled cases, the mean ame eteon the growth rate
evaluated in thek™ sample can be expressed as:

Im (f%) = %N k for identical ames (5.7)

C

m@fy=

k for independent ames (5.8)
i=1

where ¥ is the coupling parameter of thei™™ burner depending on the random ame

parameters (X; X). However, a new aspect arises in the current probabilistippproach

compared to previous deterministic models elaborated in @pters 2 and 3. when un-

certainties are considered (i.e. the coupling parameter has a known PDF calledP ),

mean ame e ect described in Egs. (5.7) and (5.8) lead to vergli erent results?:
Identical ames: When ames are considered identical, the PDF of the growth
rate f|, = Im(f), called P¢, , can be analytically derived from Eq. (5.7):

4LC 4L Cf|m
NcO NcO

Pt (fim) = (5.9)

For example, if the input PDF P is uniform, then the output PDF is also uniform.
Independent ames: However, when ames are independent, the PDF of the
growth rate is much more complek

4LC 4ch|m

Pt (fim) = o P,?P ,?2:?P ] <

(5.10)

where ? designates the convolution product. For instance, if for bburners P  is the
uniform distribution on [0; 1], the PDF of the output is not uniform, as for identical
ames, but draws a much more complex shape known as the Irwktall distribution
which can be approximated by a gaussian function for a numbef ames N su ciently
large, as observed in Monte-Carlo results presented heredFb.5, middle and bottom).
This result proves that even for supposedly axisymmetric ngyurations, risk factors have
to be evaluated by probabilistic methods with multiple indpendent ames to capture the
correct growth rate response to uncertain input parameters

LConsider the random variablesX and Y and the linear relation: Y = aX, wherea 6 0. Then the
PDF of Y, called fy is linked to the density function of X, called fx , as follows: fvy (y) = ﬁfx (y=a).

2Consider the N independent random variablesX -1 ..y and the output Y = iN:1 Xi. Then the
PDF of Y, called fy is linked to the density function of the X;'s, called fx,, as follows: fv (y) =
[fx, ?fx, ?::?2fx, ](y) where ? is the convolution product.
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+ M =500 sample: D M = 50 samples

Figure 5.6: Eigenvalues for the weakly WDi (left) and strongly SDi (right) coupled cases using
M, =50 samples (red square) oM, = 500 samples (blue cross).

5.3.4 Active subspace results (Steps SM - SM4)

Figure 5.6 shows the spectrum obtained by the active subspacmethod for both the
weakly WDi and the strongly SDi coupled cases. Two sample sizés; = 50 (red
square) andM; = 500 (blue cross) are used to show the eigenvalues convemgenFirst,
the value of ; associated to the mean variation of the growth rate in the stngest
direction is a good indicator on how the annular con guratia is sensitive to the input
uncertainties: Fig. 5.6 reveals that the strongly coupled sa is much more sensitive that
the weakly coupled case by two orders of magnitude. Moreoyésr the two cases, only the
rst ve eigenvalues are relevant: only ve parameters redy control the results for the
weakly and strongly coupled cases which suggests that the U@plem can be reduced
from a 38-dimensional to a 5-dimensional problem which is gsi cant result, especially
for the SDi case since no theoretical background is possible. The newdts are the
linear combinationsW T p of the ame parametersp = (n;; i)iz1-n. It is interesting to
note that coe cients associated to the FTF amplitude nj-; ..y are almost null for the
WDi but not for the SDi cases: weakly coupled modes are controlled only by the
time-delays while bothn; and ; are necessary for strongly coupled cases. Coe cients
associated to the time-delays are displayed in Fig. 5.7 fordhthree rst eigenvectors of
the weakly coupled case. It is interesting to see if these efyectors can be related to
the physics of the problem.

The rst active variable (AV1 in Fig. 5.7) converges to an equineighted linear com-
bination associated with the mean ame transfer function aer the N = 19 burners when
enough samples are used. However, the two other eigenvec{@\2 and AV3 in Fig. 5.7)
have more complex behaviors which need to be unraveled: .

Previous chapters have shown that an annular con gurationwith no plenum) is
characterized by two parameters: (1) the coupling strength, associated with the mean
ame over the N burners and (2) a splitting strengthSy which involves two coe cients of
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Figure 5.7: Three rst eigenvectors Wy=; .3 coe cients of the WDi case associated to th&l uncertain
time-delays |-;.n called AV1, AV2 and AV3. For the weakly coupled caseWDi , coe cients of the
eigenvectors associated to theN FTF amplitudes nj-; .y are almost zero (): they have no impact on
the growth rate. The eigenvectors convergence is displayed fdvl; = 10, 100 and 1,000 samples.

the Fourier transform Ib(! ) of the collection of ame transfer functionsfF ;gi=; .y : If’(2p)
and Ib( 2p), where p is the azimuthal mode order p = 1 here). The two eigenvectors
AV2 and AV3 displayed in Fig. 5.7 exhibit a periodic behavior of eriod 9 suggesting a
direct link between the eigenvectors AY and AV; and the coe cients Ib( 2p). Note that
the mean ame and therefore the eigenvector AVis also linked to the @ coe cient of
the Fourier transform Fb(O). These theoretical ndings suggest that a change of vailides
could be used to ease the physical interpretation of activeasables and Fig. 5.7 as well
as to improve the accuracy of the eigen decomposition:

fni; ig)f Re(®(!%); Im(®( %)g (5.11)

whereF = [Fq;::;;Fn]T is the array of FTF of all the N burners viewed as a periodic
complex signalF;(! °) is the FTF of the i™ ame depending on the parameten;, ; and
the pulsation of the chamber in absence of burnets’ = E—O Results for casesVDi
(left) and SDi (right) are displayed in Figure 5.8. Associated active varidbs shown in
Figure 5.9 demonstrate that the e ect dominating the growth ate response corresponds to
the coupling strength and splitting strength involving theO™ and 2" Fourier coe cients
of the ame transfer function distribution (Figure 5.2), as siggested by the theoretical
results of Chapter 2. Note that the splitting strengthpis a norlinear combination of the
input parameters (j; ) and is expressed a$, = (+2) ( 2). Since the Fourier
coe cients (k) are linear-combinations of the input parameters, the Actig# Subspace
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WDi! case SDil case

Normalized eigenvalued /!,
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Figure 5.8: Normalized eigenvalues j= ¢ for the weakly (left) and strongly (right) coupled cases using
500 samples.

O Re(Wl) X |m(W1) O Re(W5) X Im (W5) Od Re(Wg) X Im(W3)
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Figure 5.9: real (square) and imaginary (cross) parts of the three rst active variablesW; obtained by
the active subspace approach combined with a change of variable de ned bkq. (5.11) for the weakly
coupled case with 1000 samples.

method is able to capture the two parameters(2) and ( 2) but not Sy directly. Other
coe cients only play a minor role especially for the weakly cupled regime. It is striking
to see that the active subspace method actually recovers tiparameters also exhibited
in the weak coupling limit by the analytical derivation of ATACAMAC: the coupling and
the splitting strength.

5.3.5 Growth rate PDF & risk factor estimation and validation
(Steps SV1 - SV2)

The active subspace approach applied in Section 5.3.4 hasywded successful results
by reducing the 38-dimensional input space into a low-dimeion space for both the
weakly and the strongly coupled cases. The active variables/olve physical quantities
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Atacamac growth rate (s' 1) Atacamac growth rate (s' 1) Atacamac growth rate (s' 1)

Figure 5.10: Atacamac growth rates (100 samples) for weakly (left) and strongly (right) regimes are
compared with estimations obtained with linear (L3 and L38), quadratic (Q3) or analytical (AM) models
on all (L38) or only the three dominant active variables (L3, Q3 and AM).

associated with the Fourier transform of the FTF or then parameters and therefore
recover parameters exhibited analytically by ATACAMAC. Now te problem is reduced
to a smaller one but the growth rate PDF and the risk factor arstill unknown: this is the
objective of the SV1 and SV2 steps (Section 5.3.2). These st@msisist in estimating at
low cost the risk factor of the rst azimuthal mode: (SV1) a fewsamples (hereMV; = 100
samples) are used to t a low-order model and (SV2) a Monte-Clar analysis is applied
on this low-order model using a large number of simulation®/(V, of the order of 10).
Several Monte-Carlo simulations have been performed with erent models to estimate
the PDF of the growth rate and its associated risk factor:

Lsg: a linear model based on all 38 active variabléd/,’_; ..;5p:

L38 X8 T
B (= kW p (5.12)
k=1

Ls: a linear model based on the three dominant active variables

L3
Bn ()= 1Wip+ Wjp+ 3Wjp (5.13)
Q3: a quadratic model (with interactions) on the three dominanhactive variables:

Q3 x T X % T T
Bn (P = kWi p+ ki Wep W, p (5.14)
k=1 k=1 I=k
AM : a linear model based on the coupling and splitting strengghfrom the ana-
lytical work of Bauerheimet al. (2014):

" T W
B (P = Wip+ W,p W;p (5.15)

These low-order models can be tted with a small Monte-Carlonethod: it provides
an algebraic expression for the response surface which canthen used to compute the

135



Chapter 5 : Uncertainty Quanti cation of thermo-acoustic modes in annlar gas
136 turbines

WDiff

Mean FTF amplitude @

Figure 5.11: Results of a least square tting on the parameter of the AM low-order model for cases
with various mean FTF amplitudes n = 0:1 to 1:5.

growth rate PDF and the risk factor. For the weakly coupled cse, the AM model can
be obtained directly from the ATACAMAC analytical solutions. Therefore this is a case
where the accuracy of the method can be checked. Indeed, thealytical growth rate
is expressed a$, = %( 0 Sqo) for weakly coupled modes and is modeled in the

AM model by 8, = F(0) F( 2) F(+2) (Eg. (5.15)). The parameter |,

tted by a least square method, can therefore be compared ttsitheoretical value, i.e.
c®=4 L .. This exercise is performed not only for th&VDi case but also by varying the
mean FTF amplituden (with a xed = 0:625ms). Figure 5.11 shows the ratio between
the UQ vs. the theoretical value of for n = 0:1 to 1.5: it proves that UQ and theoretical
results are in good agreement for low mean FTF amplitudes (the error is below 10%
for n < 1.0).

Numerical results of the other tting models (linear: L3 and L38 or quadratic: Q3)
are displayed in Fig. 5.10 for thaVDi case usingMs = 100 samples. The dashed lines in
Fig. 5.10 correspond to an ideal perfect model where the estitad growth rate is equal
to the ATACAMAC output. Figure 5.10 shows that both linear and quadratic models
provide low discrepancies between the estimated (from théted low-order models) and
the true (from ATACAMAC) growth rates. A similar tting has be en performed on the
strongly coupled caseSDi and are compared to the weakly coupled case in Fig. 5.12.
To assess the accuracy of these low-order models, Pearsao's cients are provided in
Tab. 5.3 and are evaluated by the formula:

D

G
R=" Pio,, (5.16)
i:]_(' i . |)

where! ; and!; are the reference and mean growth rate from ATACAMAC and i~is the
estimated growth rate using di erent tting models (Figure 5.12).

These results show that even if the weakly and strongly cowgad regimes share the
same active variables (Figure 5.9), their response surfages. the model involving these
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Models Weakly Strongly

Models Weakly Strongly MC 14.77 39.55
L38 0.94 0.79 L38 11.90 39.26
L3 0.91 0.67 L3 11.54 34.86
Q3 0.99 0.86 Q3 14.90 41.65
AM 0.99 0.87 AM 14.36 35.51

Table 5.3: Pearson's coe cients (Eq. 5.16) Table 5.4: Risk factors computed by the
for weakly and strongly regimes using several Monte Carlo (MC) and several tting models
tting models. (L38, L3, Q3 and AM).
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Figure 5.12: Atacamac growth rates (100 samples) for weakly (left) and strongly (right) regimes are
compared with estimations obtained with linear (L3 and L38), quadratic (Q3) or analytical (AM) models
on all (L38) or only the three dominant active variables (L3, Q3 and AM).
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active variables) are clearly di erent. For the weakly coufed mode, a linear model with
the three dominant active variables is su cient to reprodu@ 90% of the growth rate
variations while a quadratic model is required for the strogly coupled regime.

The step SV1 provides an algebraic expression for the resperssirface which can be
then used to compute the growth rate PDF and its associatedsk factor. If the PDFs
of the new variablesW,_, .. p are known, the PDF of the growth rate can be obtained
analytically. However, this task is usually complex since thanalytical expression of a
linear combination of initial PDFs is not straightforward (e Eq. (5.10) for a similar
problem). Consequently a numerical evaluation of the outguPDF is usually required:
this is the objective of the nal step SV2. The low-order modsl (L38, 3, Q3 or AM) are
algebraic and can be replayed e ciently at low cost, i.e. theost to evaluate such algebraic
models is negligible compared to the evaluation of the initigblack-box' function f . Here
100 000 samples of these models were computed to generate the RiDthe growth rate as
well as the risk factor displayed in Tab. 5.4. A good agreemes found for both regimes.
The two linear models produce higher error on the risk factawhile the quadratic model
is able to accurately evaluate the stability of the system:he relative risk factor error is
0:87% for the weakly coupled mode and 5% for the strongly couglease when using this
model. These results show the accuracy and e ciency of the UQethod proposed here.

5.4 Conclusion

For the rst time, Uncertainty Quanti cation (UQ) has been applied on the thermo-
acoustic stability of a simpli ed gas turbine to determine ts risk factor de ned as the
probability of the rst azimuthal chamber mode to be unstabé. The realistic con gu-
ration considered here contains an annular plenum which aoects 19 burners and an
annular chamber which operates in two di erent regimes cat weakly and strongly cou-
pled regimes (Chapter 4). Each ame is modeled by two unceitaCrocco parameters
(n; ) leading to a large UQ problem involving 38 independent paragters. A UQ method
is proposed to reduce the size of the problem and is compareithva classical Monte Carlo
method using the quasi-analytical ATACAMAC tool to avoid exgensive Helmholtz simu-
lations. Results show that using ‘identical’ ames or 'di erent’ ames lead to a di erent
behavior of the combustor and strongly impacts the stabilt risk factor. In particular,
when uncertainties are accounted for, symmetry breakingsa modi es the mean ame
e ect and not only the splitting of the frequency. The presenUQ method is able to
predict the risk factor of the con guration with errors lessthat 1% for the weakly cou-
pled case and 5% for the strongly coupled regime which demtrages its accuracy and
e ciency. This UQ methodology only requires a few simulatios: (1) 50 simulations
on the 38D parameter space used for the active subspace pluadients evaluation and
(2) 100 additional simulations on 5 parameters only to t loworder models. The nal
100 000 evaluations of the low-order models have a negligiblestgince they are purely
algebraic. Consequently, this method could be applied to g@dict stability of complex gas
turbines using a full 3D Helmholtz solver like AVSP since 150 Haholtz simulations can
be performed in a reasonable time as shown recently byliaye et al. (2015.
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Chapter 6
Large Eddy Simulations and AVBP

This chapter gives a general introduction to Computational Fluid Dynamics and
presents the concept and the governing equations for Large Eddy Simulations of
turbulent reactive ows. It summarize models used in the AVBP code for reactive
LES of combustors. The specic reduced kinetic schemes for methane and ethy-
lene used and/or developed for the Cambridge experiment are presented. Transport
coe cients used in the AVBP code have been validated. Finally, turbulent com-
bustion modeling, a key feature of reacting ow computations, is brie y described.

(a) Claude Louis Navier (b) George Gabriel Stokes
(1785-1836). (1819-1903).

6.1 An introduction to Computational Fluid Dy-
namics
The aim of uid mechanics is to study liquids and gases prop&gs in various con gura-

tions, initially to predict its motion. The history of the equations governing the motion of
a uid started in 1757 when Leonhard Paul Euler published amaportant set of equations
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to describe the motion of inviscid ows that are known as the Eer equations. Then in
1822 Claude-Louis Navier, a French engineer, introduced tietion of viscosity. Finally
in 1845 George Gabriel Stokes wrote the nal equations degiing the motion of a viscous
uid (including the terms proposed by C.L. Navier). These nohnear partial di erential
equations are now known as the 'Navier-Stokes equations'. @y are used to study a
wide range of situations: the design of aircraft and cars, ¢hstudy of blood ows, the
weather or ocean currents. Except in some very simple casdseve analytical solutions
exist, these nonlinear equations have to be solved numetlgaon computers: this eld is
called Computational Fluid Dynamics (CFD).

First, Section 6.1.1 presents the governing equations in didynamics and then a
short description of the methods to solve them is provided iSec. 6.1.2.

6.1.1 The Navier-Stokes equations

The exact behavior of complex turbulent reacting ows is fuy described by the following
full' Navier-Stokes equations:

%t+ @@X( u;)=0 (Mass conservation) (6.1)
% N @_@i( uiu)= @—@’;(P i i) (Momentum conservation) (6.2)
%EJ, @_@?(( Euj)= @—((‘?([ui(P i i)t gl+ Ly (Energy conservation) (6.3)
@@f + @_@';( Yiu) = @—@;(Jj;k) + 1 (Speciek conservation) (6.4)

where is the mixture density, u; is the i-component of the velocity,P is the static
pressure, j is the viscous tensorE is the energy,g is the i-component of the the energy
ux, !t is the heat release due to combustiorYy is the mass fraction of specids, J;x is
the i-component of the di usive ux of speciesk and! y is the reaction rate of speciek.

Assuming a Newtonian uid and the equality between the mechacal and dynamic
pressure (Stokes assumption, null bulk viscosity) leads:to

i =2Sij+ vSwij =2 S ij Sk (6.5)

with  the dynamic viscosity, v is the volume (or second) viscosity ands; is the
deformation tensor:
_1 @y, Qv

@} : (6.6)

S = =
' 2 @x @k
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When combustion instabilities arise, viscosity mainly a ets the acoustic damping
and the sound speed eld. From a linearization of the Naviert8kes equations, Stokes
(1845) expressed the sound speed and damping of acousticegadue to tangential forces:

S

16 2 2 8 2
9z7 and =37

c= rT (6.7)
wherec s the sound speed, is the acoustic damping and is the acoustic wavelength. It
appears that the damping (due to viscosity) and sound speeeld can be approximated
by =0andc-= r T since typical values of viscosity are 10. Moreover, the
damping increases as=12 ! 2 and therefore should be considered only at high fre-
guencies and can be neglected for azimuthal modes which usuaccur at low frequencies.

The reaction term is expressed as:
)%]S
L= ey Lk (6.8)
k=1
where Ns is the number of species in the owh?;k is the mass enthalpy of formation of
speciek at T = To and !  is the reaction rate of speciek. All details on ! are given
in Sec. 6.4. The computation of the exact formulation of theidisive ux of species
k, Jix, Is a very dicult and costly task. A rst-order approximati on of this di usive
ux (approximation of Hirschfelderet al., 1969 reads:
— Wi @X% c .
Jik D« W @x YiVir
where Dy is not a binary di usion but an equivalent di usion coe cient of speciesk
in the rest of the mixture. In the AVBP code, a simpler formulaion of these di usion
coe cients are used:
1 Y

Dy=P =D ' 5 where S« are constant parameters (6.9)
jek M THik ck

W, is the molecular weight of speciek and W is the mean molecular weight of the
mixture. Xy is the mole fraction of speciek and Yy is the mass fraction of specids. V;°
is a correction velocity to ensure global mass conservation
Xs W
Ve= D Wi @% (6.10)
k=1
This correction velocity impacts the heat ux term in multi-species ows: an addi-
tional term appears in the di usive heat ux due to heat trangport by species di usion.
The total heat ux vector then reads:
et X _ w.@x
— Dk—— Y«V° hq 6.11
|_{qz@ W @x v Nk (6.11)

k=1
. z }
eat conduction Heat ux through species di usion

q:
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where  is the heat conduction coe cient of the mixture.

6.1.2 Turbulence and simulation

Unfortunately, the exact resolution of Egs. 6.1 - 6.4 using @aputational Fluid Dynamics
(CFD) for turbulent ows in complex geometries is and will renain a challenge for a long
time. Indeed, turbulent ows are characterized by a wide rage of length scales (eddies):
from the integral scale (the largest) to the 'Kolmogorov™ sdes (the smallest). The size of
the largest eddied; is typically of the order of the geometry considered. Thesé&rsctures
contain most of the energy of the ow. The smallest eddies atbe ones where the energy
is dissipated. There is a 'cascade’ of energy from the largmle to the smallest scales
because large eddies interact with each other and breakdowrio smaller eddies. The
size of the Kolmogorov scale is noted Kolmogorov showed in 1941Kolmogorov, 1947
that the ratio between the integral length scald, and is (see Fig. 6.2):

lg

— = Re?:“: th

(6.12)

where Re, is the turbulent Reynolds number based on a turbulent velotyi u® and the
integral length scale. The ratiol;= represents the number of points in each direction
required to compute all the scales in the ow. Therefore, theotal number of points N
needed to compute the ow in the three dimensions scales as:

4 3 _
Ny' Re™ =Re™ (6.13)

For example, lets imagine the number of points required to ogpute the ow in the
Dawson's experiment computed in this PhD. thesis: the meareblocity at the blu body
exit is Uy, = 18 m=s. Assuming that the turbulent velocity is ve percent of this value
leads to: u®' 0:05 Uy, =0:9 m=s. The integral length scale can be approximated here
by the chamber width which is 22 times the burner diameter (D) sothat2 D" |,

77 mm, the turbulent Reynolds number being therefore:

Uple 12 09 0077,
B 1:8:10 5

Re = 4:6 10° (6.14)
According to Eqg. 6.13, the total number of grid points neededot compute this con g-
uration is around N = 1:75 1¢ which is not feasible considering current computer
resources.

Therefore, three numerical approaches with di erent resotions have been developed
to describe ows using CFD:

the Reynolds Averaged Navier-Stokes (RANS) computations havéstorically been
the rst possible approach thanks to their a ordable compuational costs. RANS
technigues were developed to solve the mean values of all fitees. The balance
equations for the averaged quantities are obtained by avejiag the instantaneous
balance of equations and require closure models for turbote and combustion.
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The second level corresponds to Large Eddy Simulations (LES he largest scale
of the turbulence are explicitly calculated whereas the eas of smaller scales are
modeled using subgrid closure rules. The balance of equasdor LES are obtained
by Itering the instantaneous balance of equations. unlikcRANS, LES capture
instantaneous motions and not only mean values.

The third level of computations is Direct Numerical Simulatons (DNS) where the
full instantaneous Navier-Stokes equations are solved witht any model for turbu-
lent motions: all turbulence scales are explicitly determed. DNS would predict
all time variations exactly like a high-resolution sensomi an experiment. This ap-
proach has changed the analysis of turbulent combustion blINS requires a very
important computational cost. Today, this approach is maity used to study ows
in academic con gurations (low Reynolds number, very smadon guration).

Figure 6.1 shows an example of the time evolution of local temmture predicted by
RANS, LES or DNS for a stabilized ame. RANS capture only the mean Vae, LES
capture the low frequency variations and DNS captures all timmvariations. These prop-

Figure 6.1: Time evolutions of local temperature computed with RANS, LES or DNS in a turbulent
brush (Poinsot & Veynante, 2011).

erties can also be presented in terms of energy spectra asvahdy Fig. 6.2. All spatial
frequencies are resolved in DNS. In LES, the largest scalep (o a cut-o wave number
k.) are computed whereas the smallest are modeled. By constian, LES is expected to
tend toward DNS when the cut-o length goes to zeroi€¢. the mesh is ne). In RANS,
only mean ow elds are resolved: no turbulent motion is exptitly calculated.

6.2 The LES concept

Large Eddy Simulation is nowadays recognized as an intermaté approach in compar-
isons to classical RANS methodologies and expensive DNS. As joesly discussed, in
RANS, only mean elds are calculated (the derivation of the métod consists in a tem-
poral averaging of the Navier-Stokes equations Egs. 6.1 - 6.4t means than only a
steady state can be expected. The unclosed terms (appearithgring the derivation of
the mean equations) are representative of the physics takjplace over the entire range of
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Figure 6.2: Log-log turbulence energy spectrum versus wave numberk. is the cut-o wave number
used in LES.

frequencies (see Fig. 6.2) and the closure models have an intgat prediction job to do.

It explains the big impact of the model on the results. In LESthe operator is a spatially
localized time independent lIter of given size . This 'spatial average' creates a sepa-
ration between the large (greater than the lter size) and smll (smaller than the Iter
size) scales. The unclosed terms are in LES representatiyehe physics associated with
the small structures (with high frequencies) present in theow. LES allows a dynamic
representation of the large scale motions whose contribatis are critical in complex ge-
ometries. The LES predictions of complex turbulent ows aréenceforth closer to the
physics since large scale phenomena such as large vortexidimgy and acoustic waves are
embedded in the set of governing equations.

For these reasons, LES has a clear potential in predictingrtwlent ows encountered
in industrial applications. All simulations performed in ths thesis are LES, realized with
the AVBP code developed at CERFACS and IFPEN on dierent grids ® ensure grid
dependency.

6.3 Multi-species ows

Combustion necessarily involves multi-species ows: atdst one fuel (for example
methaneCH,4) and one oxidizer (for exampleD,). In this section, the equation of state,
the transport coe cients and the thermodynamical variables (enthalpy, energy and en-
tropy) of such ows are presented.
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6.3.1 The equation of state

In a ow composed ofNg species, the proportion of each specikscan be described by
its mass fractionY or by its molar fraction X. Y (resp. Xy) is de ned as the mass
(resp. the mole number) of specigs, my (resp. n) divided by the total massm (resp.
}-_he total rf_l,ole numbern) in a given volume: Y, = my=m (reps. Xk = ng=n). Necessarily,
K Xk = K Yk =1.
The equation of state for an ideal gas mixture writes:

P= 1T (6.15)

wherer is the gas constant of the mixture dependent on time and space= R=W where
W is the mean molecular weight of the mixture:

1 Xy,
W W

(6.16)

The gas constantr and the heat capacities of the gas mixture depend on the looghs
composition as:

X X
r= i = \X—/kR = Yk (617)
W Wk k=1
X X
Cp = Yka;k and C, = Yka;k (618)
k=1 k=1

where R = 8:3143 J/mol.K is the universal gas constant. The adiabatic exment for
the mixture is given by = C,=C,. Thus, the gas constant, the heat capacities and the
adiabatic exponent are no longer constant: they depend ondHocal gas composition as
expressed by the local mass fractiong(x; t).

The temperature is deduced from the the sensible energy, niEgs. 6.27 and 6.28.

6.3.2 Transport coe cients

In CFD codes for multi-species ows the molecular viscosity is often assumed to be
independent of the gas composition. However, it depends onethemperature and a
power-law or a Sutherland law provides a good estimation dhis evolution:

b

T T3:2 Tref + G
= — Power law =c

(Sutherland law) (6.19)

with b typically ranging between 0.5 and 1.0 (e.gb = 0:76 for air) orc; = 1:71 10°
kg/m.s and ¢, = 110:4 K for air T, =273 K.
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The heat conduction coe cient  of the gas mixture can then be computed by in-
troducing the molecular Prandtl number of the mixture as:

_ Cop
aT 5o (6.20)
The Prandtl number Pr is supposed to be constant in time and space and is given in
an input le in the AVBP code. For the molecular di usion coe c ients Dy the same
approximation can be used in CFD codes. The Schmidt number gbeciesk, S, is
supposed to be constant (in space and time) so that the diusnh coe cient for each
species is computed as:

Dy = (6.21)

These thermal and species diusions act together in a reany ow. Therefore,
an important dimensionless number is de ned in combustionot characterize their re-
spective strength: the Lewis numbele which compares the thermal heat di usivity
Din = =(Cp) to the molecular di usivity Dy:

Ley = —n (6.22)

6.3.2.a Methane ( CHy) or ethylene ( C,H,) / air ame transport coe cients

To determine the Schmidt number of species, Sg,, to impose in LES and the Prandtl
number Pr, a reference ame with a complex transport is computed with @ntera. Can-
tera is an object-oriented, open source suite of softwareals for reacting ow problems
involving detailed chemical kinetics, thermodynamics anttransport processes. For ex-
ample, this software can compute one-dimensional laminargmixed ames with detailed
chemistry and di erent transport model. The target fuels fo the Cambridge experiment
where methane and ethylene. Therefore, a methane/air andhgtene/air laminar ames
have been computed with this tool using two di erent transpa models: (1) a complex
mixture model called "MIX" where the Schmidt number is not assmed to be constant
and (2) the AVBP transport model implemented in Cantera calld "AVBP" with constant
Schmidt and Prandtl numbers. Typical variation of the Schmdt and Prandtl numbers
in the MIX Cantera ame are displayed in Tab. 6.1. They con rmthat indeed, S.x and
P. numbers are almost constant. Their values in the burnt gas weused in AVBP (S,
and P in Tab. 6.1). The impact of using constant Schmidt and Prandtnumbers can be
measured by comparing MIX and AVBP results: adiabatic tempeature (left) and lami-
nar ame speed (right) results are displayed in Tab. 6.2 congping the same ethylene/air
ame at =0 :85 computed with these two models (and several kinetic scheg). The
two quantities match very well (TM'X = 2239K, TAYBP = 2245K , sMX = 0:557m=s
and sfVBP = 0:531Im=s) which indicates that assuming constant Schmidt and Prandt
numbers is a valid approximation.
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Species S S

C,Ha 0:95 88

0, 0:77 073

N 0:73 068

€O 0:99 94 Data UCSD MIX AVBP
cO 0:75 ar4 s. (m/s) 0587 0557 0531
H20 0:69 54 T (K) 2233 2239 2245
Prandlt PY=0:713 Prb:O:711 Table 6.2: Adiabatic temperature and lam-

inar ame speed are computed using Cantera
Table 6.1: Schmidt and Prandlt numbers in ethylene/air ames with MIX and AVBP trans-

the unburnt (Sg,, P/) and burnt (Sgk, PP) port and a two-step mechanism. These results
gas from an ethylene/air ame computed by are compared to the detailed mechanism pro-
Cantera. Burnt quantities are used in AVBP. vided by UCSD.

6.3.3 Thermodynamical variables

Species energy and enthalpy are de ned in reference to a giiemperature To. Mass
enthalpy of speciek, hy, is the sum of a reference enthalpy at = Ty, and a sensible
enthalpy hs:

he = hew + (6.23)
Ot
sensible  chemical

The internal energy of speciek, e = hy RT=W, can also be split into a sensible and
a chemical contributione = e +  h{, .

The standard reference state used in AVBP iBy = 1 bar and Ty = 0 K. The sensible
mass enthalpiesIfsx) and entropies §) for each species are tabulated for 51 values of
the temperature (T; with i = 1:::51) ranging from OK to 5000K with a step of 100 K.
Therefore these variables can be evaluated by:

y
| h™ (T;)  h™ (T,
hsx(Ti) = CpydT = sk ')W sk (To) (6.24)
To=0K k
and:
m A m
s(T)) = ) _s(To) (6.25)

Wy

The superscriptm corresponds to molar values. The tabulated values fdr.(T;) and
sk(T;) can be found in the JANAF tables Stull & Prophet, 1977. With this assumption,
the sensible energy for each species can be reconstructadgithe following expression:
Z
es;k(Ti) = Cv;de = hs;k(Ti) rkTi (626)
To=0K

Note that the mass heat capacities at constant pressu@, and volumeC,.x are supposed
constant betweenT; and T;+; = T; + 100. They respectively are de ned as the slope of
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the sensible enthalpy and the slope of the sensible ener@( = @b=@Tand C, =
@&=@7. The sensible energy henceforth varies continuously withe temperature and
is obtained by using a linear interpolation:

Esk(Tiv1)  &sk(Ti)

T T for T 2 [Ti;Tis1] (6.27)

Esxk(T) = esw(T)+(T T)

The sensible energy and enthalpy of the mixture may then be gressed as:

X X
es= K€k = Yi€s:k (6.28)
k=1 k=1
X X
hs= kNsik = Yihs:k (6.29)
k=1 k=1
6.4 Kinetics

The combustion process transforms cold reactants into horgducts when a su ciently
high energy is available to activate the reactions. This paess can be modeled by a global
reaction where a budget between reactants and major prodscis written. For example,
the global reaction of methane oxidation is:

CH,+20, ! CO,+2H,0 (6.30)

Such a global reaction does not describe elementary reaosathat occur during the
combustion process. Combustion of reactants is in fact a s@treactions involving major
and minor species. Generally\s speciedM |; react throughj =1;:::; M reactions, where
Ns and M can be of the order of hundred or thousand:

X\l 0 X\I 00 R
kM ki KM ks ] =1;:5M (6.31)
k=1 k=1

The reaction rate of speciek, ! i, is the sum of rates! |; produced by allM reactions:
X hd
Ly = L = Wy K Qj (6.32)

i=1 i=1

where iy = X 2 andQj is the rate progress of reactiop. The total mass conservation

1,=0 (6.33)
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The rate Q; is written:

Yooy N Yooy K
Q] - Kf;j Wk Krj Wk (6.34)
k=1 k k=1 k
The K¢; and K,; are the forward and reverse rates of reaction j:
Ke = A Eaj
fi = Afj exp (6.35)

RT

whereAr; and E,; are the pre-exponential factor and the activation energy gen in an
input le. K,; is deduced from the equilibrium assumption:

Kf-j
Ky = — :
o (6.36)
whereK ¢q is the equilibrium constant de ned by:
P 0 0
Po k=1 K S] HJ
Keg= == — == 6.37
“= RT PR ORT (6:37)

wherepg = 1 bar. HJ-0 and SJ-0 are respectively the enthalpy (sensible + chemical) and
the entropy changes for reaction:

X
HO= h(T) h(0)= i Wi(hsk(T) + hey) (6.38)
k=1
0 X
S’ = ki Wiesk(T) (6.39)
k=1

where h?;k is the mass enthalpy of formation of specidsat temperature T, = 0 K and
is given in an input le (molar value). Finally, the heat released by the combustion! 1
in the initial enthalpy equation (Poinsot & Veynante, 201 is calculated as:

X
L= L hYy (6.40)
k=1

6.4.1 Reduced schemes

In real ames, the combustion process involves many speciasd reactions as already
mentioned. For example, the widely used GRI-MECH 3.0 mechemn describes the reac-
tion of methane with air. It consists of 325 reactions that imolve 53 species. These full
schemes can be used only on very simple con gurations (oneénsional laminar ames
for example). In an LES or DNS code, it is nor reasonable neitheecessary to transport
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such a large number of species (the code must solve one coradEm equation for each
specie). Moreover some of these reactions can be very fastl aould limit the time step

drastically. One possible solution consists in reducing ¢hdetailed chemistry. Reduced
mechanisms are built to reproduce a minimum of ame featuresin practice reduced
schemes with two reactions are su cient to reproduce the are speed, the adiabatic
ame temperature and the ame thickness for lean ames. Thre criteria are usually
su cient to capture the important kinetic phenomena in most lean premixed turbulent
ames.

1. For methane a standard one-step scheme is employed.

CH,+2 0, | CO,+2 H,0 (6.41)
(6.42)
2. For ethylene, a two-step mechanism has been developed:
CoHs+2 O, ! 2CO+2 H,0 (6.43)
CO+70, 1 CO, (6.44)

Both schemes account for fuel oxidation through an irrevetsde reaction at a rateq, while
a second reaction accounts for the equilibrium between CO&CO, with a rate g:

F 02
YF " YO E Ea'l
- A 2 ' 6.45
G LW Wo, eXp o7 (6.45)
Voo ™0 vo M1 oy, M
= A co Oz = _C0 ex a2 6.46
I W W, Ke Weo, P Rr (040

where K is the equilibrium constant for the CO/CO, equilibrium and R the perfect-
gas constant. While the reduced scheme for methane has alrgdueen validated in
AVBP (Franzelli et al., 2013, the validation of the C2H4 BFER scheme for ethylene
versus a detailed scheme proposed by UCSD is presented in Tal2 (the Cantera code
is used to compare these two chemical schemes). For a onegfisional planar ame at
Po = 101325 Pa andT, = 300 K, the reduced scheme reproduces accurately the lamina
ame speeds, and burnt gases adiabatic temperaturel,y, for the target equivalence
ratio =0 :85 used for the LES simulations of the Dawson's experiment.

6.5 Governing equations for non-reactive LES

As previously discussed, the LES concept consists in applgia spatially localized time
independent lter of given size on the Navier-Stokes equatns. This ltering intro-
duces a separation between the large (greater than the Itesize) and small (smaller
than the lIter size) scales. This operation also exhibits utlosed terms which must be
modeled. These equations and the closure models are presdnn this section. It is a
close transposition of the AVBP handbooK.

1AVBP handbook: http://www.cerfacs.fr/  avbp/AVBP _V6.X/HANDBOOK/AVBP/HTML2/main.html|

152



6.5 Governing equations for non-reactive LES 153

6.5.1 The lItering operation

A low-pass (in wavenumber) Iter, G , is applied to the Navier-Stokes equations Egs. 6.1
- 6.4. Mathematically, it consists of a convolution of any cantity, f, with the Iter
function G .
Z
f(x)= f(x9G (x x%adx° (6.47)

The resulting Itered quantity, f, represents the large-scale structures of the owidg.
resolved in the LES) whereas all the structures of size snallithan the Iter length,
are contained in the residual eld,f°=f f. Contrary to RANS averaging, the ltered
value of a LES perturbation is not zer_o:f_O 6 0 and the double lItered values are not
equal to the ltered values in general:f 6 f. For variable density , a mass-weighted
Favre ltering |§ introduced according to:

fx)= f (x9 (x x%dx°= T (6.48)

Filtering the instantaneous balance equations (Egs. 6.1 -4.leads to the following equa-
tions:

%t+ @@;(—ai )=0 (6.49)
% + @—C?((_Bi 8) = @—@;((ﬁ i i i) (6.50)
O aEB)= iy D grdle g (651)
%"’: + @_@i ~%g) = @—%ﬁrk + T+ T (6.52)

where g;, [E and ¥ denote the ltered velocity vector, total energy per unit mas and
species mass fractions, respectively. A repeated index iep summation over this index
(Einstein's rule of summation). Note also that the indexX is reserved for referring to the
k™" species and does not follow the summation rule.
Writing the vector of the Itered conservative variables as follows: W =

(e e w B ¥) Egs. 6.50-6.52, can be expressed as:

@v =_

—+r1r F=-5 6.53

ot (6.53)
wheres is the lItered source term andF is the ux tensor which can be divided in three
parts:

F=F +F +F (6.54)
whereF' is the inviscid term,fv is the viscous term ancF . is the turbulent subgrid-scale
term.
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6.5.1.a The inviscid term F'

The three spatial components of the inviscid ux tensor arelte same as in DNS but
based on the Itered quantities:

ag + P i
F=0@ Bg + Py ;A (6.55)
k8

6.5.1.b The viscous term F

The components of the viscous ux tensor take the form:
0 L 1
_ i
F =@ (U i)+ gA (6.56)
Jik

The Itered di usion terms are:

- Laminar Itered stress tensor T (for Newtonian uids)
. 1
i =2 S 3 i Sk (6.57)
approximation: T ' 2 S % i Skk (6.58)
, 1 @ @
with: S = —+ — 6.59
=3 o' o (6.59)
and: (P (6.60)
- Di usive species ux vector N
_— W, @ %
Jik = Dk——— Y(VE€ 6.61
ik k W @x k Vi | ( )
approximation: Jiy ' ﬁk&@ ‘AN (6.62)
W X
X
with: €c = ﬁkﬂ@ (6.63)
k=1 W @x
; Dy’ 64
and Kk Sc, (6 6 )
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- Filtered heat ux @

@1 X
q @x’ « Nk (6.65)
@ X __
approximation: @' —+ Jik Bsk (6.66)
@x
- . Cp(P)
with: T (6.67)

These forms assume that the spatial variations of moleculdr usion uxes are negligible
and can be modeled through simple gradient assumptions.

6.5.1.c The turbulent subgrid-scale term F
The components of the turbulent subgrid-scale ux take thedrm:
o _ .1
j
F=Q@qg' A (6.68)
-t
Jik

As highlighted above, ltering the transport equations lead to a closure problem evi-
denced by the so called \subgrid-scale" (SGS) turbulent ugs. For the system to be
solved numerically, closures need to be supplied. Details the closures are:

- The Reynolds tensor

i_jt = (lg U; g Bj) (669)
modeled as Boussinesq187@): ' =2 éij % i $uc (6.70)

1 @+@i 1 @x

with: S = -

' 72 @x ex 3@ex'

In Eq. 6.70, ' is the SGS tensorS,— is the resolved rate tensor and; is the SGS
turbulent viscosity. The modeling of ; is explained in Sec. 6.5.2.

(6.71)

- The subgrid scale di usive species ux vector J,_kt
i = @Ye e | (6.72)
modeled as: Jix = Dtk\%%; ARG (6.73)
with: ¢t = X D;ﬂ@ (6.74)
o W @x
and: D! = i (6.75)
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The turbulent Schmidt number S, = 0:6 is the same for all species. Note also that
having one turbulent Schmidt number for all the species doemt imply, €' = 0 because
of the W,=W term in Eq. 6.73.

- The subgrid scale heat ux vector '

q_t = 9E @gE (6.76)
C AR —
modeled as: §' =  (—+  Jixfsi (6.77)
@x .
with: [ = Co (6.78)

The turbulent Schmidt number is xed at Prt = 0:6.

6.5.2 Models for the subgrid stress tensor

LES models for the subgrid stress tensor (see Eqg. 6.70) areidsd on the theoretical
ground that the LES lter is spatially and temporally invariant. Variations in the Iter
size due to non-uniform meshes or moving meshes are not diseaccounted for in the
LES models. Change of cell topology is only accounted for thugh the use of the local
cell volume, thatis = V.5’

The Itered compressible Navier-Stokes equations exhibit&S tensors and vectors
describing the interaction between the non-resolved andsaved motions. Generally,
the in uence of the SGS on the resolved motion is taken into aount by a SGS model
based on the introduction of a turbulent viscosity, ; (Boussinesq 187h). Such an
approach assumes the e ect of the SGS eld on the resolved cto be purely dissipative.
This hypothesis is essentially valid within the cascade tloey of turbulence introduced
by Kolmogorov (1941).

LES models for the subgrid stress tensor only di er throughhte estimation of ;. In
this document, only the three models used during this PhD. #sis are presented: the
Smagorinsky model, the WALE (Wall Adapting Local Eddy-viscoity), and the SIGMA
model. For a better understanding of advantages and drawbackf these di erent models,
desirable properties required for a SGS viscosity model ageen:

Prop A: A positive quantity which involves only locally de ned velaity gradients
Prop B: A cubic behavior near walls

Prop C: Be zero for any two-component or two-dimensional ows

Prop D: Be zero for axisymmetric or isotropic expansion/contractin

While properties A and B are straightforward, properties C ad D should be brie 'y
discussed: 2D turbulence exist and has already been invgated experimentally and
numerically. However, its nature is fundamentally di erem than the usual 3D turbulence
because of the absence of vortex-stretching (if a vortex itreiched, matter is pulled
towards the rotation axis of the vortex leading to a faster ration because of the angular
momentum conservation). Therefore, it is appropriate to awsider Prop C to ensure that
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the 3D SGS turbulence model phases out in two-dimensionalses.Prop D are related
to axisymmetric case such as laminar round jet or sphericatgmixed ames (acting like
acoustic monopole, one key acoustic generation which caad¢o combustion instabilities)
where turbulence e ects should not be present.

- The Smagorinsky model

q
t=(Cs) ? 28§ (6.79)

where denotes the Iter characteristic length (cube-root of the cell volume),Cs is the
model constant set to 0.18 but can vary between 0.1 and 0.18péading on the ow
con guration. The Smagorinsky model Emagorinsky 1963 was developed in the sixties
and heavily tested for multiple ow con gurations. This closure has the particularity
of supplying the right amount of dissipation of kinetic enegy in homogeneous isotropic
turbulent ows. Locality is however lost and only global quatities are maintained. It is
known to be 'too dissipative and transitioning ows are not sited for its use (Sagaut
2009. Moreover, this formulation is known for not vanishing in mar-wall regions and
therefore cannot be used when walls are treated as no-slipliwgas performed in this
PhD. thesis).

- The WALE model

Sg S-d 3=2
1= (Cy) 2 2 - (6.80)
S Si sf sd
with:
1 1
Sﬁ =5 gi12 + szi égfk i (6.81)

where denotes the lter characteristic length (cube-root of the cell volume), C,, =
0:4929 is the model constant and;~denotes the resolved velocity gradient. The WALE
model (Ducroset al., 1999 was developed for wall bounded ows in an attempt to recover
the scaling laws of the wall. Similarly to the Smagorinsky nmael locality is lost and only
global quantities are to be trusted.

- The SIGMA model

p, = L1 22( 23 and ,=(C ) 2D, (6.82)
1
whereC is a constant:C = 1:35.
The Smagorinsky and Wales SGS models have opposite behaviavhile the rst one
vanishes for pure rotation but not for pure shear, the otherre (WALE) has the right
near-wall behavior but not for pure rotation situations Prop C ). A new operator was
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therefore constructed byNicoud et al. (2011 based on singular values (;, , and 3) of
a tensor built using resolved velocity gradientsG = g¢'g). Note that the singular values
i have the following near-wall behaviors:

8

2 1=0(1)

2= 0(y) (6.83)
" 3= 0(Y?)

wherey is the normal coordinate to the wall surface and(yP) denotes a term of the
order ofp, i.e. behaving likey? when the distance to the solid boundary vanishey.! 0.
It results that the SIGMA model behaves correctly near walls ; = O(y3).

6.5.3 Numerical schemes

To solve equations presented in Sec. 6.5.1, numerical scesnare needed. The AVBP
solver is based on the nite volume methodHirsch, 2007 with a cell-vertex discretization.
Because they are less dissipative than non-centered schengep-wind or downwind),
centered numerical schemes are implemented in AVBP. All numeal schemes developed
in AVBP are presented in (Camarque 2007. The two numerical schemes used in this
thesis are:

- The Lax-Wendro (LW) scheme The LW scheme (ax & Wendro , 1960 is a
nite volume centered scheme. This scheme uses an expligihe integration with a single
Runge-Kutta step. Its accuracy in both space and time is of send order. The scheme
is quite robust due to a stabilizing di usive term. Furthermae, it is characterized by
low computational cost and has been used during this PhD. this for initialization and
ignition processor of the cold ow.

- The Two step Taylor-Galerkin 'C” scheme The TTGC scheme Colin & Rudg-
yard, 2000 is a nite element centered scheme. Its accuracy in both spa and time is
of third order (4" on regular grids (Moureau et al., 2009). It is characterized by very
good properties regarding dissipation and dispersion makj it well-suited for LES ap-
plications involving acoustics as combustion instabiliis studied here. However, it is less
robust than the LW scheme and is approximately :B more expensive in terms of compu-
tational cost. This scheme is normally used after the ow habeen stabilized using the
LW scheme to accurately compute small vortices and acousticwes.

6.5.4 Atrti cial viscosity

The numerical discretization methods in AVBP are spatially entered and prone to small-
scale oscillations in the vicinity of steep solution variabns. This is why it is common
practice to add a so-called arti cial viscosity (AV) term to the discrete equations, to
control these spurious modes (also known as \wiggles"). Tée AV models are charac-
terized by the \linear preserving" property which leaves umodi ed a linear solution on
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any type of element. The models are based on a combination olshock capturing”
term (called 2% order AV) and a \background dissipation" term (called 4" order AV).
In AVBP, adding AV is done in two steps:

rst a sensor detects if AV is necessary, as a function of theow characteristics,
then a certain amount of 2¢ and 4" AV is applied, depending on the sensor value
and on user-de ned parameters.

The 2" order AV acts just like a \classical" viscosity activated oty in certain regions of
the ow. It smoothes local gradients, and introduces arti ¢al dissipation. The 4" order
AV is mainly used to control spurious high-frequency wiggse

6.6 Combustion modeling

As described in Sec. 6.4, combustion is a process in which taats are transformed into
products. The domain where these transformations take pleccalled the ame front, is
very small. Typically a ame thickness at atmospheric presse for gasoline/air ames
is around Q1 to 0:5 mm. This raises a problem encountered for Large Eddy Simtitan
of reactive ows: the thickness ? of a ame is generally smaller than the standard mesh
size used for LES. In order to resolve the ame front correcly, about 5 to 10 points
are needed. This leads to very large grids, out of the capacivf the current calculators
for large and complex industrial con gurations.

Di erent models have been proposed to approximate the ltexd species reaction rates
' (see Eq. 6.52) for turbulent premixed combustion using thedS approach. They may
be separated into two main categories:

1. Models assuming an in nitely thin reaction zone: the turbulent premixed
ame is modeled by fresh reactants and burnt products sepaed by an in nitely
thin reaction zone. The local structure of the ame is assungecorrespond to a
laminar ame for which the inner structure is not a ected by turbulence ( amelet
assumption). The Bray-Moss-Libby (BML) models Bray & Moss, 1977, the ame
surface density modelsHawkes & Cant 2000, and G-equation models loureau
et al., 2009 are some of the most common examples.

2. Models describing the structure of the reaction zone thickness: the turbu-
lent premixed ame is characterized by a nite thin reactionzone that could inter-
act with the turbulent ow and often behaves as a stretched laimar ame. Some
examples are the Probability Density Function (PDF) models Popazq 1999,
the F-TACLES approach (the chemistry is tabulated as a functin of a progress
variable) developed by EM2C and the arti cially Thickened Fame (TF) models
(Colin et al., 200Q Legier et al., 2000.

Only the Thickened Flame model has been used in this thesis atierefore is described
in more details in this document.
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6.6.1 The Thickened Flame model for LES (TFLES)

An attractive solution to propagate a ame on a 'coarse’ gridansists in arti cially thick-
ening this ame. This idea was rst proposed byButler & O'Rourke (1977. Figure 6.3
presents the concept of this approach. For su ciently largevalues of the thickening fac-
tor F, the thickened ame front can be resolved explicitly on the igd nodes. Since the
reaction rate is still expressed using Arrhenius law, varisuphenomena can be accounted
for without requiring ad-hoc submodels (ignition, ame/wal interactions, heat losses at
boundaries).

Figure 6.3: Thickened ame approach. The ame is articially thickened but its ame speed is
conserved.

Following simple theories of laminar premixed amesWilliams, 1985 Kuo, 20095,
the ame speeds, and the ame thickness ? may be expressed as:

r_

p D Din

st/ DgB ; oy 2= ==
L th L S B

(6.84)

where Dy, is the thermal di usivity and B the pre-exponential constant. If the thermal
di usivity is multiplied by a factor F while the pre-exponential constant is divided by,
the ame thickness ? is multiplied by a factor F but the ame speeds, is conserved:
the ame propagates at the right speed on the computational @main.

When the ame is thickened by a factorF, the interaction between the ame and
the turbulence is modi ed: the ame becomes less sensitiv® turbulent motions and
vortex may a ect the reaction zone. This interaction is chaacterized by the Damkshler
number D, which compares turbulent ; to chemical . time scales (for large values of
D,, turbulence is not able to a ect the inner ame structure which remains close to a
laminar ame wrinkled by turbulence motions):

—

n
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(6.85)
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It is straightforward to show that increasing the ame thickness by a factor- decreases
the D, number by the same factof= (D' = D,=F). This point has been investigated
using DNS by Angelbergeret al. (1999 and Colin et al. (2000 (see Figure 6.4). To
account for this unwanted e ect, an e ciency function E, corresponding to a subgrid
scale wrinkling factor has been derived. This e ciency furiton depends on velocity
(u%s. ) and length scale ( =F ?) ratios.

Figure 6.4: DNS of ame turbulence interactions. Reaction rate and vorticity elds are superimposed.
Left: Reference ame ; Right: ame arti cially thickened by a factor F =5 (Poinsot & Veynante, 2011).

In practice, the thickened ame approach is implemented byhanging the thermal
di usivity and the reaction rate according to:

Di USiVity: D ) FDiw ) E :FDy
Pre-exponential constant: B ) B=F ) E ¢B=F
thickening wrinkling

According to Eq. 6.84, the ame speed, and the ame thickness ? become respectively:

st = Es. ; T=F (6.86)

In this thesis, two di erent e ciency functions E valid when equilibrium between

the turbulent motions and the ame surface is reached, haveeen used and are briey

described:
Colin model: Colin et al. (2000 have proposed an e ciency function E.cojin
which compares the ame wrinkling with and without thickenng, called the wrin-

kling factor

( IO):l+ ﬂ £ (6.87)
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where is a constant and is a function taking into account the subgid strain
rate depending on the uctuating subgrid velocityu® and the lter size .

The turbulent ame velocity is therefore obtained in the LESas a function of this
e ciency function:

st _ (FD)
SL ("
Finally, this combustion model is closed by approximating t@ subgrid scale tur-
bulent velocity u® with an operator based on the rotational of he velocity eld o

remove the dilatation part of the velocity and by estimatingthe constant using
HIT (Homogeneous Isotropic Turbulence) simulationsAngelbergeret al., 1999.

= Br.colin (6.88)

Charlette and Meneveau model: Charlette et al. (2009 have proposed a
power-law model for the wrinkling factor which extendes th€olin model proposed
in Eq. 6.87:
u u®
(D= 1+min max -4 1 ; —;—5:Re — (6.89)
| L St St

where the e ciency function describes the ability of vortices to e ectively wrinkle
the ame front and is therefore related to the fractal dimen®n of the ame front,

Is the model parameter andRe = Y s the subgrid scale turbulent Reynolds
number ( being the fresh gas kinematic viscosity).

This TFLES model has been rst developed for perfectly premed combustion. But
applying a uniform thickening in the whole domain accelerat di usion in non reactive
zones, where thickening is not necessary. In other words,etifiF model can remain
unchanged in the ame zone but must be adapted outside the aeregion. So a dynamic
thickening procedure [egier et al., 2000 (called D-TFLES) depending on the ame
position and the local resolution has been developed and ietefore preferred.

The thickening factor F is not a constant any more but it goes td-,ox in ame zones
and decreases to unity in non reactive zones. This is obtadthby writing:

F=FnuS (6.90)
with:
N
Frnax = — (6:99)

N. being the number of cells used to resolve the ame front (typally N. = 5 guarantees
a good behavior).S is a sensor depending on the local temperature and mass frans:

S=tanh °— (6.92)
0

where °is a constant equal to 500, is a sensor function detecting & presence of
a reaction front and , corresponds to its maximum value. One possible method to
construct is to use the kinetic parameters of the fuel brealown reaction:

E
= F Yo ©exp —_— .
Ye"F Yo" R; (6.93)
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o can be found running a 1D premixed non-thickened ame and msgaring o on it.
is used to start the thickening before the reaction, thatistwy < 1 (usually = 0.5).

Note that TFLES is not a " ltered" model: equations are rst thi ckened so that
LES ltering is not needed. In that sense, the "thickening" & species and temperature
used in TFLES is not following the " ltering” operator used far density and velocity.
Constructing thickened ames by rigorously Itering all equations is the path followed
for example by the EM2C group in the FTACLES series of models$-{orina et al., 201Q
Auzillon et al., 2012. On the long term, FTACLES type models are promising methods
but they were not tested here because this work focused on thm-acoustics and not
turbulent combustion.

The main advantages of the TFLES model are its simplicity ands performances for
premixed and stratied ames. It has been used successfulip multiple con gurations
(Colin et al., 200Q Legier et al., 2002 Selleet al., 2004; Wolf et al., 201Q Enaux et al.,
2017 and is also integrated now in commercial softwares such asiéht or Charles (from
Cascade Technologies). The e ect of the combustion models &TF results will be
characterized by a sensitivity analysis developed in Chamt 7 by changing the mesh
re nement (computations are performed on a coarse mesh ugi® millions cells and a
ne mesh with 30 millions cells) and e ciency functions (Coln and Charlette e ciency
functions).

6.7 Few words about the AVBP code

Historically, the AVBP code was started at CERFACS in January 193 as an initiative
of Michael Rudgyard and Thilo Schenfeld. The aim of this prgect was to build an
e cient code handling unstructured grids of any cell type. Nevadays, AVBP is a parallel
CFD code that solves the laminar and turbulent compressiblesactive (or non-reactive)
Navier-Stokes equations in two and three space dimensién# is also the baseline code
of the ERC (European Research Council) advanced grant won BFT in 2013 on
thermoacoustics [ttp://intecocis.inp-toulouse.fr).

The important development of the physical models done at CHRCS is completed
by academics studies carried out at the IFP Energies Nouvellghe EM2C lab of Ecole
Centrale Paris (ECP) and the Institut de Mecanique des Fluiegts de Toulouse (IMFT).
The ownership of AVBP is shared with IFP-Energies Nouvelles (IFHEN), following an
agreement of joint code development oriented towards pistcengine applications. Im-
portant links with industry have been established with Safin Group (Snecma, Snecma
DMS, Herakles, Turbomeca), Air Liquide, Gaz de France as well avith Alstom, Ansaldo,
Honeywell and Siemens Power Generation.

2More details on AVBP here: http://www.cerfacs.fr/4-26334-The-AVBP-code.php .
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Chapter 7 : Sensitivity of FTF for turbulent swirled ames and impact on the stability

of azimuthal modes

Part | has shown the rst-order importance of FTF (Flame Transfer Function) on
thermoacoustic codes results. We now address the problem of FTF prediction us-
ing LES. This chapter describes a preliminary numerical study of azimuthal unsta-
ble modes in the annular combustor of Cambridge before computing the 880

con guration. LES is used to compute a Flame Transfer Function (FTF) and a
Helmholtz solver to predict the overall stability of the combustor. FTF quanti es
the interaction between acoustics and the turbulent swirled ames. They must be
known with precision because instabilities are very sensitive to small changes (see
Chapter 5). The e ects of azimuthal con nement (corresponding to the annular
combustor equipped witi2 or 18 burners), thermal boundary conditions and fuel
type (methane or ethylene) on FTFs are simulated here using LES of a sing&de-
gree (N = 18) or 30 degree N = 12) sector. A double-sector LES is also computed
to investigate ame / ame interactions. These LES-based FTFs are then used as
inputs for a Helmholtz solver and results show that 1) subgrid-scale LES models lead
to marginal e ects on the Flame Transfer Function while 2) azimuthal con nement,
thermal conditions and fuel type strongly a ect the ame response to acoustics and
therefore control the stability of the azimuthal mode. Computations reveal that the
annular experiment performed with methane should be stable while ethylene should
lead to azimuthal unstable modes as observed experimentally. From this sensitiv-

ity analysis, an operating point (ethylene, adiabaticN = 18 burners) is extracted
and will be computed using a full annulaB60 con guration in the next chapter.

7.1 Introduction

Studying experimentally an unsteady combustion is a daumtg task and most experi-
mentalists have to choose between providing very detailegace and time resolved mea-
surements (velocity, species and temperature elds like fexample in the Preccinsta
burner (Franzelli et al., 2013 Meier et al., 2007) or performing ame transfer function
measurements. Therefore in practice, when FTFs measuremeatg available, almost no
other experimental data is usually given to check the LES qlity. Moreover, measuring
any physical quantities in a self-excited combustor becomen insuperable task since
probes must cope with an extreme environment facing stronggssure oscillations. Here
the Cambridge rig of Worth & Dawson (2013) was used to compute FTF and predict
mode stability. This rig belongs to the second category: iofmation on thermo-acoustics
is available but not much more so that the few experimental datavailable (no mean
velocity pro les, FDF or FTF measurements etc.) raise the queé®n of quality and ac-
curacy of the full 360 LES which will be performed in the next chapter. Observation
from Worth & Dawson (2013,a) on the stability and frequencies of the experimental
combustor in multiple conditions (fuels, wall materials, omber of burners etc.) can be
used to assess the validity of the LES and its underlying moldgturbulence, combustion,
chemistry etc.). Therefore, this chapter intends to rst ealuate the robustness of the
LES strategy to capture the ame/acoustic interaction and onsequently to predict the
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7.2 Target con guration: annular combustor of Cambridge Worth & Dawson, 20131)67

stability of the annular con guration by computing one or two sectors only.

Because of their extreme costs, computations of full 366on gurations are still out
of reach today to study e ects of number of burner®N, mesh re nements, turbulence and
combustion models as well as operating points on the predect azimuthal mode. In this
chapter, a reduced strategy is used: 1) A Flame Transfer Funoh (FTF, Croccqg 195))
or Flame Describing Functions (FDF,Noiray et al., 2009 can be evaluated numerically
to link the ame response to acoustics. To do so, only one sectwith periodic and
non-re ecting boundary conditions is computed using LES sce capturing a self-excited
azimuthal mode is not required Giauqueet al., 2005 Kaesset al., 200§ to obtain FTF
or FDF. 2) The acoustic/ ame model (FTF) is then introduced as a sarce term in a full
annular acoustic solver, much cheaper than LES, to study th@zimuthal acoustic mode
in the complete 360 con guration. Although successful in determining the stabity of
real burners (Nicoud et al., 2007 such coupled approaches are known to be sensitive
to multiple parameters (Duchaine et al., 2011). This last question is also addressed
in this chapter by evaluating which parameters control the ame/acoustics interactions
measured by the FTF models. Finally, this chapter addresses dwcrucial points:

1) Provide LES best practices and guidelines for turbuleneeodels, combustion mod-
els and thermal boundary conditions to be followed when comfng the whole 360
con guration of Cambridge.

2) Choose the operating point to be used to compute the full aolar rig and ver-
ify its consistency with experimental observations perfared by Worth & Dawson
(2013,a).

First, Section 7.2 describes the annular rig of Cambridge. Bection 7.3, the numerical
strategy and the various cases used to evaluate the FTF (Semti 10.2.2) and stability
(Section 7.3.2) are de ned. Results on mean and phase-avexdgow elds for unforced
and forced cases are discussed and compared to experimenSettions 7.4 and 7.5.
Section 7.7 focuses on the FTF sensitivity to various LES subadels as well as key
phenomena (azimuthal con nement, thermal conditions andukel type) a ecting the ow
dynamics and ame shape as observed in previous sections. &y Section 7.8 gives the
stability map of the 360 con guration. The impact of azimuthal con nement, thermal
conditions and fuels on the stability is assessed: the anaulrig is found to be stable
when using methane while ethylene leads to azimuthal instdibies as observed in the
annular experiment (Worth & Dawson, 2013,a).

7.2 Target conguration: annular combustor of
Cambridge ( Worth & Dawson , 2013b)

The target experiment is the annular combustor of Cambridgstudied by Worth & Daw-
son(201d) (Fig. 7.1) The stainless steel rig can includdl = 12, 15, or 18 equally spaced
ames around a circumferential diameter of 17@nm which modi es the ame- ame in-
teractions as shown in Fig. 7.2: foN = 12 burners, the distance between burners is
large and ames are isolated but folN = 18 burners, the distance between burners is
reduced leading to a strong ame merging between neighbogrsectors. Note also that
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Figure 7.1: Photograph (a) and schematic (b) of the annular experiment with L; = 130 mm and
Lo, = 300 mm complemented by a longitudinal (c) and a transverse (d) cut of the sigle (—— ) and
double (--- ) sector computation domain.

isolated and merged ames react di erently to heat-loss: tl outer shear branch of the
V- ame is weaker and even disappears for isolated ames, bubrheat-loss e ect is ob-
served when ame merging occurs. Premixed reactants are qlipd by a plenum which
includes grids and ow straighteners for ow conditioning ad acoustic damping. For
all con gurations, mass ow controllers are used to maintai a constant bulk velocity of
U =18 m:s ! at the exit of each blu body. This ensures that any change inlte ame
structure and dynamics is the result of azimuthal con nemen( ame spacing). The rig

is instrumented with microphones to characterize the instality modes and a high-speed
intensi ed camera is used to measure th®H chemiluminescence of the whole annulus.

B ¥l T ETET

Figure 7.2: Flame visualization of two neighboring ames in the experiment for N = 12 burners (left)
and N = 18 burners (right).

To nd a set of conditions that give rise to self-excited azimthal modes, the inner (;)
and outer (L,) lengths of the combustor walls, azimuthal con nement, andivo fuel types
(CH4 and C,H,4) were varied in the experiment \Worth & Dawson, 2013,a): strong
self-excited azimuthal modes at the frequencly = 1800 Hz (Fig. 7.3) only occurred
for C,H4-air mixtures and when di erent inner and outer tube lengthsL; = 130 mm
and L, = 300 mm were usedBourgouin et al. (2013 also found that L; and L, must
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be di erent to excite azimuthal modes. The occurrence of gedxcited azimuthal modes
did not depend on azimuthal con nement but the limit-cycle anplitude and the ame
structure did. Only longitudinal modes were observed fa€ H4-air mixtures.

Figure 7.3: Acoustic pressure oscillations varying with time (left) and its Fourier transform (right)
showing a strong instabilities atf = 1800 Hz corresponding to an azimuthal mode.

7.3 Numerical models

7.3.1 Large Eddy Simulations

Large Eddy Simulation (LES) of compressible ow (detailedn Chapter 6) is widely recog-
nized as an accurate methodoinsot & Veynante, 2011) to study combustion instabilities
in complex con gurations \Wolf et al., 2012 Sengisseret al., 2007 Fureby, 201Q Kuenne
et al., 2010 but the impact of subgrid scale models on LES results for itabilities is
rarely discussed. As shown by the UQ study of Chapter 5, any untanty on FTF input
data will have a strong e ect on stability predictions. Quanifying uncertainties due to
LES on FTF results is a mandatory step. This includes e ects athe subgrid models,
combustion models, chemistry and grid re nement on FTF outpts (n; ). The e ect of
these numerical parameters will be compared to the e ect ohgsical parameters such as
the fuel, potential heat losses at walls or the number of seet, hoping that the physical
parameters introduce larger changes in and than the numerical parameters do.

To study the impact of models on FTF computations, AVBP is usedn this chapter to
solve the ltered multi-species 3D Navier-Stokes equationgith realistic thermochemistry
on unstructured meshes §ch nfeld & Poinsot, 1999 Roux et al., 2009. Numerics is
based on a two-step Taylor-Galerkin nite element scheme dhird-order in space and
time (TTGC, Moureau et al., 2005 to accurately propagate acoustic waves. Boundary
conditions use the NSCBC approachRpinsot et al.,, 1992 and ensure non-re ecting
conditions (Selleet al., 2004) as well as the proper introduction of acoustic waves in the
LES domain for FTF computations. This computational domain orresponds to one single
sector of the annular combustor of Cambridge equipped with = 18 burners (Fig. 7.4).
A swirler with 6 blades mounted with a blu -body is installed at the burner/chamber
junction (Fig. 7.5) to stabilize the ame.

Since the plenum contains dampers and grids, this cavity hidgen removed from the
computational domain and therefore the inlet of the LES domia is located at the burner
inlet, assuming that no aerodynamic perturbations from th@lenum (e.g. vortex shedding
due to the inow jet impinging the plenum curbed walls) can aect the downstream
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YZ-cuts
(upstream middle
anddownstrean)

XY-cut (longitudinal)

Figure 7.4: 3D view of the SHORT con guration (no plenum) corresponding to one sectorof the annular
combustor equipped with N = 18 burners. The upstream (green), middle (blue) and downstream (ed)
transverse YZ-cuts in the burner (left) and the longitudinal XY-cut (blue, right) are also displayed.

I"#$%&$' (%)*&! %+, ,-(*

"#3%&S$'(*'

Figure 7.5: 3D view of the swirler and the associated surface mesh.

dynamics of the system. To validate this choice, two di eremon-reactive stabilized (i.e.
no acoustic forcing) con gurations with (called LONG) and wihout (called SHORT)
plenum cavity have been computed by LES to analyze the e ectf the plenum removal
on the system dynamics. Especially, the velocity pro le athe burner inlet is resolved
in the LONG case while it is imposed in the SHORT case with a Poigille’s pro le: a
comparison between the mean velocity pro les and spectrafisquired to ensure that no
perturbation coming from the plenum can modify the mean ow opology (recirculation
zones, jet opening at the swirler exit etc.) or excite the ara dynamics at 180(Hz.
First, pressure (not shown here) and axial velocity signalsithe burner and the
chamber are analyzed in Fig. 7.6 and show that only the broadbd noise, but not
aerodynamics oscillations at speci c frequencies, is at®a by the plenum. Peaks ob-
served in the pressure/velocity spectra come from aerodym&s perturbations gener-
ated by the swirlers. This validation is comforted by the mea (and RMS, not shown
here) ow eld in the chamber and at several longitudinal pogions in the burners. This
study highlights no particular di erences between the LONG top) and SHORT (bottom)
cases (Fig. 7.7). This is due to the particular curved shape thfe plenum/burner junction
which reduces aerodynamics instabilities and lets acoustvaves leave the burners toward
the plenum without re ections: experimental and numericake ection coe cients at the
plenum/burners junction are close toR = 0:1, i.e. the junction is almost non-re ecting.
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Figure 7.6: Fluctuation axial velocity u® spectra in the single sector con guration of the annular
chamber for a stabilized non-reactive case with (LONG, left) and withou (SHORT, right) plenum cavity.
Only the broadband noise, but not the aerodynamics peaks, is a ected bythe plenum removal. The
probe is located at the burner/chamber junction (white cross).

Moreover, aerodynamics noise and heterogeneities genedatn the plenum are phased
out in the long burners as observed in Fig. 7.7.

LONG

Upstream Middle Downstream

SHORT

Upstream Middle Downstream

Figure 7.7: Mean axial ow eld in the chamber (left) and at several positions in the burners described
in Fig. 7.4 (right) for the LONG (top) and SHORT (bottom) con gurations.

Finally, all computational domains computed in this thesis hve no plenum but include
the complete burner with an axial swirler composed of six bd@s mounted on a blu -
body (Figs. 7.5 and 7.8). Although FTF estimations can be obtagd from an acoustically
isolated single sector of a real con guration, ow con nemat is known to play a role on
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ame shape and stability. The e ect of con nement and ame/ ame interactions was
tested here by comparing single and double sector LES (Figl7d).

y "#$%#& (W %H&  M'++1-/& ///

/l \ \ f =1800 Hz
// iy \ \ /
b \JWW%T

p'/ P =1%

0"18%,. v

Figure 7.8: XY-cut of the single-sector con guration with iso-contours of heat release.Acoustic waves,
needed for FTF evaluation in the LES, are introduced by pulsating the outlet pressure.

The sensitivity of FTF predictions to di erent sub-grid stress models is tested using
the classical Dynamics Smagorinsky modeS(nagorinsky 1963 and both Wale (Nicoud
& Ducros, 1999 and Sigma (Nicoud et al., 2011 models (Section 6.5.2). Turbulent-
ame interactions are addressed using the dynamic ThickedeFlame (TF) approach
with two di erent e ciency functions as a performance test:. the Colin model (Colin
et al., 2000 and the Charlette-Meneveau model Charlette et al., 2002 described in
Section 6.6.1. These combustion models are closed by apprating the subgrid scale
turbulent velocity u® with an operator based on the rotational of the velocity eldto
remove the dilatation part of the velocity.

Since the overall number of injector&\ also varies, di erent angles, =30 or 20,
are considered for the single-sector cases, correspondiegpectively to the annular rig
equipped withN =12 or N = 18 burners (Fig. 7.1). All meshes are fully unstructured
and contain 42 millions cells (for the case =20 ) or 5:5 million cells (for =30)
per sector for the coarse cases while the re ned case contaBi million cells. This results
in typical thickening factors of 3 to 5 in the ame zone to guaantee 5 10 points in the
ame. Cells lengths are typically 80m near swirler walls and 150n in the swirler
passages.

Axial acoustic forcing is performed in the LES to compute FTFs sce the main mech-
anism leading to azimuthal combustion instabilities is thenodulation of the axial mass
ow rate through the injectors. Transverse acoustic forcig by strong transverse velocity
uctuations ( O'Connor & T.Lieuwen, 201Z; Lespinasseet al., 2013 is not considered
here since it occurs only for ames located at a pressure nodéich do not contribute to
the stability of the systemt. The forcing frequency corresponds to the azimuthal mode
observed experimentally \Worth & Dawson, 2013) (f ' 1800Hz) and is introduced in
the LES by pulsating (with the NSCBC approach) the outlet inging acoustic wave of the

1The Rayleigh criterion is proportional to kpkkgk thus ames at pressure nodes Kpk = 0) lead to a
null Rayleigh term and therefore do not contribute to the stability of the system.
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sector (Figs. 7.1 and 7.8). No data on the forcing amplitude i€ported since the exper-

iment is self-excited p=p' 1%): in the LES, various low amplitudes (fromp>p = 0:1%

to 1%) of the forcing wave have been tested and no impact on tl&F was observed.
-0

FTFs are constructed by recording the global heat release ra@ (t) and the reference

acoustic velocityu2:- (t) (Croccg 195). This velocity is obtained by averaging the axial
uctuating velocity over a plane (Plane-¢ in Fig. 7.8).

Based on the experiments\Worth & Dawson, 2013), a perfectly premixed air-fuel
mixture (methane or ethylene) at equivalence ratio = 0:85 is injected in the inlet
(plenum/burner section). Worth & Dawson (2013) mention that using ethylene C,H,)
leads to azimuthal instabilities while only longitudinal nodes appear with methane
(CH4). These two fuels are investigated here with LES. Reactiomtes are modeled with
reduced kinetic schemes, which have been proved to accuhateeproduce low frequency
ame dynamics (Kedia et al., 201): 1 reaction, 4 species foCH, and 2 reactions, 6
species foIC,H 4. Adiabatic temperatures and laminar ame speeds have beenropared
to GRIMECH ( Frenklachet al., 1999 for methane and UCSD full schemedCSD, 2013
for ethylene (Lecocget al., 2013 Franzelli et al., 2019 Goodwin, 2009.

Thermal e ects also modify FTFs (Duchaineet al., 2011 Tay-Wo-Chong & Polifke,
2012 Mejia et al.,, 2019: here, adiabatic as well as heat-loss formulations were @ied
on the chamber walls. For the heat loss formulation, the heatix imposed on a wall is
locally expressed as = (T T; )=R, where the temperatureT; is setto 600K and the
thermal resistance iR, = 10 4(Km?)=W. For these values, the chamber walls typically
reach 100K .

For all computed cases (Table 7.1), as in the experiment, threean axial velocity at
the burner/chamber junction is conserved: 18n:s *.

CASE COMB. TURB. N MESH THERM. FUEL

REF Charlette Wale 1 Coarse Adiabatic 20 CHq4

= COLIN Colin Wale 1 Coarse Adiabatic 20 CH,4
2 SMAGO Charlette Smago 1 Coarse Adiabatic 20 CH,4
GEJ SIGMA Charlette  Sigma 1 Coarse Adiabatic 20 CHy4
g DOUBLE Charlette  Wale 2 Coarse Adiabatic 20 CHy4
FINE Charlette Wale 1 Fine Adiabatic 20 CHg,

_ CHA4-HL-20 Charlette Wale 1 Coarse Heat-loss 20 CHy4
_S C2H4-ADIA-20 Charlette Wale 1 Coarse Adiabatic 20 C,H 4
2 | CH4-ADIA-30 Charlette Wale 1 Coarse Adiabatic 30 CHg4
E CH4-HL-30 Charlette Wale 1 Coarse Heat-loss 30 CHg4
C2H4-ADIA-30 Charlette  Wale 1 Coarse Adiabatic 30 C,H 4

Table 7.1: LES simulations performed to investigate the FTF sensitivity to numerical and physical
parameters.
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7.3.2 Helmholtz simulations of the full annular combustor

In addition to evaluating uncertainties on input data such a (n; ), it is also interesting
to actually see what these changes lead to in terms of modesemhthey are injected in
a Helmholtz solver. In the UQ study of Chapter 5, ATACAMAC was usd to optimize
speed but here we will favor precision and run a full 3D Helmhalsolver: the 3D acoustic
solver called AVSP (Nicoud et al., 2007 will be used to predict the e ect of the FTF
on the stability of the azimuthal mode observed experimenilgt at f * 1800Hz. AVSP
solves the eigenvalues problem issued from a discretizatmn unstructured meshes (with
3:6 millions cells) of the wave equation where the source termuel to combustion is

cCo
expressed using FTFs@roccq 195]. The local reaction termQ, is expressed for each
burneri as:

6?: Ny;i ei! ! Ltp(xref;i ) (7-1)

where @O(Xref;i ) is the Fourier transform of the axial acoustic velocity component at the
location X . The interaction index ny; is constant for each sector in the ame zone
(Fig. 7.9) and its value is chosen to recover the global valud ansteady heat release
(Nicoud et al., 2007 computed by LES. It is set to zero outside of the ame zone.

Figure 7.9: 3D view to the 360 acoustic domain with N = 18 burners and zoom on thei!" ame zone.

The acoustic domain computed with AVSP is the 360con guration with N =12 or
18 burners connected to the plenum (Fig. 7.9). Dierent lengts are used for the inner
and outer chamber walls I(; = 130 mm and L, = 300 mm) (Worth & Dawson, 2013;
Bourgouin et al., 2013. In nite impedances (corresponding tou® = 0) are applied on
walls or plenum inlet and a pressure nodep{= 0) is applied at the outlet. Mean density
and sound speed are extracted from LES simulations of the gla-sector and replicated
azimuthally for all sectors.
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7.4 Unforced ow elds

A rst indication of the e ects of parameter changes on LES rsults is provided by
unforced reactive LES predictions on a single-sector (or ulole sector in the DOUBLE
case, Tab. 7.1) of the annular rig. Streamlines from the awged ow elds are visualized
by Line Integral Convolution (LIC, Cabral & Leedom 1993 in Fig. 7.10 for the =
20 (right) and 30 (left) cases. They conrm that the distance between neighlying
sectors deeply a ects the aerodynamics, especially the tehrecirculation zone (CRZ in
Fig. 7.10), and therefore the ame shape. More importantly,te neighboring azimuthal
motions induced by the swirlers interact when burners are ade to each other which
modi es the jet-opening angle in the XZ-plane but not in the XY-pane: the axi-symmetry
of the swirl motion is broken.

11 =20

Figure 7.10: LES results: averaged streamlines visualized by Line Integral Convation (LIC) ( Cabral
& Leedom, 1993 on the XY-plane (left) and the 3D Q-criterion (right) for the CH4-ADIA-30 ( =30)
and REF (=20 ) cases with no forcing.

On the contrary, taking heat losses into account or changinfyel only has a minor
impact on aerodynamics. However, the ame anchoring point gightly lifted (Fig. 7.11-
a, middle) when heat losses are taken into account and the &deat release increases
when methane is replaced by ethylene (Fig. 7.11-a, right).

The ame shapes obtained by LES (heat-release elds and isontours 20mm down-
stream of the blu -body, Fig. 7.11-b top) with =20 and = 30 are compared
to the experimental integrated chemiluminescence resulpgovided by Worth & Dawson
(2013) (Fig. 7.11-b, bottom). LES and experiment are in good agreemt: the inner
ame wrinkling and the outer ame merging are observed in bdt LES and experiment
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Figure 7.11: a) LES results: XY-cuts of the mean heat release with iso-contours of mean a&ii velocity
for the REF case (left), CH4-HL-20 case (middle) and C2H4-ADIA-20 case (right).Zoom on heat release
elds for each ame is provided to highlight the ame anchoring point. b ') Comparison between LES
heat-release 20nm downstream of the blu -body (top) and integrated OH measurements (experiment,
Worth & Dawson, 2013, bottom) for the case with N =12 (left) and N = 18 (right) burners.

in the =20 case. Burner/burner interactions clearly appear for =20 where the

ames are not axisymmetric.

7.5 Phase-averaged forced ow elds

The response of the forced ames at 1808z can be rst visualized by the averaged heat
release rate at di erent phase angles of the pressure ostilbn: 0 and 180 correspond
to a zero acoustic pressure variation at the out ow while 90and 270 correspond to
the maximum and minimum pressure levels respectively. Todos on ame/ame in-
teraction, the visualization domain di ers from the singlesector computational domain
(Fig. 7.12). As evidenced by Fig. 7.13, ame merging is the maironsequence of exter-
nal forcing for both cases. LES was used to compute the amesponse at a frequency
f = 1800 Hz. Note that the forcing frequency is xed and corresponds to # azimuthal
frequency observed experimentally. Additional frequendg1700Hz and 1900Hz), up-
stream/downstream forcing, as well as wave amplitudes (im0 0:1% to 1% of the mean
pressure) were also investigated and give similar results.

Figure 7.14 shows that the introduction of a model for heat Iges strongly modi es
the ame shape. Contrarily to adiabatic cases, the ame isfied, has a weaker outer shear
layer ame (Tay-Wo-Chong & Polifke, 2012 and its base oscillates near the injector tip
as already evidenced for laminar premixed ames<gdia et al., 2011. The outer branch
oscillates in the axial direction while the inner branch lcated nearby the blu -body
moves from left to right (— in Fig. 7.14 displays the minimum and maximum ame
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Figure 7.12: Computation domain (left) and visualization domain (right) used to study ame-ame
interactions.

0] 90 180 270
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Figure 7.13: XZ-cuts of phase averaged heat release in two consecutive mid injectptanes: REF case
(=20, top) and CH4-ADIA-30 case ( =30 , bottom).

position over the acoustic period).

Replacing methane by ethylene (Tab. 7.1) impacts the ame dyamics (Fig. 7.15). For
ethylene (runs C2H4-ADIA-20 and C2H4-ADIA-30), the laminar ame peed Sﬁ CoHa |
0:56 m=s) and the heat release (as well as the adiabatic temperatufl’t=§‘§"H4 ' 2232K)
are higher compared to methanes{.’ cH,  0:33 m=sand Té‘E|4 ' 2070K) leading to
a shorter and more intense ame (Fig. 7.13 for methane and Fig.I5 for ethylene).
Because of a smaller ame length, ethylene ame merging bed&n neighboring injectors
occurs only inthe =20 case and disappears for = 30 which is consistent with
experimental observations \(Vorth & Dawson, 2013) (while merging was only weaker for
methane with =30 comparedto =20 ). Note also that due to a higher laminar
ame speed, the ethylene ame is less a ected by the turbulese than the methane ame,
as shown by the resolved wrinkling observed in Figs. 7.13 and. 5.
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Figure 7.14: XZ-cuts of the phase averaged heat release (same color levels as in Fig. 7.18) the
CH4-HL-20 case (top) complemented by a zoom on the ame base oscillation (botto Lines: Mini-
mum/maximum position of the inner and outer ame base.

7.6 Rayleigh criterion

Usually, simple interpretations are proposed to assess thalsility of ames. For instance,
it is well known that the time-delay of the Flame Transfer Funtion is crucial to predict
combustion instabilities. However, its link with ame quanities is not straightforward. In
particular, a direct correlation between the time-delay ad the laminar ame speed may
be too simple to understand underlying phenomena contraily the stability (heat loss,
con nement or even turbulence e ects), especially for turblent non-adiabatic ames
a ected by ame merging. Therefore, a local criterion shoul be used to understand
which phenomenon is driving the instability. Stability is analyzed here using the Rayleigh
criterion to compare methane and ethylene cases. The Rageicriterion (Rs) over any
surfaceS is computed from the complex uctuating pressuref)*and heat release d)*
Z

Rs = S kpkkak cos( 9)dS (7.2)
S
where kpk and kak are the modulus of the pressure and heat release oscillagaand |,
and 4 are their respective phases. The uctuating quantities arebtained at the forcing
frequency thanks to a Dynamic Mode Decomposition (DMDSchmid 2010 of 110 3D
shapshots spaced by t = 27 s (corresponding to ve periods and a Nyquist cuto fre-
quencyf, = 37 kHz). Figure 7.16 shows the Rayleigh criterion for the adiabatimethane
(top) and ethylene (bottom) cases with = 20 over three di erent surfaces. These
elds display regions where acoustic- ame interactions @ar (grey zones correspond to
regions where no ame-acoustic interaction takes place).h& modulation of this interac-
tion, from black (negative) to white (positive) is due to thephase between the uctuating
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Figure 7.15: XZ-cuts of the phase averaging of the heat release in the C2H4-ADIA-20 case (tp@and
C2H4-ADIA-30 case (bottom).

pressure and heat releasef  4](). It clearly shows that even if the ame is compact
with respect to the acoustic wavelength (i.e. (%) is almost constant), the local heat
release phase (%) (or equivalently the local time-delay (%)) varies strongly due to its
convective nature. Consequently, a global criterion basemh the volume-averaged time-
delay is required and su cient to compute the stability but local phase or time-delays
guantities (%) are necessary to understand which phenomenon is drivingetitombustion
instabilities.

In particular, the YZ-cut (right) highlights the swirler (wi th 6 blades) e ect on stabil-
ity with a 6" -order azimuthal pattern while the XY and XZ-cuts display the ame-wall
(left) and ame- ame (middle) interactions e ect. The Rayl eigh criterion expressed in
Eqg. (7.2) corresponds to a volume source (if positive) or sir(if negative) term for the
acoustic energy: white zones in Fig. 7.16 promote combustiamstabilities while black
zones damp them. This local criterion can be integrated: (Iver the whole domain to
obtain a global criterion as usually performed when compulea global time-delay or (2)
over a small part of the domain to highlight its e ect on combution instabilities: in this
work, the Rayleigh criterion is integrated over the XY-cut (I€t) to focus on ame-wall
interaction and over the XZ-cut to focus on ame merging. Redts are given in Tab. 7.2
for both methane (top) and ethylene (bottom) cases and shoviat:

Methane case (top): Integrations of the Rayleigh criterion on both the XY and
XZ-cuts of the methane case (top) are negative indicating thaegions of ame

merging and ame-wall interactions damp the acoustic mode &t800Hz.

Ethylene case (bottom):  The region of ame merging (along the XZ-cut) is also
a sink term for the acoustic energy when using ethylene. Hovezydue to a higher
laminar ame speed, the ethylene ame is shorter than the méiane ame. In

particular, ames do not interact with side walls as obser in Fig. 7.16 (bottom

left). The Rayleigh criterion integrated over this directon is positive: compared
to the methane case where ame-wall interactions lead to a dging mechanism
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Rayleigh criterion
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Figure 7.16: Rayleigh criterion constructed from DMD results at 1800 Hz (Eq. (7.2)) over three
di erent surfaces for the adiabatic =20 case with methane (top) and ethylene (bottom).

(negative criterion), here the shorter ames avoid ame-wh interaction and are
associated to a driving mechanism (positive criterion).

This study shows that local time-delay and Rayleigh critea are required to describe
precisely the local damping or driving mechanisms. Here, tlhreain di erence observed
between the methane and ethylene cases in both Fig. 7.16 andbT&.2 is the pres-
ence or absence of ame-wall interactions along the XY-cut, ¢honly direction in which
the Rayleigh criterion goes from negative (damping, methancase) to positive (driving,
ethylene case). It suggests that the driving mechanism leiad to instabilities when us-
ing ethylene is the suppression of ame-wall interaction ahnot the ame merging. This
analysis is in good agreement with experimental observati® where changing the ame
merging (by changing the azimuthal con nement ) had not signi cant impact on the
azimuthal mode occurrence.

[ CASE [ XY-CUT XzZ-CUT |

Methane 3270W 621W
Ethylene | +5315W 1268W
Table 7.2: Rayleigh criterion (Eqg. (7.2)) for the adiabatic =20 cases with methane and ethylene

over two di erent surfaces: XY-cut where ame-wall interaction occurs and XZ-cut where ame merging
is observed.

180



7.7 FTF sensitivity study 181

7.7 FTF sensitivity study

The sensitivity of FTFs to models (turbulence and combustionas well as to numerical
setups (single/double sectors and coarse/ ne meshes) isstrevaluated for adiabatic cases
with methane and = 20 (REF, DOUBLE, COLIN, SIGMA and FINE cases in
Tab. 7.1, Fig. 7.17). Hatched zones in Fig. 7.17 correspond tcetiminimum and maximum
values ofn and for these 5 cases. Itis a rough indicator of the uncertaintyohan and due
to purely numerical or modeling parameters. Results deperahly weakly on modeling
parameters for amplitudesn and time-delays of the FTF (ve rst cases in Fig. 7.17):
the amplitude n changes from 75 to Q29 while varies between 29 ms and 034 ms.

Figure 7.17: FTF amplitudes n and time-delays computed by LES for cases of Tab. 7.1.

Thermal, azimuthal connement (=20 or 30) and fuel e ects were found to
have strong impact on unforced (Section 7.4) and forced (S$ien 7.5) ames. For FTFs,
the CH4-HL-20, CH4-ADIA-30, CH4-HL-30 and C2H4-ADIA-20 results (Fig. A7) con-
rm that con nement, thermal and fuel e ects are signi cant compared to uncertainties
coming from LES sub-models (hatched zones in Fig. 7.17):

Azimuthal con nement: Using =30 instead of 20 modi es the ow topol-
ogy (Fig. 7.10) and a ects ame merging (Fig. 7.13) which lead$o a signi cant
ampli cation of the acoustic/combustion interactions (the amplitude of the FTF n
increases) and a shorter ame response (the time-delaydecreases).

Thermal e ect: Including heat-losses modi es the ame shape and introduse
ame base oscillations (Fig. 7.14) which are not present fordeabatic LES: both
the FTF amplitude n and time-delay decrease. This behavior is consistent with
other studies on longitudinal con gurations {Tay-Wo-Chong & Politke, 2012 Mejia
et al., 2019.

Fuel e ect: Methane and ethylene lead to completely di erent ame respuses.
The delay with C,H4 increases to b1 ms compared to about 03 ms for CHy,
everything else being equal. It is interesting to see that leglene ame has a
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longer time-delay even though it has a higher laminar ame s®d. This shows
that kinetics is not the only important factor here: ame-wdl interactions, ame
merging, heat losses or turbulent combustion e ects are maimportant.

In conclusion, results of Fig. 7.17 allows to: (1) evaluate gertainties due to numerical
and physical parameters om and to be used for UQ studies (Chapter 5) and (2)
show that the e ects of changes such as fuel or heat release darger than the e ects
introduced by uncertainties on numerical parameters.

7.8 Eect of FTF uncertainties on stability of az-
imuthal modes

Variabilities in FTF numerical estimations have been cleayl identi ed but their impact

on the burner stability predictions is not yet evidenced. Hehholtz simulations are now

performed using computed FTF to investigate the global staliy of the 360 con gura-

tion (Fig. 7.9). Stability maps relying on the growth ratelm (f ) function of the time-delay
(varying from 0 to 0 = 1=1800' 0:55ms) are rst computed for two baseline cases

corresponding to the annular rig equipped wittN = 12 burners (=30 ) or 18 burners

( =20)andusingn = 0:25 (estimation of an adiabatic case with methane, Fig. 7.17).

Normalized pressur:

11 1
1% YZicut
|
|
| R
v ; K
|
|
ya XY-cut y
7 v
YZ-cut YZ-cut

Figure 7.18: Mode structure (here kp% cos( )) of the azimuthal mode at f ' 1800 Hz: XY-cut (top)
and YZ-cuts (bottom) for both the N =12 (left) and N = 18 (right) con gurations.
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The mode structure {.e. kp%cos() where = arg(p%) of the azimuthal mode at
f ' 1800Hz obtained with AVSP (Fig. 7.18, top) involves both the annular penum
as well as the annular chamber. A longitudinal acoustic corepent is observed in the
chamber because of pressure uctuations are zero at the chia@n outlet. YZ-cuts of the
N = 12 and 18 burner cases (Fig. 7.9, bottom) underline the di emces introduced in
the acoustic mode due to the number of burners as well as to tR&F.

X

UNSTABLE
A

[ =3
STABLE ><I—

Growth rate (s' 1)

Time-Delay ! /12 (-)

Figure 7.19: Stability maps of the N =12 (--- ) and N = 18 (—— ) con gurations obtained with
the FTF amplitude n = 0:25 and a time-delay varying from 0 ms to 2 = 0:55 ms. Growth rates of
speci ¢ cases are also displayed: : REF case, 4 : CH4-HL-20, +: CH4-ADIA-30, : CH4-HL-30 and
?. C2H4-ADIA-20. The hatched zone corresponds to the uncertainty on the timedelay due to LES sub
models (Fig. 7.17)

Figure 7.19 shows the stability maps of the two baseline casges- : N =12 and
— : N = 18 burner con gurations) versus FTF time-delay , computed rst with
n = 0:25 (corresponding to an adiabatic case with methane). Rewikcon rm that the
azimuthal con nement modi es the acoustic domain leadingd di erent growth rates,
everything else being equal: using the same burner charadgcs and FTF inputs, the
12 burner case generates lower ame/acoustic perturbatisnthan the 18 burner case
(Fig. 7.18 bottom).

Finally, the growth rate of the ve distinct cases of interestare displayed on the
stability map of Fig. 7.19 ( : REF case,4 : CH4-HL-18, +: CH4-ADIA-12, : CH4-
HL-12 and ?. C2H4-ADIA-18): thermal and fuel e ects have a signi cant impat on
the overall stability compared to uncertainties due to LES @h-models (hatched zone in
Fig. 7.19). Results demonstrate the LES capability to predicFTF accurately and to
provide useful results when FTFs are injected in Helmholtz code based on the FTFs
of Fig. 7.17, the Helmholtz solver predicts correctly that almst all methane cases are
stable and adding heat-losses stabilizes (in these casd® ainnular rig. Using ethylene
leads to a positive growth corresponding also to an unstabten guration. These results
are consistent with experimental observations where metha leads only to longitudinal
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instabilities while ethylene produces azimuthal instahties (Worth & Dawson, 2013).

7.9 Conclusion

This chapter describes a sensitivity analysis of the staliyf of a full annular academic
con guration installed in Cambridge. It is based on forced @mpressible LES of a single
(or double) sector computing FTFs which quantify the interadion between acoustics and
the turbulent swirled ames. First, e ects of di erent azimuthal con nements (corre-
sponding to the annular chamber equipped with 12 or 18 burr®; thermal boundary
conditions (adiabatic or with heat losses) or fuels (methanor ethylene) have been in-
vestigated and compared to uncertainties on the FTF introdusd by LES sub models.
Phase-averaged heat release elds and FTF computations shtwat con nement, ther-
mal and fuel e ects are essential and a ect the ame shape aselN as their dynamics.
The local Rayleigh criterion is obtained via a Dynamic Mode Bcomposition highlight-
ing which phenomenon is driving the instability: ame- ame (or ame merging) is not
the key feature leading to instabilities, but ame-wall interaction does modify the FTF
signi cantly. Then global FTFs computed by LES are used as inpgs for an acoustic
solver to evaluate the e ect of FTF uncertainties on the stabity of azimuthal modes in
the 360 con guration. Results show that modeling issues inherenbtLES models lead
to marginal uncertainties on FTF while azimuthal con nement thermal conditions and
fuel type strongly a ect the ame response to acoustics andontrol the stability of the
azimuthal mode. In particular, Helmholtz computations shovthat the annular con gu-
ration performed with methane should be stable while ethyte should lead to unstable
modes as observed in the real experiment. Thus, an operatipgint (ethylene, N = 18,
adiabatic) is chosen to be computed on the full 36@on guration to obtain a self-excited
azimuthal mode as discussed in the next chapter.
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This chapter focuses on the LES of the fuB60 con guration of the experiment

of Worth & Dawson (2013). An operating point (ethylene, N=18 burners, adi-
abatic) is chosen according to the sensitivity analysis in Chapter 7. Here, a self-
excited mode appears and is compared to experimental results provided by Cam-
bridge. Experimental and numerical data have been post-processed during this PhD
with the same post-processing methods to ensure a proper comparison. Results
show that LES is able to capture a self-excited azimuthal model&00Hz as in

the experiment. However, due to the long establishment of the mode and the ex-
treme cost of360 LES, only the growth phase is computed while the experiment is
able to characterize the limit cycle reached after thousands periods. The numerical
study of the establishment of the self-excited mode reveals that it is accompanied,
as in the experiment, by longitudinal modes which are due to the start-up proce-
dure and then decrease in time, while the self-excited azimuthal mode is emerging.

8.1 Introduction

Improvement of numerical techniques and the access to powgrsupercomputer have
allowed the rst LES of a thermoacoustic mode of a full 360industrial combustion
chamber in 2010 \\olf et al., 201Q. However, a comparison between 368imulation and
experiment as well as the study of how such a mode appears anmdvgs until its limit
cycle is still missing and is the topic of this chapter. While 8apter 7 focused on forced-
modes using single or double sector LES with non-re ectingoondary conditions, this
chapter targets the full annular rig with realistic inlet/outlet impedances. The annular
con guration equipped with N = 18 burners, an annular chamber and a large atmosphere
exhaust zone is computed by LES in Section 8.3. First, the exjraental 360 mean ame
shape measurement is compared to integrated heat-releasetyres showing a very good
agreement. In particular, ame merging already observed i€hapter 7 whenN = 18
burners are distributed in the chamber leads to speci c paéirns on the 360 mean ame
shape in both experiment and numerical results. A self-exed azimuthal mode appears
in the LES at 1800Hz as in the experiment but accompanied with a 5081z mode due
to the start-up procedure. For a better comparison, both exgrimental and numerical
data are analyzed with the same post-processing tool and shgood agreement. The
construction of the experimental spectrogram allows the atysis of the time-evolution
of the longitudinal and azimuthal modes. Then the mode straore is characterized
in Section 8.4.1 using both FFT (Fast-Fourier Transform) and ™MD (Dynamic Mode
Decomposition), the two di erent tools showing that the conputed self-excited mode
is globally standing. Section 8.4.2 presents a method caldAWA (Joint probability
distribution for Azimuthal Waves Analysis) to study time-evdution and probability of
azimuthal mode structures in LES. This tool shows that the amuthal mode in the LES is
highly perturbed although mainly standing during the growh phase. Experimental data
are investigated using the same methodology showing thatdlazimuthal mode is mainly
standing during the start-up phase before switching to a cl&wise spinning mode in the
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limit cycle. This analysis shows a good agreement betweennmerical and experimental
data for the start-up phase. It proves that LES is a promisingool to investigate the
growth, nature and dynamics of azimuthal modes, a necessastep to understand how
they arise and how to control them.

8.2 Numerical setup

In this chapter, the full 360 con guration of the Cambridge experiment detailed in
Chapter 7 is investigated. The computational domain incluesN = 18 burners with an

axial swirler composed of six blades mounted on a blu -bodyF{g. 8.1). Combustion

takes place in the annular chamber with di erent wall lengtls as in the experiment and a
large atmosphere is added to impose properly the outlet imgance of the combustor. The
mesh is fully unstructured and contain 110 millions cells,ocresponding to a duplication
of the "coarse" mesh used in the previous chapter which wasgved to accurately predict
FTFs. This results in typical thickening factors of 3 to 5 in the ame zone to guarantee
5 10 points in the ame. Cells lengths are typically 156n near swirler walls and
150m  300m in the swirler passages.

Figure 8.1: 360 LES con guration with the plenum exit, the N = 18 burners and the annular
chamber with di erent wall lengths (left). The annular rig is disp layed in the large atmosphere exhaust
zone (right).

AVBP (Chapter 6) is used here to solve the Itered multi-spe@s 3D Navier-Stokes
equations with realistic thermochemistry on the con guraibn of Fig. 8.1. Based on the ex-
periments (Worth & Dawson, 2013) and the sensitivity analysis performed in Chapter 7,
azimuthal modes are expected to be unstable only when usintpydene. Consequently,
a perfectly premixed air-ethylene mixture at the equivalete ratio = 0:85 is injected
at the inlet (plenum/burner section). Reaction rates are mdeled with a reduced kinetic
scheme containing 2 steps and 6 species (Eq. (8.1)), whiclvé®een proved to accurately
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reproduce low frequency ame dynamicsKedia et al., 2011):

CoH,+ 202) 2C0O, + 2H,0

co+ 10,, CO; ®.1)

Transport properties (constant Prandtl and Schmidt numbes) have been validated in
Chapter 6 using Cantera and AVBP to compute DNS of 1D laminar efiene/air ames.
Numerics is based on a two-step Taylor-Galerkin nite elemeérscheme of third-order in
space and time (TTGC, Moureau et al., 2009 to accurately propagate acoustic waves.
Chapter 7 shows that, for this con guration, turbulent and @mbustion models yield mi-
nor uncertainties on the ame-acoustics interaction. Forhis study, the Wale (Nicoud &
Ducros 1999 model has been used and turbulent- ame interactions are ddessed using
the dynamic Thickened Flame (TF) approach with the e ciency function described by
Charlette et al. (Charlette et al., 2009. Boundary conditions use the NSCBC approach
(Poinsotet al., 1992. As in the previous section, the plenum cavity has been remed by
an equivalent re ection coe cient measured experimentalf (R ' 0:1 corresponding al-
most to a non-re ecting condition) and adjusted using the rax coe cient of the NSCBC
boundary condition (Selleet al., 2004). Adiabatic temperatures (T,g 223X ) and lam-
inar ame speeds §0  0:56ms 1) have been compared to the UCSD full schem&CSD,
2013 and show a good agreement. Thermal e ects have been negéet{Chapter 7) and
walls are treated as non-slip and adiabatic.

8.3 Growth of a self-excited azimuthal mode

8.3.1 Validation of the mean ame shape

Chapter 7 has proved that single sector LES was able to repnack experimental behavior
such as the ame length, the e ect of fuel on the stability of aimuthal modes as well as
ame merging between neighboring burners. Before analygjracoustic modes present in
the LES, an additional validation of the 360 computation is provided in Fig. 8.2. The
ame merging mechanisms observed experimentally betweerighboring burners yields
a speci ¢ pattern on the experimental integratedOH measurements, where the rotating
symmetry of the ame is broken which enhances combustion lveten burners (Fig. 8.2,
left). The full 360 LES simulation has been post-processed by integrating theeam
heat-release in the axial direction (Fig. 8.2, right) and shwes a similar pattern. This
proves that qualitative experimental results are well regrduced by the full 360 LES even
though detailed velocity or species measurements wouldaily be required to pursue this
comparison.

8.3.2 A self-excited azimuthal mode at 1800Hz

Self-excited pressure oscillations appear in the annulaorabustor in both LES and ex-
periment (Worth & Dawson, 2013,a) and can be compared. This chapter focuses on
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Figure 8.2: Comparison of the integrated meanOH in the experiment (left) and heat-release in the
LES (right). Typical patterns due to the ame merging are observed both in experiment and simulation.

the start-up phase in which the azimuthal mode is growing. Net however that the
experiment and LES are ignited di erently:

Experiment:  First, the cold reactant ow rate is set to 18m=s at the blu body
exit with =0 :60 and then is ignited giving a stable ames. The equivalencatio

Is then switched to = 0 :85 to obtain an unstable azimuthal mode.

LES: A reacting stabilized single-sector simulation (with nomre ecting boundary
conditions) is duplicated to obtain a 360 con guration and initial solution. Then a
large atmosphere is brutally added to the con guration to inpose a pressure node
at the chamber outlet and trigger instabilities.

First, the experimental time-series and spectra of the uctating pressure (in the
chamber) are displayed in Fig. 8.3 for three dierent signal grations t = 800 ms
(top), 100 ms (middle) and 10 ms (bottom). The long signal (top) shows that a pure
azimuthal limit cycle at 1800Hz is established after hundred milliseconds. Zooming on
the same pressure signal (middle and bottom images) reve#iat the azimuthal growth
phase is accompanied by longitudinal modes at 56{z, 1000Hz and 1500Hz which are
decreasing in time. They are probably due to the experimeritégnition procedure. It
also suggests that LES, limited to short signals because tf cost, cannot easily predict
the limit cycle of this con guration occurring after hundreds milliseconds. However LES
can be used to investigate the growth phase which is the maiogic of this chapter. A
new methodology called AMT will be presented in Chapter 9 to atly limit cycles using
360 LES.

Experimental time-series and spectra are compared to LESaglictions in Fig. 8.4.
Experimental data provided byWorth & Dawson (2013) are sampled at 3GkHz giving
262 144 samples over a duration of 30 On the other hand LES provides short pres-
sure signals (2Bs long) sampled at 40kHz and requiring a bandpass lItering around
1800Hz. Consequently for a proper comparison between experimemdLES, the same
Itering is applied on the experimental data provided in Fig.8.3 with the same signal du-
ration ( t =25 msleadingto f =40 Hz). The resulting ltered pressure signals and
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Experiment (! t=800ms; ! f =1.25Hz)

Pressure (Pa
Normalized FFT (-)

Time (s) Frequency (Hz
Experiment (! t=100ms; ! f =10 Hz)

Pressure (Pa
Normalized FFT (-

Time (s) Frequency (Hz
Experiment (! t=10ms; ! f =100 Hz)

Pressure (Pa
Normalized FFT (-)

Time (s) Frequency (Hz

Figure 8.3: Time-series (left) and FFT (right) of experimental measurements provided by Worth &
Dawson (2013) from the start-up (t = tg) to t = to+ t where t =800 ms (top), 100 ms (middle)
and 10 ms (bottom) with the associated frequency resolution f .

spectra are shown in Fig. 8.4 showing that both experiment ancES are unstable. As
observed previously, the unstable mode &t= 1800 Hz in the experiment is accompanied
by a strong mode at 50(Hz and a weaker harmonic at 36061z. In the LES the mode at
f = 1800 Hz is weaker compared to the other modes although its amplituda plateau
at about 200P a) is larger than the experimental one (100Paatt =ty +25 ms). A
similar plateau at 200P a is observed in the experiment (Fig. 8.3, top and middle) but
latter after the ignition procedure (fromt = to + 40 ms to t = to + 90 ms). This delay
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8.3 Growth of a self-excited azimuthal mode 191

can be due to the di erence between the LES and experiment staip procedures or by
too low numerical acoustic dissipations (no volume viscbgino heat losses, etc.).

Experiment (! t=25ms; ! f =40 Hz)

J <— 1800Hz

N
<’_)Q

‘beQ\z:\/
¢

Pressure (Pa
Normalized FFT (-)

Time () Frequency (Hz

LES (! t=25ms; ! f =40 Hz)

<—500Hz

Pressure (Pa
Normalized FFT (-)

Time (S) Frequency (Hz

Figure 8.4: Filtered time-series around 1800Hz (left) and FFT before the Itering (right) of pressure
in the chamber from experimental measurements (top) and LES (bottom)

A summary of the time-evolution of the acoustic modes idenéid in Figs. 8.3 and 8.4
is given by the experimental spectrogram of Fig. 8.5 obtainagsing multiple FFTs with
a resolution f =29 Hz and t =8 ms. It shows the evolution of the three main
modes observed in Fig. 8.3: the longitudinal mode at 500z and the azimuthal mode
at 1800Hz and 3600Hz. Dotted lines correspond to the LES and experiment start-
up, the end of the transient phase (TP) and the end of the expienent respectively.
The end of the LES is displayed by the dashed line, onlyt = 25 ms after the start-
up showing that short LES cannot investigate the limit cyclein this case. It is also
interesting to note that the 500Hz and the 1800Hz modes rst appear, as in the LES
(Fig. 8.4, bottom). The linear frequency drift observed on th azimuthal mode is due
to the temperature increase induced by the combustion igmin. The longitudinal mode
at 500Hz is progressively phased-out while the azimuthal mode is grimg. The second
order azimuthal mode at 360(Hz appears one second after the start-up either because
(1) it requires a high temperature to exist or (2) because itsinon-linearly triggered by
the rst order azimuthal mode at 1800Hz or (3) because the combustion chamber is not
a pure harmonic oscillator and therefore the 3608z component is a non-linear harmonic
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of the rst azimuthal mode.
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Figure 8.5: Experimental spectrogram obtained from multiple FFTs with a resolution f =29 Hz
and t =8 ms. It shows the evolution of the three main modes observed in Fig. 8.3: ta longitudinal
mode at 500Hz and the azimuthal mode at 1800Hz and 3600Hz. Dotted lines correspond to the LES
and experiment start-up, the end of the transient phase (TP) and theend of the experiment. The end
of the LES is shown by the dashed line, only t =25 ms after the start-up.

Finally, Fig. 8.6 shows several cuts of the instantaneous LE$gssure eld in the cham-
ber at t =20 ms after the start-up as well as iso-surface of heat release lighting the
ame merging between neighboring sectors. It shows the irgitenous azimuthal struc-
ture of the acoustic mode observed at 1809z and demonstrates that for the rst time
LES is able to capture azimuthal thermo-acoustic modes in amcademic con guration
with an open atmosphere, a complex boundary condition whiaequires the computa-
tion of a large atmosphere (Fig. 8.1, right). This 25ms-longES has cost 1500 000 CPu
hours on the GENCI supercomputer Turing with 8196 processors. Computing the full
initialization phase (1s) would cost 60 millions CPu hours. Even though this is feadd
today on Prace or Incite machine, an alternative solution testudy limit cycles will be
proposed in Chapter 9.

192



8.4 Structure of the thermo-acoustic modes during the initial pase 193

Pressure (Pa
10355( 10395(
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Figure 8.6: a) Transverse cut of the full 360 con guration highlighting the azimuthal pressure and
iso-surfaces of heat release showing the ame merging between neighing burners. b) Transverse and
cylinder cuts showing the azimuthal and longitudinal components of the acoustic mode atf = 1800 Hz.

8.4 Structure of the thermo-acoustic modes during
the initial phase

8.4.1 Fluctuating pressure elds analysis

To investigate the inner structure and frequency associateéo the azimuthal pressure uc-
tuations observed numerically and experimentally, postrpcessing tools are performed
using Fast Fourier Transform (Fig 8.7, right) on each node ohie computational domain
and Dynamic Mode Decomposition (Fig 8.7, left) recently propsed by Schmid (2010.
These tools provide the modulukpk and the phase argf) of all modes which are then
reconstructed:

p°= kpk cos(arg) (8.2)

Here, the phase is constant (arg)®= 0 or , not shown here) which reveals that the
mode is standing. As expected, the FFT su ers from a low frequepcesolution ( f =
it = 100 Hz) because of the limited computational time available: only t = 10 ms of
simulation has been used here to concentrate on the plateau a200P a. On the other
hand DMD provides an accurate estimation of the frequendy = 1800 Hz as observed
in the experiment (Fig. 8.3). Therefore, DMD has been also ajipd to the other modes
present in LES as shown in the pressure signal analysis of Rig4: a longitudinal mode
at 500Hz and the second azimuthal mode combined with a half-wave lohgilinal mode
at 3600Hz.
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Figure 8.7: Comparison between the azimuthal mode obtained by the Dynamic Mode Deomposition
(DMD, left) and Fast Fourier Transform (FFT, right) of the pressure eld. the FFT su ers from a low
frequency resolution due to the limited time of the LES.
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Figure 8.8: The two modes obtained by the Dynamics Mode Decomposition of the presure eld in
the full annular LES: the longitudinal 500 Hz mode and the second azimuthal mode combined with a
half-wave longitudinal mode at 3600Hz.
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8.4.2 Mode structure and dynamics

The previous section has shown mode structures obtained by FF6F DMD highlighting
the global characteristics of the acoustic modes observadthe pressure signal analysis.
An additional result of the FTF and DMD tools are the pressure pase which reveals the
mode nature: here, the phase is constant (ang(2 0 or , not shown here) which implies
that the mode is standing. However, such diagnosis is not aktie provide information
on the mode dynamics and the evolution of its nature (stand@ spinning or mixed)
with time. Consequently, a ve-step methodology is proposkhere, called JAWA (Joint
probability distribution for Azimuthal Waves Analysis), to analyze simultaneously both
the dynamics and the structure evolution of the azimuthal mdes:

Step 1: The uctuating pressure (p% and azimuthal velocity (u°) are extracted
from LES results at 4 dierent locations (Fig. 8.9). These uduations are then
Itered around 1800Hz to retain only the rst azimuthal mode of the con guration.
Step 2: The two propagating waves are constructedg (t) = p{t)  ocou®(t) =
A cos(t).

Step 3: The envelopes of these two waves are obtained using the Hillteansform?
which gives their respective amplitude called\® and A (with a low frequency
Itering to remove spurious oscillations).

Step 4: The ratio of these amplitude wavesA™=A , or more conveniently the
index (t) = ’/:Lﬁ proposed by EM2C group Bourgouin, 2014 is computed.
Step 5: Probability density function of (t) can be computed. Moreover, a 3D
shape of the Joint Probability Distribution (A*;A ) can be also extracted high-
lighting the evolution of both the growth and the nature of the acoustic mode. The
joint probability distribution (JPD) is computed using a KDE technique (Kernel
Density Estimation, detailed in Appendix G) to obtain highly resolved maps from
short LES signal$ of the mode structure in the plane A*; A ).

The JAWA methodology is applied on the four probe$; to P, displayed in Fig. 8.9
(left) and provides the PDF of the spin ratio (Bourgouin, 2014 (Fig. 8.9, right).
Results show that, as obtained using the FFT and DMD tools, the ode is mainly
standing (the mean spin ratio being 5 = 0:03) during the growth phase computed by
LES. An Additional information is however provided comparedd the previous tools. In
particular, even if the mean state is standing, results shothat the acoustic mode is
not purely standing but mixed k k' 0:5 with , = 0:20). However, no pure spinning
azimuthal modes k k' 1) are observed.

The PDF of the spin ratio generated by the JAWA methodology is aseful information
to analyze the azimuthal mode nature since it provides not &nthe mean state but
its complete distribution (Fig. 8.9, right). In the LES, the azimuthal mode is mainly
standing (the mean value of the spin ratio is ) but with high perturbations (the standard

LConsider a signals(t) varying in time. The Hilbert transform of s is H(s) = ti ? g(t), where ?
designates the convolution product. The signal envelop is then de nd asEs(t) = = s(t)2 + H(s)(t)2.

2Unlike classical histograms, KDE provides a resolution which is indpendent of the number of sam-
ples. When the number of samples is limited, as in data extracted fsm short LES, this technique makes
high resolved PDF or JPD possible. More detailed about KDE are given in Apgndix G.
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Figure 8.9: The four probes locations where acoustic pressure and velocity are eacted (left) and
PDF estimation of the spin ratio  (Bourgouin, 2014 produced by JAWA. It shows that the azimuthal
mode is mainly standing (mean value = 0:03) but with high perturbations (start deviation =0:20)
and that no pure spinning modes occur during the growth phase compied by LES.

deviationis = 0:20) as shown in Fig. 8.10 (right). The dynamic evolution of thenode
structure with time is provided in Fig. 8.10 (left), the quesion to be answered being: how
does the mode structure evolve during the transient phase ?h@& results show that the
standing mode predicted by FFT and DMD tools is not steady but vaes dynamically
in time (Fig. 8.10, left). An additional information is obtained from the joint probability
distribution (A*; A ). Indeed, the amplitude of the two wavesA* and A are retained,
while in the spin ratio only their respective strength is mesured. Figure 8.10 (right)
shows iso-contours of the Joint Probability Distribution conputed by JAWA. This result
indicates that the azimuthal mode is mainly standing durindts growth phase but is also
highly perturbed, from a standing to a mixed mode. No pure spiing modes occur in
this case but the mode structure is slightly growing on the ctkwise side (also observed
in Fig. 8.9), suggesting that rotating modes might appear intte limit cycle as mentioned
by Noiray et al. (201]) or can be due to a swirler e ect (Worth & Dawson, 2013).

The experimental data given in Fig. 8.3 are post-processeding the same JAWA
methodology (the wave amplitudes are however extracted byrautine provided by Worth
& Dawson (2013)) to validate LES observations. Figure 8.11 shows the wave gfitudes
A" (blue, ), A (red, +)and A" + A (black, ) (left), the Joint Probability Function
[A";A ] (middle) and the Probability Density Function of the normdized wave ratio

= H (right). These results are compared with numerical data dmayed in Figs. 8.9
and 8.10.

Usually, experimentalists have access to long signals andctds on the limit cycle,
disregarding the growth phase. This kind of treatment is diayed in 8.11 (top) for
experimental data from the start-up ¢ = tp) to t = to+ t where t =800 ms, showing
both the start-up phase and the limit cycle. Note that data aramissing in the transient
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Figure 8.10: Time-evolution of (t) (left) and isco-contours (right) of the joint probability distribut ion
of (A*; A ) obtained by the JAWA methodology. Results show that the azimuthal mode, mainly standing
during the growth phase, is also highly perturbed changing from stanthg to mixed. However, no pure
spinning modes are found in this case.

phase (denoted NL-phase in Fig. 8.11) because of di culties ithe wave amplitudes
extraction, probably due to the high non-linearities contolling this phase. The Joint
Probability Function and Probability Density Function shows that the azimuthal mode
nature uctuates from a standing mode to a clockwise spinngimode, as already observed
by Worth & Dawson (2013,a) for this con guration. The mode nature during the linear
growth phase is also displayed and is further studied in Fig.BL (middle, =100 ms):
this phase is mainly controlled by dynamic e ects with largeerturbations on the mode
nature. Zooming on the start-up phase (the rst t =20 ms), which corresponds to the
LES computation, reveals that, as in the LES, the mode is indlly standing (main peak
around =0:03in LES and = 0:03 in the experiment) with a second small peak
corresponding to an anti-clockwise spinning mode (peak amed = 0:3 in the LES
and 0:2 in the experiment) also appears. Compared to LES, the modeatare is less
perturbed in the experiment with a standard deviation ( ) = 0:06 in the experimental
start-up phase and ( ) = 0:20 in the LES, a point not fully understood yet. This
behavior has been encountered in all the 10 independent expeental results provided
by Worth & Dawson (2013): the mode is always standing during the start-up phase
and then becomes mostly spinning in the clockwise directiomhese results shows that
the growth, nature and dynamics of the azimuthal mode is glatlly well captured by
LES. It proves that Large Eddy Simulation is a promising tooto investigate the growth
of azimuthal modes, a necessary step to understand how thesedes arise and how to
control them.

8.5 Conclusion

This Chapter describes an LES of the full annular con guratin of Cambridge. An oper-
ating point (ethylene, N = 18 burners, adiabatic) is chosen according to the sensitiy
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198 Chapter 8 : LES of self-excited azimuthal modes in a fuB60 con guration

Figure 8.11: Mode structure analysis of experimental data provided by Worth & Dawson (2013) for
three di erent signal durations corresponding to Fig. 8.3: from the start-up (t = tg) to t = to+ t where

t =800 ms (top), 100 ms (middle) and 20 ms (bottom). The Jawa methodology is applied to obtained
the waves amplitudesA* (blue, ), A (red, +) and A* + A (black, ) (left), the Joint Probability
Function (middle) and the PDF of the normalized waves ratio (right).

analysis performed on previous forced-LES. First, mean azithal ame patterns ob-

tained by integrating the LES heat release are compared to @@ OH measurements
and show a good agreement. Then, the self-excited mode whagbpears in the LES is
compared to experimental results provided by Cambridge. Perimental and numerical
data have been post-processed with the same treatment to arns a proper comparison.
Results show that LES is able to capture a self-excited mode E800Hz as in the exper-
iment. However, due to the long establishment of the mode anti¢ extreme cost of 360
LES, only the growth phase is computed while the experimens iable to fully capture
the limit cycle. The study of the establishment of the selfs>ecited mode reveals that it
is accompanied, in both LES and experiment, by longitudinainodes which are due to
the start-up procedure. Moreover, the azimuthal mode stragre, which is predicted as
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standing by classical tool (FFT, DMD), is in fact complex and hyhly perturbed. these
numerical results are compared to experimental data postgressed with the same tool
showing a good agreement for the start-up phase. Neverthagthe complexity of the ac-
tual con guration and the limited data available by classicLES because of its cost make
the study of symmetry breaking in such a complex con guratio di cult. Consequently,

a new methodology called AMT is proposed in the next chapter tmvestigated limit
cycles and mode structure using LES at low cost.
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The previous chapter has revealed that LES studies of thermo-acoustic modes in tur-
bulent annular con gurations are a complex task mainly because of the numerical
short signals which can be obtained on present machines. Moreover, the limitations
of linear methods to study instabilities in combustion systems are a usual controver-
sial question: this chapter presents a method to verify the quality of linear predictions
and theories for combustion instabilities presented in Part | of this thesis by using
them as initial solutions of a LES or DNS solver. This approach (called AMT for
Acoustic Mode Triggering) uses the results of a Helmholtz solver (at zero Mach num-
ber) or of theory (at zero or non-zero Mach number) as an initial condition of a LES
to focus on this single mode growth. Such an approach provides the numerical esti-
mation of the damping/growth rate of the injected mode and its limit cycle as well. In
this chapter, the methodology is validated on longitudinal laminar con gurations with
various mean ows. An additional test case is presented where turbulence is injected
to study its impact on the acoustic mode which is still an open topic today and is
assumed to play a role in mode switching in certain theoriedlgiray et al., 2011).
Results show that AMT is able to reproduce non-linear behaviors such as acoustics at
non-null Mach numbers. When turbulence is injected, non-linear interactions between
the acoustic mode and the turbulence are observed leading to harmonics generation,
which may explain why azimuthal modes may change nature in turbulent ames.

9.1 Introduction

The usual approaches to study combustion instabilities arel) Large Eddy Simulations
(High delity simulations, Fig. 9.1, right), (2) Helmholtz simulations assuming a zero
Mach number ow (Pankiewitz & Sattelmayer, 2003 Nicoud et al., 2007 Evesque &
Politke, 2002 (acoustic tools, Fig. 9.1, middle) and (3) theory on idealed con gura-
tions where only key phenomena are retained (Fig. 9.1, leftpll these approaches have
limitations:
LES remains a very expensive approach as shown in Chapter 8odover it usually
features all modes appearing in a combustor and does not alldo isolate them
unless speci ¢ treatments and advanced post-processingeantroduced.
Helmholtz solvers are much more e cient in terms of CPU time bu since they
assume a zero Mach number ow, they obviously miss convedie ects. For most
combustion chambers where the Mach number is small, conwset mechanisms do
not modify frequencies signi cantly but they do a ect growth rates (Nicoud &
Wieczorek 2009 Dowling, 1995. Since growth rates control stability and are the
most important output of such studies, the zero-Mach numbenypothesis remains
a major drawback and limitation.
The ame response modeling used in Helmholtz solvers is udyahpproximate:
Flame Transfer Function (FTF) approaches Poinsot & Veynante, 2011, Paschereit
et al., 2002 Polifke et al., 200Db) are the most common method and rely on multiple
assumptions (linearity, ame response controlled only byhte axial acoustic velocity
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Figure 9.1: Tools developed to study acoustic and combustion instabilities: thery, low-order models,
Helmholtz simulations and Large Eddy Simulations. A tool is missing between acoustic tools and high
delity simulations.

uctuations etc.).

Theory allows to identify key phenomena involved in combusin instabilities but
non-linear and mean ow e ects as well as damping are still diult to study
analytically.

Usually LES and Helmholtz solvers are used separately althduthey already comple-
ment each other. LES information is indeed useful for the Helmoltz solver: for example,
the Helmholtz solver requires a sound speed eld and a model take into account the
unsteady combustion which can be obtained from a forced LE&4ufmann et al., 2002
Tay Wo Chong et al., 201Q Kedia et al., 2011 Duchaine & Poinsot 201]). The main
idea of the AMT (Acoustic Mode Triggering) methodology is to fed information in the
other direction: from the Helmholtz solver to the LES code. Tis is done by using the
Helmholtz eigenmodes to construct an initial solution fed tohe LES solver. This is an
approach which is similar to injecting Orr-Sommerfeld liner modes Qrr, 1907,b) into
CFD solvers to initialize these modes in a time-domain simuian and study hydrody-
namic instabilities. The AMT approach has multiple advantags:

The rst advantage of AMT is its ability to use a single mode obained by lin-

ear analysis (e.g. with a Helmholtz solver) and see in the LESWw this mode
grows and reaches a limit cycle (or not). This is a classicabmtroversial issue in
thermoacoustics where the usefulness of linear analysioften questioned.

AMT allows to relax the zero-Mach number assumption used in th Helmholtz
solver: once a mode is identi ed in the Helmholtz solver, itsxact growth rate

can be determined by LES rapidly, taking into account all corective e ects and
damping phenomena.

AMT provides an initial eld which contains a single and well denti ed theoretically

unstable mode which can be then analyzed in time and space m@asily than for a
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LES initialized randomly where multiple modes can grow ancdhieract. Chapter 8
showed that the growth phase of a mode can be very long to captuwith LES:
being able to directly initiate an LES with the proper mode isan attractive path.
AMT allows to control the initial mode structure: nature and pressure level. For
annular con gurations, a spinning, standing or mixed modeamn be injected. There-
fore e ects of the mode structure on growth rate or limit cyats can be easily in-
vestigated.

The principle of AMT is described in Fig. 9.2: starting from a man LES eld (1), an
acoustic tool (Helmholtz solver assuming zero Mach number @meory accounting for
mean ow e ects) identi es the unstable frequencies and thessociated acoustic eigen-
modes (2). One of these eigenmodes is reconstructed at a gitene (3) and injected
onto a three-dimensional initial condition for the LES (4). The LES solver then locks
on this mode and predicts its time evolution accounting forlae ects (non zero Mach
number, realistic ame response and damping phenoma). An irhgit assumption here
is that the LES code will indeed adjust to the mode injected dhined using a Helmholtz
solver, even though this mode does not include all e ects th&ES captures. As shown
below, this seems to be the case in all the tests done here.

AMT is valid for any combustor but this Chapter focuses on its alidation on sim-
ple longitudinal con gurations while the next chapter emplasizes on annular combustors
and symmetry breaking e ects. These cases are studied witlo rcombustion to high-
light that non-linear ame behavior is not necessarily the oly feature controlling the
mode structures, as evidenced from experimentg/orth & Dawson, 2013,a) and recent
theories Bauerheimet al., 2014).

This chapter describes the AMT (Acoustic Mode Triggering) apgach in Section 9.2
where an acoustic mode computed by a Helmholtz solver or givby theory is imposed
as an initial condition for LES, avoiding the computation oftransient time required to
reach limit cycles and allowing the numerical estimation ofhe damping/growth rate
of the injected mode. AMT is evaluated on simple longitudinaton gurations where
multiple Mach numbers are tested. The injected mode is takefiom: 1) a Helmholtz
simulation assuming a zero-Mach number or 2) 1D theory acaating for an axial mean
ow. Results show that at low-Mach number, both the Helmholtzand analytical solutions
are properly injected into the LES domain. An additional testtase is provided by adding
turbulence to the baseline ow to investigate its impact on he acoustic mode. It shows
that a non-linear interaction between acoustics and turbeince arises and triggers several
modes. Mode structures of these generated modes are analyzging FFT and DMD and
compared to acoustic mode of the system: they correspond tarmonics of the injected
mode that the interaction between acoustics and turbulendeas triggered.

9.2 Acoustic Mode Triggering (AMT) methodology

Acoustic Mode Triggering (AMT, Fig. 9.2) methods use the outpubf an acoustic tool
(Helmholtz solver or theory) as an initial condition for the LES solver (Fig. 9.2) which
avoids computing the transient time required to reach the it cycle and also allows to
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Figure 9.2: Principle of the AMT methodology: 1) An LES is performed and used as a basalie ow
2) A 3D acoustic solver £-- ) or theory (- ) provides the acoustic mode of the con guration 3)
The acoustic mode is then added to the baseline ow into the LES domair4) The limit cycle or the
numerical estimation of the damping/growth rate of the injected mode areobtained using an LES at low
cost. AMT can also be used with DNS.

focus on a single mode. This is done as follows.

First, acoustic quantities (subscriptac) are extracted from a Helmholtz simulation

or theory. In longitudinal con gurations only one acousticcomponent (subscript 1) is

required while azimuthal modes investigated in the next clmer need to combine two
di erent solutions (subscripts 1 and 2) to recover standingspinning or mixed modes:

( Pac = 1kPikcos( pa) +  2kPzkcos( p)

| . ! (9.1)
Vac = 1kWikcos( v1) +  okWhkcos( v.)

|
where klﬁik and k(?ik are the pressure and velocity modulus while,; and ; are the
pressure and velocity phases of th& component of the acoustic mode computed by the
Helmholtz solver. Since this chapter focuses on longitudineases for validation, , can
be set to zero in the following.
The acoustic density and temperature are obtained using theentropic relation and
read:

Pac

= -2 = L kBikcos( pi1) + ——kPokcos( p2) (9.2)
" CI%ES CIZ_ES ! Pl CEES P
Tac = Pac  _ 1 Les kP1k cos( 1) + ———>kPok cos( p:2) (9.3)
Ltes Cp Cp ' Co Y
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Figure 9.3: AMT methodology: a Helmholtz solution of a longitudinal 3D pipe (top) is combined with
a 3D instantaneous LES solution (middle) as a new initial condition for the LES solver (bottom). Here
the LES solution is trivial: homogeneous ow.

where ces and gs are the sound speed and density in the LES simulation around
which acoustic linearization has been performed. Then addic quantities are added to
the LES pressure, temperature, density and conservativelgeity and specie:

8

%PAMT = Pres + Py
Tamt = Ties + Tac

AMT, = LES + ac | (9.4)
Vamt = MeEes + Les Vac

Yaur = Yigs + ==Y = MYl for speciesk =110 N,

The total energy is nally reconstructed from Eq. (9.4) and eads:
E avt = Eg"'% U2+ V2+ W2 (95)

where the conservative sensible+chemical energy s and kinetic energy u?, v?2 and
w 2 are de ned as follows:

Z TamT Ko
RT 1
To AMT |
1 1 1
u®= (UAMT)Z; vZ= (VAMT)Z; w? = (WAMT)2 (9.7)
AMT AMT AMT

where T, is a reference temperatureC, is the heat capacity at constant volume of the
mixture, W is the mean molecular weight of the mixtureR = 8:314Jmole *K 1! is the
perfect gas constant and h?, is the formation enthalp}/ of specie&. Hence, Egs. (9.4)

and (9.5) provide suitable conservative variables gyt ; Vaut ; Y Ay7 and E aut ) close
to 3D Navier-Stokes solutions to generate proper acoustic a®triggering without addi-
tional spurious perturbations.

1The conservative species are changed due to the acoustic perturbatisracting on the density.
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9.3 AMT validation on a longitudinal con guration

9.3.1 Objectives and longitudinal setup

First the AMT methodology is evaluated on a simple longitudinbcon guration described
in Fig. 9.4. This problem corresponds to a 3D pipe where zerolweity uctuation is

imposed at the inlet °= 0) and zero pressure uctuation at the outlet ({°= 0). A mean
homogeneous axial ow is added (Fig. 9.5), characterized bisiaxial Mach number M

(M =0, M =0:05 andM =0:1). Two di erent injected modes are tested:

D=0.01m

A
v

L=1m

Figure 9.4: 3D longitudinal con guration.

from AVSP: the acoustic mode is constructed from a Helmholtz simulatioper-
formed with the code AVSP, assuming a zero Mach number.

from analytical theory:  the acoustic mode is computed using a 1D theory taking
into account the axial mean ow. Taking into account the boulary conditions
u’=0at x =0 and p’=0 at x = L, the pressure and velocity uctuations read at
the initial time t = 0:

X XM
px;t =0) = Pycos TR (9.8)
e _ Po . X . XM
uix;t=0) = s sin oL sin oL (9.9

which correspond to an acoustic mode satisfying(X=0) =0 and p(x = L) =0
with a frequencyRe(f) = 22(1 M 2y 86Hz andIm(f) = 0 (see H for details
about longitudinal modes with a constant mean ow).
An additional test case is provided in Section 9.4 (Fig. 9.5 - dijpo further study
the impact of convective e ects on the injected acoustic ma in particular by adding
turbulence naturally present in LES of complex industrial gs turbines.

9.3.2 AMT results on the laminar con guration

First the AMT methodology is applied to casesM 0, M 0:05 and M 0:1 (Fig. 9.4) with
the two mode injection types: i.e. the acoustic mode is obtad by a Helmholtz solver
(AVSP) or by a 1D theory at non-null Mach number and is injectedwith an initial
amplitude of 800P a (i.e. p%py < 1% to satisfy the linear acoustic assumption). Figure 9.6
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Up=34.7mis (M =0.1)

Up=0m/s (M =0.00 Up=17.3m/s (M =0.05] Upy=34.7m/s (M =0.1) Ums = 2.0 m/s
— — >
a) MO b) M 0.0 c) M0.1 d) MO.1Turb
f =86.5Hz f =86.28Hz f =85.63Hz f =85.63Hz
Figure 9.5: Longitudinal test cases: a) no mean ow, b) and ¢) mean ow with M =0:05andM =0:1

and d) mean ow M = 0:1 with turbulent injection ( Uymns =2 m=s). The theoretical frequency of each
case is also indicated (expressions are given in Tab. H.1).

displays Fourier transforms of the pressure signal at the mier point of the pipe (X =
0:5 m). For low Mach numbers tested in this work M = 0 and M = 0:05), the two
injection types create initial modes which are close to theue solution: the LES exhibits
only one mode. However for higher Mach number$/( = 0:1), the solution at zero Mach
number provided by AVSP is too far from the true solution and smll spurious modes
appear as shown in the spectrum (Fig. 9.6, right). For simpleases, this drawback can be
avoided by injecting an acoustic mode closer to the Mach-depdent solution, for instance
a 1D theory at non-zero Mach number (Egs. (9.8) and (9.9)). Ithis case, the acoustic
mode is correctly injected with no spurious mode (Fig. 9.6-- ).

a) case M(

b) case MO0.0!

c) case MO..
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Figure 9.6: FFT of the pressure signal at the locationx = 0:5 m for the three cases withM = 0 (left),
M =0:1 (middle) and M = 0:2 (right). Two di erent modes have been injected: — : AVSP (solution
at zero Mach number) and--- : 1D theory taking into account the axial mean ow (Egs. 9.8) and 9.9).

To further validate AMT results, frequencies and growth rate associated to each
case are extracted. Dynamic Mode Decompositiors¢hmid 2010 is used here since
FFT suers from a low frequency resolution (here f = 10 Hz for the 100 ms-long
pressure signals) compared to the subtle Mach e ects on friggncy (1Hz at M = 0:1).
Analytical expressions for frequency and growth rate at nonull Mach number are pro-
vided in Appendix H (Tab. H.1): the growth rate is null for all Mach numbers and the
frequency depends on the square of the Mach number. Table Summarizes the compar-
ison between the analytical and AMT frequencies and growth tas with the two di erent
initialization: an acoustic mode computed by AVSP (null-Mah number assumption) or
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by theory.

Frequencies
M =0 M =0:05 M =0:1
Theory 865 Hz 8628 Hz 8563 Hz
AMT-Theory 86:46Hz 86:33Hz 8565Hz
AMT-AVSP 86:46 Hz 86:25Hz 8565Hz

Growth rates
M =0 M =0:05 M =0:1
Theory 0s ! 0s!t 0st
AMT-Theory 8:10?s ! 6103s?! 9103st
AMT-AVSP 6:102s? 2102s ! 510°s !

Table 9.1: Comparison of frequencies (top) and growth rates (bottom) obtained by th@ry (Appendix H)
and AMT initialized by theory or AVSP, showing an absolute error of 10 2 on both frequencies and
growth rates.

These three test cases prove the AMT capability to impose an @gstic mode as an
initial condition for the LES solver. On simple longitudind laminar con gurations, AMT
provides estimation of frequencies and growth rates with aabsolute error of the order
of 10 2 Hz. Thus, solutions provided by zero Mach-number codes like Haoltz solvers
are properly injected for low mean ows, i.e. M < 0:1, which corresponds to many
applications encountered in modern gas turbines.

9.4 AMT validation on a turbulent con guration

In addition to the laminar cases investigated previously wére an acoustic mode was added
to a laminar ow (Fig. 9.5), a spatially decaying turbulent test case is studied in this
section. Turbulence is naturally present in LES of complexdustrial annular chambers.
Up to now, sound propagation in a turbulent pipe was investigad either by forcing
an acoustic wave at the inlet or by pulsating the solid bounda&s (Comte et al., 2006
Agarwal & Bull, 1989. AMT allows a third method which is to superimpose an acousti
cavity mode (here the rst longitudinal mode at 865 Hz) on the baseline turbulent
ow to investigate two reciprocal e ects: (1) Turbulence ca interact with the acoustic
mode and trigger higher harmonics and (2) Acoustic can a echi turbulence production
and consequently impact the energy turbulence spectrum. IFthis case (Fig. 9.7), the
acoustic boundary conditions for the channel correspond t° = 0 at the inlet and
(imposed velocity) andp®= 0 at the outlet (imposed pressure).

In this chapter, a ne mesh is used containing 5 million cells (compared to 362000
for the laminar case) which corresponds to a cell sizex =1 mm and ensure X.
Turbulence is injected at the duct inlet to study its interadion with the acoustic mode:
a Passot-Pouquet spectrumRassot & Pouquet 1987 is injected via the inlet boundary
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I"#$968,
I"#$% (Y61 $Y%%¢
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) *%-./04%

Turbulent pipe + acoustic mode

Figure 9.7: 3D Turbulent pipe with an acoustic mode injected by AMT. Boundary conditions are
imposing a velocity node at the inlet (U°= 0) and a pressure node p°= 0) at the outlet.

condition using the Kraichnan-Celik methodology $mirnov et al., 200]) and the NSCBC
approach Guezennec & Poinsqt2009:
Ug k 4 k )2

E(k) =162 = e 2

. K (9.10)

whereE is the energy spectrumk is the wavenumberk, =2 = . is the most energetic
wavenumber. The most energetic wavelength is; = D=3 0:03m and U, = Ups
2:0 m=sis the turbulent velocity. For the Kraichnan-Celik methoddogy, N = 1000 modes
are used and a cut-o length corresponding to twice the size the largest cell edge on
the inlet patch (L. = 2max( x)) is imposed to enforce the Shannon theorem.
Two-points correlation functions (longitudinalf (r) and transverseg(r) wherer is the
distance between two points) are extracted from the simul@n? before AMT (i.e. no
acoustic mode) and compared to the theoryf {,(r) and g (r)) to check the turbulence
injection:

fn(r) = e §0er”

2
On(r)= 1 % e alken)’ (9.11)

Figure 9.8 shows that correlations functions in the LESH— ) are close to theory
(--- ). The oscillations for larger length scale are due to statisal convergence. The
ratio of the longitudinal and transverse Taylor FS‘n_icro-scas t= g 1:409 is in good
agreement with the theoretical value = ¢ = 2  1:414. Turbulence in the case
MO.1Turb is visualized in Fig. 9.9 using the Q-criterion (ble: negative and red: positive):
it illustrates the injected vortices decaying in the longiidinal direction.

After to = 100 ms of simulation, an acoustic quarter-wave mode at 8Hz is injected
using AMT in the turbulent ow. Figure 9.10 shows the Fourier transform of the pressure
signal at x = 0:5 m of the caseM 01T urb compared to the laminar case (cas®l 0:1,
Fig. 9.5). Compared to the laminar case, two eigenmodes at 4Bz and 770Hz are
triggered due to the interaction between acoustics and tudbent ow. Time-evolution
of pressure (Fig. 9.10, right) reveals the initial acoustic ode ¢ tp) is only weakly

2Correlation functions are extracted using a probe at a locationx which gives temporal velocity

variations 09t). Therefore, these correlation functions rely on the Taylor assumpibn: @@t uo@@r
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Figure 9.8: Longitudinal (left) and transverse (middle) correlations functions extracted from LES
without AMT (i.e. no acoustic mode) at x = Om (inlet) and comparison with the Passot-Pouquet
spectrum (Eq. 9.11,--- ). The intersection of the osculator parabola { ) with the abscissa gives an

estimation of the Taylor micro-scale  and ¢ ( ). Correlation function at several longitudinal locations
are also displayed (right).
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Figure 9.9: Longitudinal cut and zoom on turbulence displayed by Q-criterion in the case M0.1Turb
with no acoustic mode.

a ected by turbulence. However, after a few millisecondst (  tp), other modes with
higher frequencies appear in the pressure signal which segig that turbulent motion
can trigger acoustic modes.

The triggered eigenmodes observed in the Fourier transforai pressure for the case
M 0:1T urb are post-processed (Fig. 9.12, right) using both energy spreen (Fig. 9.11)
Fast Fourier Transform (FFT) and Dynamic Mode Decomposition DMD). First, the
energy spectra based on the axial velocity uctuationg®are displayed for the case without
mode injection (left) at three di erent locations: the inlet (— , x = 0 m), just after the
inlet (--- , x =0:2m) and at the outlet (- , X =1 m). They show that turbulence
is properly injected in the computational domain at the inle Turbulent vortices are
then convected downstream. As expected, the energy level eb&d atx = 0:2 m is
similar to the energy injected at the inlet because of the Ige turbulent Reynolds number
(Re; = 15;000 based o33 ' 0:4 ¢ and uys = Uy, = 2 m=s). However, at the outlet
(x =1 m), turbulent dissipation has decreased the energy level afi@order of magnitude
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Figure 9.10: Fourier transform (left) and time-evolution (right) of the pressure signal at x = 0:5m in
the caseM 0:1T urb compared to the laminar caseM 0:1. Initially turbulence weakly a ects the acoustic
mode (1---- , just after AMT at t to = 0ms) but after a few milliseconds (2--------- fort to 50ms)
turbulence triggers higher frequency modes.

as shown in Fig. 9.9. Then, the same post-processing tool ispaed on the turbulent
case with the injected acoustic mode at 861z. It is interesting to notice that the
inlet spectrum is not modi ed which is normal since the bounary condition u2. = 0
imposes no acoustic velocity uctuations. It also suggesthat no spurious oscillations
are generated at the inlet. However, downstream of the inlethe turbulence spectra
are highly perturbed: (1) the acoustic mode at 9®z is observed (The FFT frequency
resolution is f =10 Hz: the injected mode at 86Hz is therefore captured at 90Hz)
and is maximal at the outlet because of the half-wave structe of the mode and (2) the
classic turbulent dissipation at large frequencies is aled. These results reveal that the
acoustic energy of the longitudinal mode at 861z feeds the turbulence motion.

To further analyze these non-linear behavior, the pressuteES elds are also post-
processed to identify modes triggered observed in Fig. 9.1€ET and DMD results (9.12,
right) are compared with the acoustic eigenmodes of the sgsh computed by a Helmholtz
solver (no mean ow and no turbulence): Fig. 9.12 (left) showthat modes observed at
86Hz, 430Hz and 770Hz in Fig. 9.10 are acoustic eigenmodes of the con guration: a
non-linear interaction between the longitudinal mode andhe turbulence has triggered
other eigenmodes of the system.

Even though this was not presented here, this example showsat AMT can be an
e cient technique to study mechanisms through which turbuent uctuations redistribute
acoustic energy from one mode to others as suggested for egbmnby Noiray et al. (2011
to explain mode switching in annular chambers.

9.5 Conclusion

Limitations of linear methods to study instabilities in contbustion systems are a usual
controversial question: this chapter presents a method toexify the quality of linear
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Figure 9.11: Energy spectrum on the axial velocity uctuations u®for the turbulence caseM 0:1T URB
without (left) and with (right) an acoustic mode at 90 Hz injected by AMT. Probes are located at three
locations: the inlet (—— , x = 0 m), just after the inlet (--- , x = 0:2 m) and at the outlet (-------
X =1 m).

predictions and theories for combustion instabilities psented in Part | of this thesis by
using them as initial solutions of a LES or DNS solver which dooh have the limitations
due to the linear and low-Mach assumptions used in acoustiolgers. This approach
(called AMT for Acoustic Mode Triggering) uses the results of Blelmholtz solver (at zero
Mach number) or of theory (at zero or non-zero Mach number) am initial condition of
a LES to focus on this single mode growth. Such an approach pides the numerical
estimation of the damping/growth rate of the injected mode &ad its limit cycle as well.
In this chapter, the methodology is validated on longitudial laminar con gurations with
various mean ows. An additional test case is presented wheterbulence is injected to
study its impact on the acoustic mode which is still an open fc today. Results show
that AMT is able to reproduce non-linear behaviors such as agstics at non-null Mach
numbers. When turbulence is injected, non-linear interaains between the acoustic mode
and the turbulence are observed and lead to harmonics genara.
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Figure 9.12: Eigenmodes obtained by the Helmholtz solver (left) and Fourier Transbrm (FFT) and
Dynamics Mode Decomposition (DMD) of the M 0:1T urb case (right).

216



Chapter 10

Study of acoustic mode dynamics
using Acoustic Mode Triggering
(AMT): application to annular

con gurations

Contents
10.1 Introduction . . . . . . ... 218
10.2 AMT applied on a simple annular con guration . . . . . . . 219
10.2.1 Objectives and annularsetup . . . . . ... ... ... ..... 219
10.2.2 Large eddy simulations . . ... ... ... .. ......... 220
10.2.3 Helmholtz simulations . . . . . ... ... ... ......... 222
10.3 AMT results on the annular conguration . ... ... ... 222
10.3.1 The symmetric case (MOHO) . . .. .. ... ... ....... 223
10.3.2 Flow symmetry breaking using a mean swirl motion (case
MO.1IHO) . . . . . . 223
10.3.3 Geometry Symmetry breaking using one Helmholtz resonator
(case MOH1) . . . . . . . . . 227

10.3.4 Symmetric case using two Helmholtz resonators (case MOH2) . 228

10.4 Mode dynamics analysis: time-evolution of the azimuthal
mode nature . . . . ... L 230

10.5 Conclusion . . . . . . . . . e 232

217



Chapter 10 : Study of acoustic mode dynamics using Acoustic Mode Triggeg (AMT):
218 application to annular con gurations

A new methodology combining acoustic simulations and LES, called AMT, was de-
veloped in the previous chapter and validated on laminar and turbulent longitudinal
con gurations. This tool is applied in this chapter on a simplied annular com-
bustor to study e ects of both FS and GS breaking. First, ow symmetry breaking
is investigated by injecting an acoustic mode in an annular chamber with a mean
azimuthal ow. As expected from theoretical results presented in Chapter 3, the
initial mode is split into two distinct components leading to a warble phenomenon
at low frequency. The mode structure of these two components is identied by a
FFT as rotating, i.e. standing but rotating slowly at the mean ow velocity. Then
GS breaking is studied by introducing Helmholtz dampers with various patterns dis-
tributed along the azimuthal direction. The dynamics of the resulting mode behav-
ior is analyzed by changing the nature of the injected mode, from standing to spin-

ning. It shows that breaking symmetry xes the mode structure of the limit cy-
cle for non-symmetric cases. However, for axisymmetric cases, the mode structure
is determined by the initial state only. This application is a promising approach
to study azimuthal modes in a time-domain with realistic damping mechanisms.

10.1 Introduction

The previous chapter described a new methodology called AM® study acoustic modes
in geometries with a mean ow and complex damping mechanismdhis tool was val-
idated on laminar and turbulent longitudinal con gurations. However, in modern gas
turbines, thermo-acoustic modes often take the form of azirthal modes and need to be
investigated. The nature and stability of these modes haveelen the topic of numerous
studies since the pioneering works of industrial companid¢ike Siemens Krebs et al.,
2002 or Alstom (Noiray et al., 2019)but it is still an open topic today: high delity sim-
ulations applied to full annular con gurations (Sta elbach et al., 2009 Wolf et al., 2012
(Fig. 9.1, right) show that azimuthal modes can randomly chage in nature, evolving from
spinning to standing structures at random instants. In parkel, new annular experiments
developed at TU-Berlin Moecket al., 201Q Gelbert et al., 2012, Cambridge (Worth &
Dawson 2013,a) and EM2C (Bourgouin et al., 2013 prove that breaking symmetry by
non-homogeneous power distribution of heating grids acginlike ames (Moeck et al.,
2010, alternating co/counter-rotating swirlers (Worth & Dawson, 2013,a) or distribut-
ing ba es along the annular chamber Dawson & Worth, 2014, strongly a ects the mode
nature.

To complement LES and experimentsNoiray et al. (2011 have shown analytically
on a simple annular chamber that non-linearities can also act the limit cycle by xing
the nature of its two basic mode componentsGhirardo & Juniper (2013 have extended
this model to take into account transverse velocity e ectsn the Flame Describing Func-
tion (Noiray et al., 2009 describing the non-linear ame behavior. These non-linea
theories rely on simple con gurations where plenum, burnserand mean ow have been
removed. Yet, recent theoriesBauerheimet al., 2014,e) developed in Chapter 2 and 3
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demonstrates that some linear e ects cannot be ignored: kaking symmetry either by
adding an azimuthal mean ow or by mixing burner types can ats control the structure
of the azimuthal components similarly to non-linear ame reponses. However, all these
theories fail to predict the ratio between these two compones and new methodologies
still need to be developed to study azimuthal modes.

10.2 AMT applied on a simple annular con guration

10.2.1 Objectives and annular setup
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a) 3D view of the BC conbguratior b) Axial cut

Figure 10.1: 3D view (left) and axial cut (right) of the simpli ed con guration with N =4 burners.

AMT is applied rst on a simpli ed annular con guration where the rotating symme-
try is broken either by FS or GS mechanism. Already studied anglcally (Bauerheim
et al., 2014) and experimentally (Moeck et al., 201Q Worth & Dawson, 2013d,a), the
nature and dynamics of azimuthal modes without combustionsing LES can indicate
that non-linearities on the ame behavior is not necessasil the only feature control-
ling the mode structure. The baseline con guration is a fouburner annular chamber
(Fig. 10.1) without inlet, outlet or ame (no combustion, isothermal cases) since only
geometry (Helmholtz resonators) and mean ow e ects on injéed azimuthal modes are
investigated in this PhD:

1) Flow Symmetry (FS) breaking: AMT has been validated for small Mach num-
bers M < 0:1) in Section 9.3 on longitudinal con gurations and is now gulied on
a simple 360 case. To simplify the con guration, no inlet or outlet is introduced
in the con guration. The mean azimuthal ow is therefore ingcted using the ini-
tial condition and walls are treated slip to minimize hydrognamic perturbations
and maintain a constant azimuthal Mach numbemM during the simulation. Two
di erent baseline ows are imposed as initial conditions:
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2)

a - Quiescent ow: The ow has no velocity (V = 0) at atmospheric pressure
(P = 1013025Pa) and the temperature corresponds to burnt gasesl (=
1800K).

b - Azimuthal mean ow: An homogeneous azimuthal swirl motion (Eq. (10.1))
corresponding toM = 0:1 is introduced in the annular chamber to break its
symmetry while no velocity is present in the surrogate burme (i.e. burners
with no inlet and no ame).

V=cMe=cM ( sin()e+cos()s) (10.1)

Geometry Symmetry (GS) breaking: Helmholtz resonators (Fig. 10.2) are
introduced in the con guration with no mean ow to break symmetry and damp
the injected azimuthal mode: both the dynamics (evolution fothe nature of the
azimuthal mode with time computed by the JAWA methodology preented in Chap-
ter 8.4.2) and the damping rate will be numerically measured. The dimensions
V, L and A of the resonators are adjusted to damp the injected acousticode at
f0=64 Hz:

r—
@ A
2 VLe
whereV = 0:125m? is the volume of the resonatorA = 0:00785m? its surface

andL®=L + g—d = 0:3 m the corrected length depending on the diametet = de.

0= (10.2)
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Figure 10.2: A) Mesh, b) sketch and c) localization of the two Helmholtz resonators intoduced in the
LES domain.

The di erent cases studied in this chapter are summarized iRig. 10.3 and the AME
methodology in Fig. 10.4. AMT requires both LES and Helmholtz siulations to be
performed. The speci cities of these two codes in the contexf AMT applied on a
annular combustor with FS and GS breaking are brie y presentkin the following.

10.2.2 Large eddy simulations

Large Eddy Simulation (LES) of compressible ow is widely reognized as an accurate
method (Poinsot & Veynante, 201]) to investigate acoustics in complex combustor con-
gurations (Wolf et al., 2012 Sengisseret al., 2007 Fureby, 2019 Kuenneet al., 2017).
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Figure 10.3: Four test cases studied: a) Quiescent ow without Helmholtz resonator b) Swirl mo-
tion (M = 0:1) without Helmholtz resonator, ¢) Quiescent ow with one Helmholtz resonator and d)
Quiescent ow with two Helmholtz resonators.
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Figure 10.4: AMT methodology for annular combustors: a stable baseline ow is computedby LES
(left). An acoustic solution is also computed using an Helmholtz solver hiddle) and is combined with
the LES baseline ow to provide a new initial solution for the LES solver (right).

To study the e ect of Helmholtz resonators and mean ow on azimthal modes dynamics,
AVBP is employed again here, using a third-order spatial andemporal scheme (TTGC,
Moureau et al., 2009 to accurately propagate acoustic waves. Boundary conditis use
the NSCBC approach Poinsot et al., 1992 to ensure re ecting/non-re ecting boundary
conditions (Selleet al., 2004). The mean ow is introduced via the initial condition. For
the case M0.1HO, a mean swirl motion (Eq. (10.1)) is imposed the annular chamber
and no velocity in the surrogate burners. The burner/chamlgunctions are treated as
no slip walls to avoid ill-posed problems at corners. Otheralls are treated as slip walls
to minimize pressure drops and to maintain the imposed mearow as constant as pos-
sible. The swirl decay remains very small during the estabiiment of the acoustic cycle
(typically the azimuthal mean velocity decreases by 5%). Rir to the application of the
AMT methodology (Section 9.2), non-re ecting NSCBC boundaryconditions (Poinsot
et al., 1992 are used to obtain a well established baseline ow and elimate potential
acoustic waves generated during this initialization phaseThe 3D instantaneous LES
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conservative variables (density (gs, velocity Vies and total energy E gs) are then
extracted to be employed as a baseline ow for Helmholtz simations (Section 10.2.3)
and the application of AMT.

10.2.3 Helmholtz simulations

g
o

Normalized pressure (-

117105 00 05 1

Pressure modulus (-
o
ol

o
oo

1
Angle ! (rad)

a) Mode 1 b) Mode 2

Pressure phase (rac
o

0 ! 2
Angle ! (rad)

c) Pressure modulus and phas

Figure 10.5: a) and b) Normalized pressurePs = kPkcos( p) elds and iso-contours for the two
azimuthal modes obtained at 64Hz reconstructed from the two outputs of the acoustic solver: c)kPk
the pressure modulus and , the pressure phase.

The full 3D acoustic solver called AVSPNlicoud et al., 2007 is used rst to predict the
azimuthal acoustic mode of the annular chamber. AVSP solvebd eigenvalues problem
issued from a discretization on unstructured me§hes (with9 millions cells) of the wave

equation. In nite impedances (corresponding td/,c # = 0 where 7 is the wall normal)
are applied on walls. Mean density and sound speed elds aretracted from the LES
simulation and used as a baseline ow.

This study focuses on the rst azimuthal modes of an annularhamber with four
burners: as shown in Fig. 10.5, two standing modes at G4z are predicted by the
acoustic solver. This is a usual result at zero Mach number wte the rst azimuthal
mode frequency is degenerate: the two modes can be combinedyénerate any mode
structure (standing, spinning or mixed Krebs et al., 2002 Poinsot & Veynante, 201%
Evesque & Polifke 2002).

10.3 AMT results on the annular con guration

The AMT methodology described in Figs. 9.2 and 10.4 is then apgtl on the four sym-
metric and non-symmetric con gurations presented in Fig. 18. The test matrix for
annular con gurations is summarized in Tab. 10.1. For eachase, the injected acoustic
mode is standing with an amplitudekpk 500P a.
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Cases M Resonators Symmetry

MOHO O 0 Symmetric
MO.1HO Q1 0 FS breaking

MOH1 0 1 GS breaking

MOH2 0 2 Symmetric

Table 10.1: Summary of the test cases performed on a simpli ed 360 annular con guration where
symmetry is broken either by FS or GS mechanism by the introducton of a mean azimuthal ow or by
Helmholtz resonators.

10.3.1 The symmetric case (MOHO)

First, the symmetric case without Helmholtz resonator and swimotion is investigated
(Fig. 10.3-a). A standing mode (; =500 Paand , =0 Pain Eqg. (9.1)) is triggered
using the AMT methodology. In this condition, the Helmholtz stver provides a solution
which must match exactly the Navier-Stokes equation becauiee Mach number, as well
as the pressure perturbation amplitude, are small. Figure shows the result of 8Gns

of the LES simulation: the amplitude remains constant, no dapingp's observed. The
C-indicator (Wolf et al., 2012 Worth & Dawson, 2013) (C(t) = &\, p( ;)€ *)

computed fromN = 4 equi-distributed pressure probes indicates that the madremains

standing (Appendix I). For this case, AMT performs exactly aexpected.
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Figure 10.6: Pressure signal for the caseM OH O at four azimuthal locations (left) and phase of the
C-indicator (right).

10.3.2 Flow symmetry breaking using a mean swirl motion
(case M0.1HO)

A mean azimuthal ow is then introduced into the LES domain caresponding toM =0:1
to break the axi-priodicity of the annular chamber. Receny linear theory (Bauerheim
et al., 2014) has shown that such a swirl motion can a ect the azimuthal mde by
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splitting its two components into two distinct spinning modes with di erent yet close
frequencied ; and f, such that:

f2 f]_: f = = =12:7Hz (103)

wherec® = 850 ms ! is the mean sound speed,. = 6:7 m is the half-perimeter of the
annular chamber andT, is the period of the mean ow rotation at the convective speed
u’=c™M .
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Figure 10.7: Pressure signal for the caseM 0:1H O at four azimuthal locations (left) and phase of the
C-indicator (right).

Pressure signals at di erent azimuthal locations  (Fig. 10.7, left) show that the
mode is neither standing nor spinning. The phase of the C-imdtor (Fig. 10.7, right)
indicates that the mode is rotating, i.e. the mode structurés standing but rotates slowly
at the mean convected speed® = M as already observed in the full 360LES of Wolf
et al. (2012. This warble mode (i.e. a mode at very low frequency produdéedy two
modes with di erent yet close frequencies) appears here ooth the time-evolution and
the Fourier analysis (Figs. 10.8 and 10.9). The measured wékrequencyf,, = % =

Tf 5Hz (where f is dened in Eq. (10.3)) leads to an estimated rotation velaty

@ = 2L, 67 m=s. This measured rotation velocity is smaller than the imposk
azimuthal velocity u® = 85 m=s (Eq. (10.3)) due to the FTF resolution (providingf,, at

5 Hz) and the di culty to maintain a constant azimuthal mean ow i n the chamber.

FFT (Fig. 10.8) and DMD? (Fig. 10.9) of pressure signals can be compared to the

symmetric case with a quiescent baseline ow: at zero Mach mber (M = 0, left) the
two components of the azimuthal modes are degenerate and h#éhe same frequency
f =62 Hz. Adding a mean swirl motion M = 0:1, right) splits the azimuthal mode
into two distinct components atf =55 Hz andf*™ =65 Hz.

1The warble mode has been ltered out in the DMD post-processing tchighlight the splitting between
the two components at 566 Hz and 662 Hz.
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Figure 10.8: Highly resolved FTF ( f =5 Hz) of pressure for case$! OH O (left) and M 0:1H O (right).

At zero Mach number (M = 0) the two components are degenerate and share the same frequency
f =62 Hz. With a mean swirl motion (M = 0:1), the azimuthal mode is split into two components at

f =55Hz andf* =65 Hz and a warble mode appears af,, = 10 Hz.

To analyze the mode structure of the two components, a Fouri@ransform is per-
formed on the whole pressure eld for both the symmetricM OH 0) and non-symmetric
(M0:1HO0) cases. Only one component is found &1 = 0 (f = 62 Hz) while two
components are obtained at 551z and 65Hz for M = 0:1. The associated pressure
modulus and phase elds (Fig. 10.10) con rm that with no mean ow the mode is degen-
erate (the two components have the same frequency and struct) and remains standing
(Fig. 10.10, left). The introduction of a bulk swirl however plits the mode into two
spinning modes as predicted by linear analysiB@uerheimet al., 2014): the co-rotating
mode (Fig. 10.10, right) and a counter-rotating mode (Fig. 1@0, middle).

Indeed, adding two spinning modes with di erent frequencef = Co(lzL—M) but
same amplitudes P; = P,) produces the rotating mode observed in this LES similarly

to Sta elbach et al. (2009 and Wolf et al. (2012:
OM 0
t +P,cos +2f % ¢
Cc LC

2P, cos(2f °t)cos( 2t=T,) (10.5)

t  (10.4)

P, cos +2f %+

P

wheref 0 = % 62 Hz is the frequency of the mode with no mean ow and, =
C%ﬁ 157 ms is the period of rotation at the convective speed’M corresponding to a
warble mode at the frequency,, =1=T, 6 Hz.
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Figure 10.9: Time evolution of the pressure signal at x = 0 from LES and DMD reconstruction (left)
and DMD spectrum (right) where low frequencies (below 20 Hz) havebeen ltered to highlight the two
split components at 566 Hz and 662 Hz.
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Figure 10.10: Modulus (top) and phase (bottom) of Fourier transform on pressure eldsfor the cases
M OH O (left) and M 0:1H 0 (middle and right). Mean swirl and acoustic wave directions are disfayed to
identify the contra-rotaing mode (middle) and the co-rotating mode (right).
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10.3.3 Geometry Symmetry breaking using one Helmholtz res-
onator (case MOH1)

Stow & Dowling (2003 have shown that Helmholtz resonators can damp an azimuthal
mode and suggest optimal locations of these damping devicddis can be tested using
AMT. First, one Helmholtz resonator is introduced in the annularchamber to break
symmetry (Figs. 10.2 and 10.3). Pressure signals at four pred (Fig. 10.11) located near
the surrogate burners indicate that one mode is damped whitke other is still present:
the mode is split into two distinct components. The associatl C-indicator shows that
the azimuthal mode, initially standing att = 0 ms (a- in Fig. 10.11), becomes spinning
(b- in Fig. 10.11) until the limit cycle is reached att = 300 ms (c- in Fig. 10.11), where
the mode is standing again but imposing a pressure node at tielmholtz resonator
location.
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Figure 10.11: Pressure signals (left) and C-indicator (right) for the caseM OH 1. the azimuthal is split
into two components with di erent growth rates. One is ampli ed wh ile the other is damped. The nature
of the mode is changing (bottom) from a) standing to b) almost spinning and nally ¢) standing.

To analyze these dynamic phases (standing - spinning - stang), a Sliding Fourier
Transform (SFT) of the pressure eld is performed. It focusesn three particular periods:

From 0 ms to 50 ms (a- in Fig. 10.12): it corresponds to the injected standing
mode.

From 100 ms to 150 ms (b- in Fig. 10.12): a transient phase occurs where the
nature changes, the azimuthal mode evolving from standing tspinning.

From 270ms to 320ms (c- in Fig. 10.12): the limit cycle is reached and corresponds
to a standing mode imposing a pressure node at the Helmholtzsamator location

( in Fig. 10.12).
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Figure 10.12: Sliding Fourier Transform (SFT) of the pressure eld for the M OH 1 case at three di erent
time: a) initial standing mode (time from O ms to 50 ms), b) transient spinning mode (time from 100 ms
to 150 ms) and c¢) nal standing mode imposing a pressure node at the Helmholtz esonator location
identi ed by (time from 270 ms to 320 ms). In addition, the linear acoustic solution is displayed
(right) showing a good agreement with the limit cycle (c).

In addition, the acoustic mode of the MOH1 case is also compdtéy a Helmholtz
solver (Section 10.2.3). The mode (the damped component istrshown here) structure
obtained (a standing mode imposing a pressure node at the Héloltz resonator location)
is in good agreement with the limit cycle observed in the LESc{ in Fig. 10.12) which
demonstrates that linear analysis is able to predict struare of modes even in the limit
cycle when no combustion occurs. As explained iBuerheimet al., 2014), the linear
analysis provides here good estimations of mode structuredause the mode nature is
mainly controlled by the splitting due to the introduction of one damping device and
not the non-linearities. These results show that breakingyexmetry by introducing one
Helmholtz resonator splits the azimuthal mode into two compeents which can have
radically di erent behaviors and frequencies. This is the an speci city of azimuthal
modes in non-symmetric annular combustors compared to sifep longitudinal modes
with only one component or azimuthal modes in purely axisymetric con gurations
where the two components are degenerate (i.e. with the santeacteristics) Bauerheim
et al.,, 2014).

10.3.4 Symmetric case using two Helmholtz resonators (case
MOH2)

As suggested byStow & Dowling (2003, a second Helmholtz resonator has to be intro-
duced to damp the two components of the azimuthal modes: th&vd damping devices
are placed at 90 from each other (Fig. 10.3, d) to symmetrize the annular chanap and
to e ciently damp the acoustic mode. Indeed, the theory develped for GS breaking
in Chapter 2 proves that a splitting occurs if and only if ( 2p) = 0 where p is the
azimuthal mode order (hergp = 1) and is the Fourier transform of the asymmetry pat-
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tern: (k) = P N,' %e 124N For example, the previous case studied in Section 10.3.3
has introduced one Helmholtz resonator in the annular chambwith N = 4 sectors. If
there is one resonator at the™" junction between sectors, the coupling parameter is set to

0 =1 for the sake of simplicity here, while it is null ( 2 = 0) otherwise. Consequently,
its asymmetry pattern iss; = [1 0 0 O] and its Fourier transform =%; =[11 1 1]
the splitting coe cients are ( 2) = 1 (corresponding to the third coe cient of %; since
Fourier coe cients are ranked from the 0" to the N 1) so that a splitting occurs, as
shown in Fig. 10.11. However, introducing an other similar Helnoltz resonator at 90
modi es the asymmetry pattern (nows, = [1 1 0 0]) and its Fourier transform becomes
$=[21 j 01+j]: thecoecients ( 2)are now zero showing that the con guration
is symmetric and that no splitting should occur. It is intereting to note that placing the
second resonator at 180instead of 90 would lead tos; =[1 0 1 0] andgy =[2 0 2 O]
indicating that the con guration is not symmetric ( ( ) = 2).
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Figure 10.13: Pressure signals (left) and C-indicator (right) for the caseM OH 2: the two components
of the azimuthal modes are damped with the same damping rate estimated at =1:0s 2.

Pressure signals at four probes (Fig. 10.13) located near therrogate burners indi-
cate that the two components are damped. The associated Gdinator shows that the
azimuthal mode, initially standing att = 0 ms becomes spinning in the clockwise di-
rection. To numerically estimate the damping/growth ratesof each component, a linear
mode reconstruction is performed on the azimuthal mode. Thgeneric form of the linear
mode reconstruction is assumed to follow:

wherePy = 1:013 16 Pa s the mean value of the pressure signal is the pressure am-
plitude, is the growth or damping rate of the modef is the estimated frequency and

o is a phase to match the initial pressure observed in the LESirlear mode reconstruc-
tion using Eq. (10.6) is performed on the azimuthal mode (FidL0.14) using parameters
described in Tab. 10.2. Both components are damped and havueetsame frequencies

229



Chapter 10 : Study of acoustic mode dynamics using Acoustic Mode Triggeg (AMT):
230 application to annular con gurations

(625 Hz) and growth rates ( 7 s 1): the mode is degenerate (i.e. the two com-
ponents have the same characteristics) because the intration of the second damping
device has symmetrized the con guration. Note however thatan-linear e ects appear
for low pressure amplitudes registered in the probe located = 5 (and = 37 not
shown here) in Fig. 10.14.

Components Location A f 0
Damped «=0 450Pa 7s! 625Hz O
Damped k=3 125Pa 7s ' 625Hz

Table 10.2: Parameters used for the linear reconstruction with two Helmholtz resnators.
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Figure 10.14: Pressure oscillations observed in the LES-—) for two probes located at = 0 (left)
and ¢ = 5 (right). Mode reconstruction with A 450Pa, f 625 Hz and 7s 1 (---, left)
and A 125Pa, f 625Hz and 7s L (e , right).

10.4 Mode dynamics analysis: time-evolution of the
azimuthal mode nature
Finally, the dynamics of azimuthal modes is unveiled for thehree cases at null Mach

number (M OHO, M OH 1 and M OH 2) by extracting the envelopeA (t)? of the two com-
ponentsq = P 0G0 of each mode using the JAWA methodology (Section 8.4.2).

2The envelope extraction of the signalq(t) is performed using the JAWA methodology using a
Itered Hilbert transform: 1) the Hilbert transform H(q) is computed 2) the envelope de ned by
A(t)= ¢+ H(g)? is obtained and 3) a low-pass ltering of the envelope A(t) is performedto smooth
out spurious oscillations.
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Figure 10.15 shows the time evolution of the two envelopés for each case with iso-

structure lines (i.e. constant ratioA*=A , ---- ) and iso-energy circles (i.e. constant
. 2
acoustic energy E, = %g + 202, ):

Case MOHO : (a) the injected mode is initially standing A" = A ) and remains
the same because no damping, asymmetry or combustion areraduced (b).

Case MOH1 : (a) the injected mode is initially standing leading toA* = A but
(b) because of the Helmholtz resonator, the mode rotates to pose a pressure node
at the Helmholtz resonator location and cancel its e ect (c)therefore the mode is
nally standing (A* = A ). Because of the damping device, acoustic energy has
been dissipated leading to smaller nal values & . This result is consistent with
the FFT analysis displayed in Fig. 10.12.

Case MOH2 : (a) the injected mode is initially standing A* = A ) (b) damp-
ing devices dissipate the injected acoustic energy whiclatis to a decrease of the
envelopesA . Compared to the previous caskl OH 1, the con guration is symmet-
ric and only weakly a ects the initial mode structure: the aoustic mode remains
standing while it is dissipated by the two Helmholtz resonats. Nevertheless, the
mode structure slightly drifts toward the clockwise spinmig region at low amplitude
as already shown by the C-indicator in Fig. 10.13
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Figure 10.15: Time evolution of the two Itered envelopes of the wavesq =% (0 in the cases at
null Mach number M OH O (left), M OH 1 (middle) and M OH 2 (right). ---- : Iso-structure lines ﬁ— =0:5,
1:0 and 20 ;-------- . Iso-energy circles. The initial injected modes are standingA* = A ).

Initializing similar cases toM OHO, MOH1 and M OH 2 but with a clockwise (CW)
spinning mode A" =A = 4) instead of a standing mode A*=A = 1) results in evolution
shown in Fig. 10.16 where the time-evolution of mode dynamiésr each case is:

Case MOHO : (a) the injected mode is initially spinning and remains the ame
(b) since no damping, asymmetry or combustion is introduced

3Acoustic energy can be recast using the two waveg =9 oGl as follow: E ¢ = %Z + 7002 =
0

7 icz (q* 2y q 2). Therefore, iso-contours of acoustic energy in the diagramd* ;q ) or (A*;A ) are
0

circles of radius Zg' oEgac.
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Case MOH1 : (a) the injected mode is initially spinning A*=A = 4) but (c)
because of the Helmholtz resonator the mode evolves and naimposes a pres-
sure node at the Helmholtz resonator location (after an ovdreot (b)) to nish as
standing (A = A ). Because of the damping device, acoustic energy has been
dissipated leading to smaller values ok .

Case MOH2 : (a) the injected mode is initially spinning and (b) damping deices
dissipate the injected acoustic energy which leads to a dease of the envelopes
A . Compared to the previous cas® OH 1, the con guration is symmetric and
only weakly a ects the initial mode structure: the acoustiomode remains spinning
while it is dissipated by the Helmholtz resonators.
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Figure 10.16: Time evolution of the two Itered envelopes of the wavesq =% (0 in the cases at

null Mach number M OH O (left), M OH 1 (middle) and M OH 2 (right). ---- : Iso-structure lines ﬁé =0:5,
1l.0and 20 ;- . Iso-energy circles. The initial injected modes are spinning irthe clockwise direction
(A*=A  +4).

Figures 10.15 and 10.16 show that when the con guration is synetric (M OHO and
M OH 2), the initial ratio A*=A remains constant. However, as soon as symmetry is
broken (M OH 1), the ratio A*=A is not conserved and the nal structure is xed by the
asymmetry of the system (here standing due to the Helmholtz senator) as predicted
by Bauerheimet al. (2014). It proves that without combustion, the mode structure is
xed by the asymmetries of the system which can be due to an amithal mean ow, the
introduction of one Helmholtz resonator or by mixing burners

10.5 Conclusion

This paper presents a methodology called AMT (Acoustic Mode itygering) to study
acoustic mode dynamics in annular con gurations: an acoustmode computed by a
Helmholtz solver is properly introduced into the LES domaind avoid computing the
transient period and study the limit cycles. In particular, this approach can provide
a numerical estimation of the damping/growth rate of the ingcted mode. The AMT
method is then applied on a simpli ed annular combustor withfour surrogate burners
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(no inlet and no combustion) to study two mechanisms contrtihg azimuthal modes by
breaking the axi-periodicity of the annular chamber: 1) théntroduction of one Helmholtz
resonator and 2) the existence of a mean azimuthal ow. Ressilshow that symmetry
breaking, either by adding a Helmholtz resonator or with a swi motion, splits the
azimuthal mode into two components which can have di erentréquencies and growth
rates. Because of this splitting, one Helmholtz resonator ©aot damp completely the
azimuthal mode: only one component is damped while the othegmains present in the
annular chamber. However, symmetrizing the con guration bgpdding a second Helmholtz
resonator leads to a degenerate mode: the two components édlie same frequencies
and growth rates: both components are damped and the dampimgte is numerically
obtained via a linear mode reconstruction. Finally, the timeevolution of azimuthal mode
dynamics is obtained by the JAWA methodology for the three c&s at null Mach number
showing both the asymmetry and damping devices e ect on modeture. This study
proves that the dynamics of azimuthal modes can be investiga using LES combined
with Helmholtz simulations. Results are in good agreement witrecent linear theories
which substantiates that non-linearities are not the only dature controlling the limit
cycle.
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Conclusion and Perspectives

The present PhD thesis deals with the fundamental aspects eymmetry breaking in
azimuthal combustion instabilities and follows previous warks performed at CERFACS
on theory (Parmentier et al., 2019 and LES (Wolf et al.,, 201Q 2012 and at Cam-
bridge and EM2C on the rst annular experiments dedicated tazimuthal combustion
instabilities (Worth & Dawson, 2013,a; Dawson & Worth, 2014 Bourgouin et al., 2013
Bourgouin, 2014. The objective was to propose and develop a novel approachdaideas
on a major question encountered in the eld of combustion itsbilities: which key pa-
rameters control the stability and the nature of azimuthal nedes ? Numerous studies
have treated this problem experimentally Krebs et al., 2001 Moecket al., 201Q Worth
& Dawson, 2013; Bourgouin, 2014, numerically (Wolf et al., 201Q 2012 Campaet al.,
2011 and theoretically (Parmentier et al., 2012 Noiray et al., 2011 Noiray & Schuer-
mans 2013 Ghirardo & Juniper, 2013 but usually emphasize on non-linear e ects due
to combustion. However, the recent experiment built at Camixge has indicated that
breaking the rotating symmetry, either by alternating di erent swirler types (Worth &
Dawson 2013) or by introducing ba es distributed along the annular chamber (Daw-
son & Worth, 2014, can aect the mode nature. In addition Noiray & Schuermans
(2013 also pointed out the possible e ect of turbulence on the madswitching observed
experimentally and on real gas turbinesKrebs et al., 2001).

To investigate this new idea of symmetry breaking and unralgotential e ects or
even passive control techniques, the whole range of toolgrh theory to full LES of the
complete annular combustor, has been explored. Developrh@h new theories (ATA-
CAMAC, Parmentier et al., 2012 Bauerheimet al., 2014,a,e,c) and tools (AMT, UQ,
Bauerheimet al., 2014) are also required to cope with the extreme complexity of cdims-
tion instabilities in complex annular combustion chambersMajor results are summarized
in the following.

Theoretical approaches

The preliminary work of Schulleret al. (2012 for longitudinal cases andParmentier et al.
(2012 for simple annular combustors was extended to more complarnular geometries
to unravel coupling mechanisms between cavities. This ag#ital tool, called ATACA-
MAC provides the rst fully analytical expression of the paameters controlling azimuthal
modes in an annular chamber with identical or di erent burnes, with or without mean
ow.
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ATACAMAC is a unique tool because it allows to study azimuthalmodes direct-
tly on an analytical framework without any numerical method For example, ATACA-
MAC, shows that bifurcations may occur where the annular pteim and chamber become
strongly coupled which profoundly changes the stability dhe whole system (Chapter 4).
Validations against a full 3D acoustic tool demonstrate a g agreement between theory
and acoustic simulations. Then, ATACAMAC is used to unveil kg parameters on the
stability of azimuthal modes. First, a generalization of thewvork of Parmentier et al.
(2012 to a con guration with an arbitrary number of burners and alowing for asymme-
try in the system shows that two parameters are controllinghte mode in the low coupling
factor limit (Chapter 2): (1) a coupling strength  corresponding to the mean ame
e ect and (2) a splitting strength Sy associated to the symmetry breaking. Symmetry
can be broken by distributing di erent burner types along the azimuthal direction, as
done for a long time by Siemens using CBO devices on some ofitheirners (typically
20) and not on the others (typically 4). This type of asymmely is called geometrical
symmetry breaking (GS) and promotes standing modes. A seacbitype of symmetry
breaking, called ow symmetry (FS) breaking, is then invesgated theoretically in Chap-
ter 3 showing that a mean azimuthal Mach number can also splihe azimuthal mode
into two distinct components with a speci ¢ structure: thistype of symmetry breaking
promotes spinning modes. Finally, theory of symmetry breakg is applied on a more
realistic combustion chamber containing 19 burners. Thersingly coupled regime, where
a full analytical solution is not known today, is investigaéd using a UQ methodology
called Active Subspace (Chapter 5). This new method is able teduce the size of the
uncertain input space from 38 to juste a few key parameters drproves that symmetry
breaking can be induced by uncertainties on the geometry ohé ame models. It re-
veals that combustion instabilities are very sensitive toubtle changes in the chamber
design. More importantly, it suggests that controlling aznuthal modes in real industrial
gas turbines requires to control manufacturing margins.

This theoretical work and the ATACAMAC tool give promising results but still require
future studies. More speci cally:

The strongly coupled regime is observed in many industrialpalications (Campa
et al., 201 but analytical studies fail to uncover this problem. Moremvestigations,
either by theory if possible or using numerical tools are neéed to fully understand
coupling mechanisms in axisymmetric con gurations with mitiple annular cavities
Symmetry breaking in PBC con gurations at high coupling fators need to be
studied. Indeed, no bene t of breaking the rotating symmeir by mixing di erent
burner types is demonstrated when coupling factors are srhaHowever, at high
coupling factors, symmetry breaking could potentially addiegrees of freedom to
control these modes and therefore require further invesigons.

The present ATACAMAC tool is limited to pure azimuthal modes,a limitation due
to the outlet boundary condition. This limitation restrains the present work to the
rst azimuthal mode of industrial combustors with a chockednozzle and fails to
predict mixed modes in academic annular rig open to the atmplsere. Therefore,
an extension of the quasi-one-dimensional ATACAMAC tool to &wo-dimensional
tool accounting for an arbitrary outlet impedance is an impdant path to follow.
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In particular, the question of outlet impedance e ects on tlk stability of the mode

could be answered, which is still en open question today. Ehis one possible
explanation of the di erence between industrial gas turbias proned to azimuthal
modes and academic con gurations where azimuthal combusti instabilities are

less frequent, longitudinal modes often dominating.

For the rst time UQ methodologies were applied on a thermo-amistic problem.

This path should be followed to treat more complex problemdpr instance with

a higher number of input parameters or by using more expensivools such as
Helmholtz solvers.

Finally, more theories should focus on acoustic damping whics a key parameter
controlling the stability of acoustic mode but only a few stdies address this prob-
lem. This topic is currently investigated at CERFACS and shold be continued.

Large Eddy Simulation of forced and self-excited az-
imuthal modes

Large Eddy Simulation is a promising tool to understand undé/ing phenomena leading
to combustion instabilities since driving but also dampingnechanisms are resolved. This
PhD thesis has focused rst on demonstrating the capabilityf such a tool to predict
accurately the ame-acoustic interaction by computing Flare Transfer Functions of a
single-sector of the Cambridge annular combustion chambgChapter 7). Results show
that LES models do not a ect the FTFs in this case and reveal key grameters con-
trolling the azimuthal modes: the fuel type, the heat losseat walls and the azimuthal
con nement. Combining these LES results with an Helmholtz $eer computing acoustics
in the full annular case demonstrates the accuracy of LES lietions, validated against
experimental observations. Then, LES of the 36Ccon guration has been compared to
experimental data provided by Cambridge\(Vorth & Dawson, 2013,a; Dawson & Worth,
2019. Due to its extreme cost, only the growth phase is studied ithis PhD and shows a
good agreement with experimental observations. In partitar, it reveals that the start-
up procedure generates multiple modes in both the LES and imé experiment which
complicates the understanding of key phenomena driving thastabilities and therefore
methods to suppress them. Typically, the azimuthal mode gnes together with a longitu-
dinal mode, making the analysis complicated. A new post-pctessing methodology, called
JAWA, is also developed to systematically analyze the mode nat and its dynamics even
when short signals are provided. Only a few works on full LES annular combustor have
been conducted until now but this e ort must be continued anccomplement experiments:

A complete validation of a full annular LES against experind is still missing due
to the di culty to represent experimental features in LES (for example here the
annular plenum with sand, grids etc.). In that view, simulaions and experiments
in this eld should be developed side-by-side and not sepaedy.

Even if mechanisms leading to combustion instabilities ansell known in gaseous
simple longitudinal premixed con gurations, methodologs still lack for simula-
tions with multiphase ows or multiple inputs - single outpu (MISO), sush as
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complex industrial con gurations with multipoint injecti on systems, e usive plates
and complex swirlers where fuel and air are injected at di @nt locations. Usually,
these complex cases are treated by forcing one or only a fevries of the system
which leads to an incomplete answer on combustion instalbids.

A particular emphasis should be made on multiphase ows wthicare encountered
in many industrial gas turbines. The rst simulations of foced multiphase ow
LES have been conducted in this PhD but not discussed in thiésis for con -
dentially purposes. These simulations have shown that nummeis mechanisms due
to liquid transport and the evaporation process lead to gasas fuel oscillations
and can impact the stability of the system. These multiphaseechanisms are less
documented than pure gaseous ones and should be exploreémsively using both
LES and experiments. In particular, speci ¢ damping mechasms are present in
multiphase ows but are complex and not yet fully understood An important
research e ort must be made in that direction.

In general, damping mechanisms are needed for a completerfeavork on combus-
tion instabilities. LES is a promising tool to build models ér theories or low order
models and acoustic tools. This path is currently followedt & ERFACS and should
be continued.

Acoustic Mode Triggering: a novel approach to study
combustion instabilities

A novel methodology combining LES and Helmholtz simulationsalled Acoustic Mode
Triggering (AMT), is developed in this PhD thesis. It allows te study of acoustic modes
in the time-domain at low cost. First, validation on simple laninar con gurations have
been conducted and show a very good accuracy (error is of theler of 10 ?) on the
frequency and growth predictions at low Mach numbers (untiM = 0:1). This tool is
then applied on a longitudinal turbulent case. It o ers a newnethod to study the cross-
interaction between acoustics and turbulence. In particat, it proves that turbulence
can trigger acoustic modes and that acoustic can a ect backe turbulence by modifying
its production and dissipation as observed on energy speaatn results. Finally, AMT
is applied on simpli ed annular con gurations to study the eects of both FS and GS
breaking on azimuthal modes. Results are promising and shag@od agreement with
the theoretical work developed in Part | of this thesis. Moraver, it allows the study of
mode nature and its dynamics and reveal that: (1) Symmetry leaking a ects the mode
nature and (2) in axisymmetric con gurations the nature is nainly impose by the initial
state when no combustion occurs. This novel approach has shinteresting results and
therefore needs to be applied on more complex con guratiots investigate driving and
damping mechanisms of combustion instabilities:

Usually turbulence and acoustic interactions are investiged by forcing acoustic
waves at the inlet or by pulsating walls. AMT provides here a tind approach which
deserves to be further exploited. In particular, the theoteal result of Noiray &

Schuermang(2013 about turbulence a ecting the azimuthal mode nature can be
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investigated using AMT.

The present work focused only on Helmholtz resonators. Othdamping devices or
mechanisms can be studied using AMT. In particular, ba es hag been distributed
along an academic chamber to analyze their impact on both $t#ity and the nature
of the unstable acoustic mode in a recent experimental worbbéwson & Worth,
2014. Moreover, mode conversion between acoustic waves intdhet forms like
vorticity or entropy waves could be investigated using thiapproach. AMT appears
as a potential e cient tool to build new damping models for lav order and acoustic
tools.

In this PhD, AMT is applied only on con gurations with no combustion. Flames
should be introduced to investigate the e ects and interaabns between symmetry
breaking and non-linear ame behavior in annular combusterand compare results
to recent theories Noiray et al., 2011 Bauerheimet al., 2014,a).
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Symmetry breaking in the aeroacoustic eld

Symmetry breaking appears in a wide range of physical probis. A new perspective of
this work is therefore the application of the theoretical bekground developed in Part |
to other physical phenomena, especially in aeroacousti¢r instance, Fig. 10.17 (LES,
left) shows the noise produced by a main landing geaGiret et al., 2013 which exhibits
similar behaviors as ones observed in this thesis: couplingtween the two cavities in the
wheels (here in opposite phase) and GS symmetry breaking doghe vertical leg. AVSP
simulations of the con guration with (Fig. 10.17, bottom right) and without (Fig. 10.17,
top right) leg highlights both the coupling and the symmetrybreaking e ects on the
mode structure and frequencies: similarly to Chapter 2, theymmetry breaking leads
to a standing mode (constant phase, not shown here) and a fremcy splitting f '
32Hz which may either destabilize the con guration, increase nee generation or lead to
potential warble phenomena at low-frequencies. This redepbservation requires further
investigations, in particular using theory to complement americal and experimental
e orts.
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vertical leg. Both coupling and symmetry breaking are observed and leado a frequency splitting
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Appendix A

Analytical expression of the splitting
strength

The general analytical expression of the splitting strentS, is:

X
2= 0 9¢os %[k il (A1)

k=1

Using cos@ b
as:

cos(a) cos) + sin( a) sin(b) one may recast the splitting strength

"X“ #; "X\' #;
Se = Ocos(pi=N) + 9sin(4p i=N )

i=1 i=1

The above equation can be recast using the identi? + ? = (a+ jb)(a jb) where
j2= L
# " #
X o X N
S5 = pe = e 1= (20 (2p) (A-2)
i=1 i=1
Where (k) is the k™ Fourier coe cient of the asymmetry pattern ° de ned as (k) =
N  0a j2ki=N
i=1 1S .
Finally, the splitting strength is:

So = P 2p)  ( 2p) (A.3)

The splitting strength obtained in the previous equation (A3) gives some useful re-
sults:
1) Noiray et al. (2011 obtained a similar result where the splitting strength is on-
trolled only by g (2p), the 2p™ Fourier coe cient of the heat-release distribution.
Equation (A.3) is a generalization of such a result: the netwk model developed
in this paper retains more geometry and ow features than theimple annular rig
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considered in Noiray et al., 201J). In particular, it is shown here that the mode
is controlled by the azimuthal distribution of the coupling parameter (which in-
cludes the active ame @ model) but also the geometry characteristics, the
upstream impedanceZ of the burners as well as the di erence between cold and
burnt gases). It appears that all these features can e ect thwhole asymmetry of
the system and therefore the stability and, consequentlyaonot be neglected when
studying combustion instabilities.
2) If all coupling factors are the same (symmetric con guratio), then the spectrum
P(k) is null everywhere except fok =0 or k = N (where (0)= (N)= 0=
iN:l 9'is the total coupling of the system) which leads to two typesfazimuthal
modes:
a) If pis not N=2, N, 3N=2 etc. then ( 2p) = 0 and the splitting strength is
null:

So=0 (A.4)

These modes are characterized by no splitting: the two commpents of the
azimuthal mode have the same frequencies and growth rateshely are called
"degenerate doublets". P

b) However, ifp= N=2, N, 3N=2 etc. then ( 2p)= [\, °= N ° which
gives:

So=N° (A.5)

These modes are characterized by a strong splitting: the twamponents of
the azimuthal mode have di erent frequencies and growth ras. They are
called "non-degenerate singlets".

3) If only two types of burner are introduced in the combustion ltamber (i.e.
coupling factors can only take the value § or 9 for i 2 [1;N]), then for mode
satisfyingp 6 N=2; N;::: the splitting strength Sy can be decomposed as:

Imposed %ltre pattern
So= 2k 9 9 (A.6)
-z}
Imposed by the di erence between burner types 1 and 2
where the reduced splitting strengthK depends only on the asymmetry pattern
and (9 9)is xed by the burner characteristics.

Proof:

The Fourier coe cient (k) can be viewed as a polynomial of degree one with

indeterminates (or variables) ? and coe cients depending on the asymmetry pat-

tern. When considering only two burner types (correspondingp coupling factors
2and 9), (k) reduces to a polynomial of only two variables. The previoysoint
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(2) proves that for modes satisfyingp 6 N=2; N; ::: the splitting strength and there-
fore ( 2p)are nullwhen ¢= 9. As ¢ $is acommon root of ( 2p) which
are one-degree polynomials, they can be recast as:

@)= (7 2 and (2= (7 2 (A.7)

where ,, and ,, depend only on the asymmetry pattern. Consequently, using
equation (A.3), the splitting strength reads:

q
So= w(? 9 wall 9= |_% ENE G (A8)
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Appendix B

Summary of the analytical method
providing the stability map of the pth
azimuthal mode

This Section summarizes the analytical method to provide thstability map of the p™
azimuthal mode of a chamber withN burners.

1) Compute the coupling factors of each burner:

j SFCY %z +cHl+ s jchz SN
2Scposk® fickt  skzy+ ck [cMz + jsM

0 (B.1)

Go@+nie "), Cf = cogxyLy), S = sin(xyL;), k° = 1°=¢,
kO = 19=@, Z is the upstream impedance andl ° = "LLO
2) Compute the total "coupling strength" o = N

i
3) Compute the "splitting strength” Sq:

where F0 =

-0

1

0 9c0s g iy =" T2 @ (8.2)

i ] N
ihj =1
where (k) is the k™ Fourier coe cient of the asymmetry pattern.
4) The p" azimuthal mode is composed of two modas* and V  with the same
order p but di erent wavenumber perturbations  given by:

t = %( o+ So) and = %( o S o) (B.3)

5) Then compute the complex frequency of the system from the ddtion of the

wavenumber perturbation k L= 2—L.=p + ) and equation (B.3):

co

_p@ (o So)

f =
2L 4L

(B.4)
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6) Finally, the two components of thep" azimuthal mode can have di erent fre-
qguencies {* 6 f , non-degenerate singlets) i5y 6 0 or the same frequencies
(f* = f , degenerate doublets) ifS; = 0. The growth rate of each mode is ob-
tained from the imaginary part of the complex frequency obtaked in equation (B.4):

o

4Lclm( 0o S o) (B.5)

Growth rate = Im(f )=
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Appendix C

E ect of non-linearities on symmetry
breaking in annular combustors

This PhD. thesis focuses on the linear regime usimy  or FTF models. This appendix
however briey describes a non-linear approach for ATACAMAC similar to the one
developed bySilva et al. (2013 to study its impact on symmetry breaking in annular gas
turbines, recently observed byGhirardo et al. (2019. This appendix tries to explain this
non-linear behavior using the physical interpretation desloped all along this PhD thesis
and more speci cally by relating non-linearities and the dfiting strength coe cient.
Forasetof FTF's (i.e. (Ni; i)i=1:n ), the ATACAMAC tool provides the corresponding
frequency and growth rate of the azimuthal acoustic mode. Agqposed bySilva et al.
(2013, this linear analysis can be extended to non-linear regiméy introducing FDF's
(i.,e. (Ni(0); i(0p)i=1:n) rstly proposed by EM2C (Noiray et al., 2008, which depend
on the acoustic velocity level at the burner locations. Thyshe methodology follows four
steps:
(1) A very small velocity perturbation @° is imposed at the initial time t = t° At the
initial time step, all burners have the same perturbation.
(2) The FDF (0) is interpolated a the levelu?, which provides a set (% ©)i=1:n -
(3) ATACAMAC is used to predict the complex frequency associated to 0%; ©)i=1:n .
(4) The frequency and growth rate are used to construct a newelocity perturbation
0; at the timet = t°+ t:
(1 bis) The new velocity perturbation is used to interpolatehe FDF's at the next step.

0i(t°+ t)=(t%e * ¢ (C.1)

To illustrate this methodology and non-linear behaviors oficoustic modes, a few
examples are proposed here based on a PBC con guration (2 akar cavities) with
N =4 burners, similar to the one studied previously in this maascript:

Example 1) Stable mode with standard FTF or FDF: As shown in Fig. C.1,
an arbitrary FDF and its associated FTF are chosen. The methodtmyy proposed
is performed focusing on the rst azimuthal mode (the plenunmode at about
58 Hz). The velocity perturbation is rebuilt using Eqg. (C.1) and b displayed in
Fig. C.2. Since the mode is stable, no di erence is observedtlween the FTF and
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the FDF computations. It is worth noting that such a time-doman analysis using
ATACAMAC is e cient to compute long time signals, informatio n that cannot
provide LES because of its extreme cost.

I (s)

n(!)

u/w () u/w (1)
—— FTF —— FDF

Figure C.1: FDF and its associated FTF choosen arbitrary here.

U/ (1)

Time (s)

—— FTF FDF

Figure C.2: Acoustic velocity perturbation of the rst azimuthal mode varying in time at one burner
location rebuilt using Eqg. (C.1) for both FTF and FDF. Since the mode is stable, no di erence between
FTF and FDF is observed.

Example 2) Unstable mode with standard FTF or FDF: The same FTF and
FDF presented in Fig. C.1 are used but now ATACAMAC focuses on thessond
azimuthal mode (the chamber mode at about 9B1z) of the con guration. Fig. C.3
shows that the mode is unstable. Compared to the FTF formuladn, a limit cycle
appears when using a FDF which proves, as suggested®ijva et al. (2013, that
such an approach can incorporate non-linear behaviors intools initially designed
for the linear regime. First, fort < 0:7s, the amplitude and time-delay obtained
by the FTF and FDF are similar and therefore both formulations ¢ads to an
unstable mode. Then, fot around Q7s the FTF and FDF di er leading to di erent
ATACAMAC predictions. In this case, the growth rate is lower vhen using a FDF
than with a FTF, leading to a saturation e ect. For t > 0:7s, the FTF still leads to
an unstable mode while the FDF leads to a null growth rate estiation: the mode
is non-linearly stable and the limit cycle appears.
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FTF

u'/u ()

Time ()

FDF

u'/u ()

Time ()

Figure C.3: Acoustic velocity perturbation of the second azimuthal mode varying n time at one burner
location rebuilt using Eq. (C.1) for both FTF and FDF. The mode is found unstable and a limit cycle
appears when using the FDF formulation.

Example 3) Mode switching and non-linear triggering: Example 2 has
shown that simple non-linear behaviors can be observed ugithe ATACAMAC
tool (designed for the linear regime) accompanied with a FDfmulation. In this
example, the same con guration is studied but with a di ereh FDF (Fig. C.4) to
highlight more complex non-linear phenomena such as modeitsihing and non-
linear triggering. Figure C.5 displays the acoustic velogitperturbation varying in
time at one burner location rebuilt using Eqg. (C.1). At the intial time, the rst
azimuthal mode at 58Hz is stable and the second azimuthal mode at 98z is
unstable. As soon as the acoustic velocity grows, the FDF is clging, leading to
a case where the plenum and the chamber become strongly cedp(Bauerheim
et al,, 2014). Then, the non-linearities trigger the plenum mode whichsi now
unstable. The acoustic perturbation growing, the plenum ah chamber become
again uncoupled. However, now, the chamber is stable whilegtplenum is unstable.
Finally, the instability was triggered by the chamber mode aB0Hz, but the limit
cycle corresponds to the plenum mode at 38z. Zooms on the mode switching
(from chamber to plenum mode, bottom left) and on the limit cgle of the triggered
plenum azimuthal mode (bottom right) are also given in Fig. G.

These few examples have exampli ed the ATACAMAC capability © retrieve some
non-linear behaviors of azimuthal modes. The question askeow is \how non-linearities
can a ect azimuthal modes, and especially the symmetry br&img ?". Indeed, Ghirardo
et al. (2019 have recently proven mathematically that non-linearitis of the ame model
can lead to a symmetry breaking. This idea is developed hersing the ATACAMAC
formulation, while Ghirardo et al. (2019 have used a full non-linear formulation, but on
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n()
I (s)

u'/ug (1) u'/uw (1)

Figure C.4: FDF chosen for Example 3 to highlight mode switching and non-linear tiggering.
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Figure C.5: Acoustic velocity perturbation of a strongly coupled mode (plenum/chamber) varying in
time at one burner location rebuilt using Eq. (C.1). At the initial t ime the rst azimuthal mode is stable
while the second one is unstable. When the acoustic velocity growshe FDF is changing leading to a
mode switching (from a chamber to a plenum mode, bottom left). The nal limit cycle corresponds to
the plenum azimuthal mode initially stable (bottom right).

a simple annulus, as rstly proposed byNoiray et al. (201]) and extended byGhirardo
& Juniper (2013.

The idea proposed byGhirardo et al. (2019 can be reformulated using the ATACA-
MAC formulation as follows: in a symmetric con guration, al ames are supposed iden-
tical, meaning that all ames have the same behavior charaetized by their FTF or FDF.
In other words, all ames have the same sen((0;;! ); i(0;;!)). In the FTF formulation,
it implies that all ames have exactly the same ; ) and therefore the con guration is
fully symmetric. However, in the non-linear regime, ames lcated at a velocity node
and velocity anti-node will behave now di erently: typicaly, ames at velocity nodes are
characterized by Q;(0i;!); i(0;;! ) =(ni(0;!); i(0;!)) =(negre; rrr) While ames at
velocity anti-nodes are described byn((0i;! ); i(0i;!)) =(Nepr; For) 8 (NETE; FTE)-
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Consequently, as shown in Fig. C.6, the con guration is symnec (left) but the
solution is asymmetric (right). This asymmetry can be physially explained by the AT-
ACAMAC formulation developed all along this PhD thesis: as diplayed in Fig. C.6, the
network model associated to the con guration with non-linar ames is not symmetric
and the asymmetry pattern is directly linked to the azimuthd mode orderp (p=1 in
Fig. C.6). Indeed, the FDF is usually, not a function of the veloity perturbation ¥ itself,
but rather a function of its module kok. For the case withN = 4 burners, it suggests
that the two ames located at a velocity anti-node have the saen parameters (,
subscript FDF) while the two other ames have di erent n parameters (, subscript
FTF because at a velocity node). Consequently, the asymmetpattern is which
leads to a strong splitting strength (sed”armentier et al., 2012 Bauerheimet al., 2014,
for details about splitting e ects with the asymmetry pattern ): it shows that
non-linearities can break the symmetry of the annular congration. This GS breaking
induces a splitting e ect, which increases while the di ereces betweemgpr ngre and

FbF  FTF Increase. More generally, an azimuthal mode of ordpii.e. & sin(p )) has
a modulus, and therefore an asymmetry pattern due to non-garities in the ame model,
varying like kak k sin(p )k with a Fourier spectrum F [kok](k) = ﬁ (k  2np)

wheren 2 Z1. Thus, since the splitting strengthS, is associated to the Fourier coe cient

2p" of the asymmetry pattern, non-linearities can a ect stronty the symmetry of the
con guration leading to a non-null splitting e ect increasng with the di erence between
the FTF (at velocity nodes) and the FDF (at velocity anti-node$ but decreasing with
the azimuthal mode order (since the Fourier coe cient varis like m).

Acoustic velocity

m l "#$%&NKS$+", )

Q

O (neor ,!FoF )
@ (Ne7e leTr)
!..#$%&-()*+1!#_*'(% ("-.'!/%0'1"$%

I"HB%&)* ./ *$+",)

Figure C.6: First azimuthal mode in an annular cavity with N = 4 burners highlighting velocity nodes
and anti-nodes (left) and its associated network model (right). Beause of the FDF formulation, ames
located at a velocity anti-nodes have di erent n parameters than ames located at velocity nodes.

P i P -
10One can prove thatksin(p )k = 2, S',?zz('ﬁ4) = 2 L7721 so that its spectrum is
ﬁ (k  2np) where n 2 Z, thus with a strong k = 2p™ Fourier coe cient associated to the

fact the kotk has a period two times small thanu®
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Appendix D

Analytical dispersion relation of a
PBC con guration with a single
burner ( N =1)

The analytical dispersion relation (Eq. (4.25)) is obtainé for a general PBC con gura-
tion with N burners. To explain the ATACAMAC approach leading to the anajtical
eigenfrequencies of the system, the case of a single buriér= 1) will be detailed®.

Considering only one burner, the transfer matrixM = R;T; |d of the whole system
is:

cos(xk,L,) 1 sin(ZkyLp)
M = gsin(2kuLp)+2cos(2kuLp) 1 2sin(XyL,) 1+cos(Zkyl,) 1
B 0 0
2coskyLp) 3 2sin(XyLp) 3
0 0
2cos(XL.) » 2sin(KL.) » é (0.1)
cos(kL.,) 1 sin(2kL ) '

sin(2kL.) + 2cos(2kL.) 4 2sin(XL.) 4+cos(2kL.) 1

In the general case withN burners, a Taylor expansion of this matrix has to be per-
formed as a rst simpli cation. Here, the matrix is simple enaigh to compute analytically
the determinant leading to the exact dispersion relation:

(14 2 3)Sin(2KL¢) sin(2kyL p)
+ 2 4[1 cos(XL)]sin(2kyLp)
+ 2 41 cos(kyLp)]sin(2kL)
+ 41 cos(XL)[1 cos(XyL,)]=0 (D.2)

The dispersion relation Eq. (D.2) is non-linear. The idea i® use a Taylor expansion
at the second (or third) order and to solve it analytically. The expansion has to be done

1Since there is only one burner, the index has been omitted to simplify notations (e.g 1 instead of
i=1:1)
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256 (N=1)

around a FDCp (i.e. kL = p + () or FDPp (i.e. k,L, = p + p) mode (see Section
4.3.3 for details). For instance, in the case of the WCC1 modkL. = + which implies

kiLp= ( + o) where = COLp), the dispersion relation Eq. (D.2) becomes:

ILo
[cos(2 ) 1[c 9+ &+ 0o D]=0 (D.3)

where 2 is the value of 4 evaluated atkL.= p

Note that solutions of Eq. (D.3) being . = 9, it justi es that the term . § is
of the same order of magnitude than2 and therefore has to be kept in the analytical
dispersion relation Eq. D.2.

Analytical dispersion relations forN > 1 are more complex to derive but follow a
similar procedure. WhenN = 4, the dispersion relation of Tab. (D.1) are obtained:

| Type | Odd/Even | Second-order dispersion relationo( ?)) |

Odd sinp [ 2+4 $+4 ¥]=0
WEC —Fven sinp = 2)[*+4 =0

odd sin(p=)[2+4 9+4 ¥]=0
wcee Even sinp=2 )[*+4 §]1=0

Table D.1: Analytical expressions of wave number perturbation for WCCp and WCPp aizmuthal modes
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Appendix E

Stability criterion of weakly coupled
modes for a four burners
conguration ( N =4)

A mode is stable if the imaginary part of the wave number is negjve. Table E.1 shows
analytical expressions of the wave number perturbationfor WCPp and WCCp modes:

| Type | Odd/Even | Wave number perturbation () |

Odd 25 H() 3§
wee Even 29 G() 9%
Odd 29 H(@=) 99
WeP Even 29 G(=) 99

Table E.1: Analytical expressions of wave number perturbation for WCCp and WCPp modes where

H(x) = 4tan( p x= 2) and G(x) = 4 oo 5 gy have real values.

Analytical stability criteria can be derived by calculatingthe sign ofim( 9), Im( 9)
and Im( 9 9) using the following de nitions: F is the complex conjugate of the ame

parameterF = % 1+né'® , °=1%1 )L;=¢2Rand 2=!°L ;=@ 2 R. The

notation D refers toD = jcos( °)sin( ) + Fsin( %) cos( 9)j?
With these notations, the sign of the imaginary part of theseaupling parameters are:

Im( 9) = 4§‘D sin(2 )Im (F) (E.1)
P
ON— S o0
Im( 4) = 25D sin(2 ;)Im (F) (E.2)

1Since all sectors are identical, the index has been omitted to simplify notations (e.g ; instead of

i; 1)
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258 (N =4)

Egs. (E.1 - E.2) lead to simple analytical stability critera for WCCp and WCPp
modes:

sin(2 = Y)sin 2p ::';;0 < 0 for WCCp modes (E.3)
C
)
sin(2 = J)sin 2p % > 0 for WCPp modes (E.4)
p
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Appendix F

Flame position e ect on annular
combustors stability

Similarly to longitudinal modes in the Rijke tube Schulleret al., 2012 Poinsot & Vey-
nante, 2011 Kaesset al., 2009, the ame position (de ned by ) also controls the stability
(EQ. (4.48)). In a quasi-isothermal Rijke tube, for commongmall) values of the FTF
time-delay , stability of the rst longitudinal mode is obtained only when the ame is
located in the upper half of the tubes ldeckl & Howe 2007 Zhag, 2012, i.e. > 1=2,
which can be extended for the p-th longitudinal mode:

2m+1 2(m+1)
< < —
2p 2p

8m 2 N (Rijke tube) (F.1)

Eq. (4.48) highlights a similar behavior for azimuthal modein a PBC con guration:
for a WCCp mode with small values of the time-delay < 2=2, sin(2 —) is positive and

Eqg. (4.48) leads to:

2m+1Lle) _ _ 2m+1) Lech

2p Lic® T2 Lo 8m 2 N (WCCp modes) (F.2)
! 1
Usually, the critical ame position it = _zt)if‘uio is larger than unity because the half-

perimeter of the annular cavity is much longer than the burnelength (L, L;). Since
the range of the normalized ame position is [0 1], the ame position may a ect the
stability only for high-order modes (i.e.p large enough to get i < 1). For instance, in
the case described in Table 4.1 with the corrected burner igihh L; *  0:76 m, the critical
ame positions i and the stability ranges (Eq. (F.2)) are shown in Tab. F.1.

The change of stability with the ame position for small time-delays predicted
in Tab. F.1 has been validated using the numerical resolutioof the dispersion relation
(Eq. (4.25)) in Fig. F.1. The critical ame positions obtainedin Tab. F.1 are well captured
for all modes. A situation where the plenum/chamber interatn is not negligible is
shown for the WCC1 mode with = 0:3 (i.e. the ame is close the pressure node
imposed by the large annular plenum).
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| Modeorderp) |[p=1] p=3 | p=5 | p=7 |
et = iy 270 | 09 0:54 0:39

satisfying Eqg. (F.2) | none | [0.9 - 1]| [0:54 1] | [0:39 0:78]

Table F.1: Critical ame positions i and ame positions satisfying Eq. (F.2) for WCCp odd-order
modes of the case described in Table 4.1

Figure F.1: Growth rate for several ame positions of the WCC1 ( =0:3; 0:6; 1.0 - left), WCC3
( =0:5 0:8; 0:85 09 1.0 - middle) and WCC5 ( = 0:5; 0:55; 0:6 - right) modes for small time
delays (= 2 < 1=2) using the numerical resolution of the dispersion relation (Eq. (4.25) with n; = 1:57
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Appendix G

Kernel Density Estimation (KDE)

Compared to experiment, Large Eddy Simulations (LES) usulgl provides high resolved
but time-limited data or signals. This limitation complicates post-processing such as FFT
or probability estimations, as the JAWA methodology proposg in Chapter 8. Indeed, a
classic technique is, from a dataset, to divide the range [min() ; max( )+ ] by
N and create a histogram, where is de ned by the user and corresponds to the anchor
point of the histogram. However, as presented in Fig. G.1, such simplistic method
is highly sensitive to the used procedure (anchor point, numer of point per bins etc.).
Figure G.1 shows 50 random points whose PDF is estimated usihgtogram with two
di erent anchor point (i.e. two dierent values for ) leading to completely di erent
estimated PDF. This drawback usually appears when the numbef samples is limited.
This problem can be tackled only by very low resolutions of thestimated PDF.

Figure G.1: Example (from internet) of the PDF estimation of 50 random values usinghistogram with
two di erent anchor points: results (red for high PDF, white for nul | PDF) are completely di erent
showing that such simplistic approaches are very sensitivity to he used procedure.

A solution is to use a technique known as Kernel Density Estiation (KDE) which
provides accurate PDF estimations where the resolution isdependent of the number of
samples. Let's consider the dataset with a true PDF called f . The estimation of this
PDF is calledf, and is obtained by combining multiple local probability shaes, called
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kernels, as shown in Fig. G.2 (left):

xXn )
fn()= = Kn( 1) where Kn( )= K — G.1)
i=1

whereK, is called the smoothed kernel andl is the smoothing factor.

Figure G.2: Example (from internet) of the PDF estimation of 50 random values using KDE (right).
Local probability functions, here smoothed gaussian functions, are ceered at each sample location
(left).

Usually, the kernel is chosen as a gaussian (normal) distritban since it provides
simple theoretical results. The kernel is smoothed by a famth which has to be chosen by
the user. Nevertheless, this parameter can be evaluated aytadally from an optimization
of the error betweenf and f, leading to an optimal value:

R(K) 1=

nM (K )2R (f 9 ©.2)

hopt =

whereR(g) = Rg(x)zdx and M (g) = Rng(x).

Obviously, the optimal smoothing factor cannot be rigoroug obtained since the true
PDF f is not known. An iterative procedure can be constructed by assiing that
f00r £90 In this PhD thesis, a full analytical formula is used to appreimate this
parameter:

4 medk med )k

Plope = 3 06745 n ©3)
An example is given in Fig. G.3 showing the PDF estimation of theentered wave
ratio = ﬁi+—’/§, extracted from a short LES (Chapter 8), using histogram (tp left) and

KDE with several smoothing factorh, from 0:250,; to 4hop Wherehgy, is obtained from
Eq. (G.3). It shows that the histogram is under resolved, wke KDE with h < h oy are
noisy andh > h ,; are over smoothed. KDE withh,; provides the best PDF estimation
possible. Note that the smoothing parameteh, is de ned using only the sample data
and not the grid resolution on which the PDF will be estimatedcorresponding to the
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number of bins for a classic histogram). Therefore, incraag the resolution of the PDF
does not change the procedure and the PDF results sinbg,y is unchanged (only data
can modify its value, which is what an accurate well-posed @cedure intends to do).
Note that this KDE procedure can be improved by choosing a lokanstead of a global
as presented here, smoothing factor but this topic is stillrmopen question today.

l-)./01 " " H#" &Y™

Hist (1)
PDF ()

!"#"&o/d_h(l)l . !II#II! $%I8L

PDF (1)
PDF (1)

"H™*%&: ) 1"#"$%08y

PDF (1)
PDF(!)

Figure G.3: Example of the PDF estimation of the centered wave ratio = H, extracted from
a short LES (Chapter 8), using histogram (top left) and KDE with several smoothing factors h, from

0:25hqpt t0 4hgpt, Where hgy is obtained from Eqg. (G.3)
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Appendix H

Acoustic ux and growth rate of a
longitudinal acoustic mode with a
non-null mean ow

The case with a mean axial ow described in Fig. 9.4 is investged here with di erent
boundary conditions:
Case UP: the inlet boundary condition is set tou{x = 0) = 0 while the outlet is
p(x = L) =0.
Case MP: the inlet boundary condition is now set tom(x = 0) = oQ(x =
0) + %p(x = 0) = 0 while the pressure outlet is still enforced:p(x = L) =0.
Case UJ: the inlet boundary condition is set toutx = 0) = 0 but now the outlet
condition is an imposed enthalpy: oJ(x = L) = p(x = L)+ ocoMa(x = L) = 0.
For these three cases, the pressure and velocity expressiane:

p(x) = Aek "X + Be Ik X
0Cl(x) = A X Be Jk X

(H.1)
(H.2)

whereA and B are constants x is the axial coordinate,j? = 1 andk = m

Using the pressure and velocity expressions and applying baary conditions for each
case, a dispersion relation is obtained. The argument of tliéspersion relation gives the
frequency while its modulus gives the growth rate. Results@summarized in Tab. H.1:

Case| FrequencyRe(f) | Growth rate Im(f) | Im(f) (low Mach)
UP 0 0
MP (ZDZE) Co 1 M 2) co(J‘.1 I_M 2) In i+m %
uJ +26r 2 1y +
Table H.1: Analytical frequency and growth rate for the three cases UP, MP and UJ.

Table H.1 shows that non-zero Mach numbers can lead either teeutral, damped
or amplied mode. Moreover the real frequency is only weaklg ected by the mean
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ow (/ M?) while the growth rate is signi cantly changed ( M). At non-null Mach
numbers, the acoustic uxF is (Myers, 1986:

B(X) = (U+ —2p)(p+ ouol) = M (H.3)

0

Consequently, acoustic uxes at the inlet and outlet boundaes as well as the total
acoustic ux Fit = F(x =0) F(x = L) for the three cases read:

Case F(x = 0) F(x = L) Frot

UP | YopP(x=0)= MA- | oM 0%(x = L) = MA 0

MP 0 M 02(x = L) > 0 oM 02(x = L) < 0
uJ MpP(x=0)>0 0 MpP(x=0) >0

Table H.2: Analytical frequency and growth rate for the three cases UP, MP and UJ.

Table H.2 is consistent with growth rates obtained in Tab. H.1isce the acoustic
energy conservation for an isentropic ow readsMyers, 1986:

@
@t_ If‘tot (H4)
where the acoustic energy i€ = %g + % o0? + %g—po. Note that in the case UJ, the

inlet boundary condition acts like an active device (positie acoustic ux F(x = 0) =
%pz(x =0) > 0, Tab. H.2) and therefore a xed velocity inlet is not a physial boundary
condition.
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Appendix |

C-indicator with N equi-distributed
pressure probes

P _
In this paper, the C-indicator C(t) = Nl ::'zl pe( «;t)€ « proposed by Schuermans et

al. and already used in \(Volf et al., 2012 Worth & Dawson, 2013) is applied to high-
light the nature of the azimuthal modes observed in LES. Thisection intends to derive
the analytical expression of the C-indicator according tohie mode nature: standing or
spinning.
Standing mode: Assuming a standing mode at the frequencly, the pressure at
the probek reads:

Pk(t) = Pocos(2ft )cos( k) (1.1)
Using cos(x) = 3 € «+ el v, the C-indicator reduces to:

X X
C(t) = &cos(th ) A k+l = &cos(th )+ &cos(th ) e x (.2
2N el 2 2N el

P _
If N 6 1 or 2 (i.e. more than two probes are used), the term I’:lzl e’ « is null

leading to the C-indicator:
1 .
C(t) = EPO cos(2ft ) with the phase argC(t)) =0 or (1.3)

Spinning mode: Assuming a spinning mode at the frequencly, the pressure at
the probek reads:

Pe(t) = Pocos(2ft ) (1.4)

where wave ( ) rotates in the clockwise direction and the wave (+) in the at-
clockwise direction.
Using cos(2ft k)= 3 €2 T+ el2ft T« the C-indicator reduces to:

Po | Po 2 X
C(t) = EOe j2it 4 ﬁe jait g Ak (1.5)
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P .
If N 6 1 or 2 (i.e. more than two probes are used), the term ’12':1 e 2 «is null
leading to the C-indicator:

C(t) = %ejm with the phase argC(t))= 2ft = It (1.6)

where! is the angular frequency and + (resp. ) characterizes the clockwise (resp.
anti-clockwise) spinning wave.
Consequently, the phase of the C-indicator provides the natte of the azimuthal modes
considering two assumptions: 1) Pressure probes are eqdiptributed and 2) more than
two probes are used to identi ed the mode. Table I.1 summags these results:

Nature 2C (t)=P, arg(C(t))
Standing cos(2t ) 0 or
Spinning (clockwise) ghi2ft +1t
Spinning (anti-clockwise) e 12t It

Table I.1: analytical expressionsof the C-indicator and its phase according to thenode nature.
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Resune court

Une large gamme de probemes physiques, des petites mobxsiaux etoiles geantes,
contiennent des synetries de rotation et sont sujets a de®scillations azimutales ou
transverses. Quand cette synetrie est rompue, le sysemgeut devenir instable. Dans
cette these, les brisures de synetries sont etudees das les chambres de combustion
annulaires, sujettesa des instabilies thermo-acoustjues azimutales. En premier lieu,
deux types de brisures sont obtenues analytiquement : la pmere en epartissant des
bruleurs dierents le long de la chambre et la seconde proguee par le champ moyen
lui-méme. Ces ruptures de synetries entranent une sgpation des fequences, xe la
structure du mode et peut cestabiliser le syseme. De plysune approche Quanti cation
d'Incertitudes (UQ) permet devaluer I'e et de la rupture d e synetries provoqtLee par les
incertitudes sur la description ou le comportement des ames. Pour compekter cette
treorie, des Simulations aux Grandes Echelles (SGE) somtatisses sur un mono-secteur
ainsi que sur une con guration compkte 360 de I'exgerience annulaire de Cambridge.
Les esultats nunmeriques sont compaes aux donrees egpgmentales et montrent un
bon accord. En particulier, un mode instable a 180(Hz cro dans les deux cas.
Cependant, la SGE, limiee par son co0t important, ne perrat pas letude du cycle
limite sktablissant apes plusieurs centaines de milsecondes. Pour paliera ce probeme,
une nouvelle approche, appeke AMT, est ceveloppee : legsultats d'une treorie ou
d'un solveur acoustique sont injeces dans une simulatioBGE. Cette approche permet
detudier les brisures de synetries, la nature et la dynangue des modes acoustiques,
ainsi que devaluer I'amortissement dans des con guratios ealistes.

Short abstract

A large range of physical problems, from molecules to giantass, contains rotat-
ing symmetry and can exhibit azimuthal waves or vibrations.When this symmetry is
broken, the system can become unstable with chaotic behandgo Symmetry breaking
is investigated in annular combustors prone to azimuthal #rmo-acoustic instabilities.
First, theories reveal that two types of symmetry breaking dast : due to di erent burner
types distributed allong the chamber or due to the ow itself. It leads to frequency
splitting, xes the mode structure and can destabilize the @n guration. A UQ analysis
is also performed to quantify the symmetry breaking e ect de to uncertainties of ame
descriptions or behaviors. To complete theory, Large EddyirBulations are performed
on a single-sector as well as on a complete 3@&®n guration of the annular experiment
of Cambridge. Numerical results are compared to experimeihtdata showing a good
agreement. In particular, an unstable azimtuthal mode at 1@ Hz grows in both LES
and experiment. However, LES cannot investigate the limit @fe because of its extreme
cost. To tackle this problem, a new methodology is developechlled AMT, where theory
or Helmholtz solver predictions are injected into LES or DNS. Tis method allows to
study symmetry breaking, mode nature and dynamics as well avaluating damping in
realistic annular con gurations.
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