Subgrid Scale Variance and Dissipation of a Scalar Field in Large Eddy Simulations

C. Jiménez^1, F. Ducros, B. Cuenot and B. Bédat^2.

CERFACS. 42, av. G Coriolis. 31057 Toulouse. France Abstract Subgrid scale (SGS) variance of a scalar field in Large Eddy Simulations is only properly defined in relation to a probability density function. This solves a reported problem in the variance definition^{1, 2} and allows to write a simple evolution equation for the scalar variance. This equation shows that a recently proposed model for scalar dissipation in terms of the large scale gradients^3 implies dissipation and production cancelling out, preventing variance decay and complete mixing at SGS level. An alternative simple model for dissipation in terms of a SGS mixing characteristic time is proposed and tested here.

1 Corr. author: carmen@cerfacs.fr, Tel. (+33) 5 61 19 31 10, Fax. (+33) 5 61 19 30 00.

2 Present affiliation: IMFT/UPS. Av. du Pr. Soula, 31400 Toulouse, France.

Extension of combustion models established in Reynolds averaged (RANS) calculations to Large Eddy Simulations (LES) has been investigated in recent works.^{1–8} As in RANS, the key point of a LES combustion model is the determination of at least joint statistics of the reacting scalars and temperature at the subgrid scale (SGS) level. A whole category of models for non–premixed combustion is based on the description of SGS joint statistics as related to the SGS statistics of a conserved scalar, namely the mixture fraction Z. Different assumptions (the infinitely fast chemistry, the flamelet^9 or the CMC^{10} assumptions), can be used to establish such relation, while it is generally agreed that the SGS statistics of Z can be described by a beta function, parametrized by its mean and variance.^{1, 6} A third parameter, the scalar dissipation, is usually needed to establish the reactants/mixture fraction structure by relating mixing and chemical times.

Thus the description of nonpremixed combustion at the SGS level relies for the mentioned models on the proper determination of the mean, variance and dissipation rate of the mixture fraction at the SGS level. The mean value coincides with the local large scale value Z and is directly computable in a LES. Different approaches have been proposed for the variance and dissipation modeling, most of them based on independent scale similarity assumptions. We show in this paper that reported problems in the variance modeling and calculation stem from an inadequate definition in terms of the square of SGS fluctuations. Once the proper definition is established, its evolution equation can be written without ambiguity. It shows that variance and dissipation can not be independently modeled without risk, being intimately related through mixing. We propose here to add an equation for scalar variance to the LES system of equations, so that a single model is needed to represent dissipation and effects of mixing in the variance evolution. Using for that purpose a recently proposed model for scalar dissipation^3 implies that dissipation and production of variance cancel out. This would lead to unphysical simulations in which the SGS scalar variance would not decay and complete mixing of reacting species would not be attainable. As a consequence, reaction rates would be underestimated in the associated combustion calculation. An alternative simple model is proposed here, based on assuming the SGS characteristic mixing time as proportional to the SGS turbulent characteristic time, as an extension of a model widely used in RANS. A priori tests and results of actual Large Eddy Simulations are presented that confirm the adequate behavior of such a model.

1 Variance definition

In RANS calculations, the variance of a scalar field Z under an averaging operation ⟨ ⟩ is defined as the average of the square fluctuations about the mean value: V_{RANS} = ⟨ Z^{′2} ⟩ = ⟨ (Z − ⟨Z⟩)^2 ⟩ , which is equivalent to the difference between the mean square value and the square of the mean value: V_{RANS} = ⟨ (Z − ⟨Z⟩)^2 ⟩ = ⟨ Z^2 ⟩ + ⟨Z⟩^2 − 2 ⟨Z⟩ ⟨Z⟩ = ⟨ Z^2 ⟩ − ⟨Z⟩^2 , and both forms can be used.

In LES, the analogous definitions in terms of filtering are not equivalent, as due to the properties of general filter operators Z ≠ Z. By analogy with the most common definition in RANS, and given the somewhat easier interpretation of the variance as related to fluctuations, one would define the SGS scalar variance in terms of SGS fluctuations, as: Z^{′2} = ( Z − Z )_2

. (1) This expression for the scalar variance was detected to give problems in practical calculations. A restriction of the allowed filtering operators to projectors, for which Z = Z, was then adopted,^{1, 2} so that the SGS variance could be identically defined as:

Z^2 − Z^2. (2)

In fact the filter restriction is not needed if care is taken to define the scalar variance, a statistical quantity, in terms of a probability density function (PDF). Only the definition in equation 2 corresponds to the variance of a PDF. It can be shown that it is the variance of the filtered probability density function introduced by Gao and O’Brien:^{11, 12}

P (Γ, x, t) = ∫ G(⃗x, ⃗x^′)δ(Γ − Z(⃗x^′, t))d⃗x^′, (3)

where G(⃗x, ⃗x^′) represents the filtering kernel and δ the Dirac delta function.

The first moment or mean of P at ⃗x is the sum of possible values weighted by their probability, and coincides with the values of the filtered scalar at ⃗x: ∫ ΓP (Γ; ⃗x)dΓ = ∫ ∫ ΓG(⃗x, ⃗x^′)δ(Γ−Z(⃗x^′))dΓd⃗x^′ = ∫ Z(⃗x^′)G(⃗x, ⃗x^′)d⃗x^′ = Z(⃗x).

The second centered moment, the variance, is defined as the sum of the square of fluctuations around the mean value weighted by their probability: ∫ [ Γ − Z(⃗x) ]_2

P (Γ; ⃗x))dΓ = ∫ ∫ [ Γ − Z(⃗x) ]_2 G(⃗x − ⃗x^′)δ(Γ − Z(⃗x^′))dΓd⃗x^′

= ∫ [ Z^2(⃗x^′) + Z^2(⃗x) − 2Z(⃗x^′)Z(⃗x) ] G(⃗x, ⃗x^′)d⃗x^′

= Z^2(⃗x) + Z^2(⃗x) − 2Z(⃗x)Z(⃗x) = Z^2(⃗x) − Z^2(⃗x), Thus the unique definition for the SGS scalar variance if SGS statistics are based on the filtered PDF above is:

V_z = Z^2 − Z^2, (4)

while Z^{′2} = Z^2 − 2ZZ + Z^2 can not be related to the second moment of any one point PDF, as it includes correlations between Z and Z at different points.

2 Evolution equation for the SGS scalar variance

When an evolution equation for Z^{′2} is derived, several open correlation terms appear that make its closure a difficult task. This is probably the reason why SGS variance evolution simulations are not found in literature and most approaches use a similarity model for the variance and an independent model for the scalar dissipation.^{2, 3} The relation between the scalar variance and the scalar dissipation, that should model the mixing phenomenon, is not evident in such an approach.

Once the correct definition of the SGS scalar variance stated, a simple

evolution equation for it can be obtained from the corresponding equations

for Z^2 and Z^2 or from integration of the evolution equation for the PDF. In

any case the resulting equation is: ∂ ( Z^2 − Z^2 ) ∂t + ∂u_i ( Z^2 − Z^2 ) ∂x_i = ∂ ∂x_i D ∂ ( Z^2 − Z^2 ) ∂x_i − 2D ∂Z ∂x_i ∂Z ∂x_i I +2D ∂Z ∂x_i ∂Z ∂x_i − ∂ ∂x_i ( u_iZ^2 − u_iZ^2 )

II + 2Z ∂ ∂x_i ( u_iZ − u_iZ )

III (5)

Three open terms appear in it, representing dissipation of scalar variance

by both resolved and SGS scale gradients (I), transport of the square of

the scalar field by the SGS turbulence (II) and transport of the scalar field

itself by the SGS turbulence (III). Modeling SGS transport of scalars by the

classical gradient assumption through an eddy diffusivity gives for the last

two terms: − ∂ ∂x_i ( u_iZ^2 − u_iZ^2 ) = ∂ ∂x_i ( D_T ∂Z^2 ∂x_i ) , and

2Z ∂ ∂x_i ( u_iZ − u_iZ ) = −2Z ∂ ∂x_i ( D_T ∂Z ∂x_i ) = − ∂ ∂x_i D_T ∂Z^2 ∂x_i +2D_T ∂Z ∂x_i ∂Z ∂x_i .

The evolution equation for the variance once this modelization introduced reads: ∂V_z ∂t + ∂u_iV_z ∂x_i = ∂ ∂x_i ( (D + D_T ) ∂V_z ∂x_i ) − 2D ∂Z ∂x_i ∂Z ∂x_i + 2 (D + D_T ) ∂Z ∂x_i ∂Z ∂x_i . (6) SGS turbulent transport effects appear in the diffusion and production terms, while the remaining open term χ = 2D^{∂Z}_{∂xi}^{∂Z}_{∂xi} , the filtered scalar dissipation, represents mixing at the SGS level. This equation shows the relation between the scalar variance decay and the scalar dissipation mentioned above. Using a scale similarity model for the variance and an independent model for the dissipation can result in situations in which the variance evolves in a way incompatible with the local scalar dissipation. On the other hand, the SGS scalar variance can be computed along the simulation by addition of this equation to the LES system of equations, once the dissipation term is modeled. This approach would lead to a LES in which mixing is well represented by the correct relation between variance and dissipation with just a small increase in cost.

3 Modeling the scalar dissipation

A recent model for the filtered scalar dissipation reads:^{3, 13}

χ = 2D ∂Z ∂x_i ∂Z ∂x_i = 2 (D + D_T ) ∂Z ∂x_i ∂Z ∂x_i . (7)

This model can not be used to close the variance equation, as it was derived from a local equilibrium assumption in it that implies that the unsteady, convective and diffusive terms are negligible and estimates the dissipation as equal to the production. If used in equation 6, the production and dissipation terms would cancel out and it would become a convection–diffusion equation, by which the total SGS variance would be conserved in a closed system. This does not correspond to the real behavior of the SGS scalar variance, that should decay by the effect of turbulence, leading asymptotically to a completely mixed state in which variance is zero. This model was developed to be used as a model for the scalar dissipation rate in a context in which no variance equation is solved and χ is only needed to determine the underlying flamelet regime.^3 The full model therein contains an independent scale similarity model for the variance, which is thus not affected by the local equilibrium assumption.

The dissipation model above is the first term in a model derived in,^{13} whose complete expression is quite complex to be incorporated into the simulation of equation 6. A simple and general alternative model can be taken from RANS modeling of dissipation in terms of a characteristic mixing time assumed proportional to the turbulent characteristic time. In LES, the SGS scalar mixing time can be defined as: 1 τ_Z = χ Z^2 − Z^2

. (8)

An equivalent SGS turbulent characteristic time τ can be introduced as the ratio between the SGS kinetic energy κ = 1/2 (u_iu_i − u_i u_i) and the filtered kinetic energy dissipation rate ϵ = ν^{∂ui}_{∂xj}^{∂ui}_{∂xj} . Assuming a proportionality between both times, a model for χ can be derived as: χ Z^2 − Z^2 = 1 τ_Z ∼ C τ = C ϵ κ (9)

where C is a parameter to be determined.

A test of this modeling assumption has been performed by comparing exact and predicted χ values extracted from direct numerical simulation (DNS) data. DNS was conducted using a high–order compact finite differences parallel code^{14} and corresponds to an inert scalar mixing in homogeneous isotropic turbulence at Re_T ∼ 64 with Sc = .75 on a 150^3 grid. A box filter of characteristic size 10 times the grid size (Δ = 10Δx) was used to extract the relevant data and results for local and averaged values are presented in Fig. 1. A value for the parameter C = 1/.75 = 1/Sc was found to be adequate. Further tests based in different Schmidt number scalars are needed to support this, but for the rest of this note and in all results presented a value C = 1/Sc was assumed.

But unlike in RANS k-ϵ calculations, when it comes to a practical LES, quantities such as the SGS kinetic energy or its dissipation are not available. The implementation of the proposed model has to use approximations of κ and ϵ derived from SGS turbulence models. If a Smagorinsky–type eddy viscosity model is used for the SGS stresses, and the Yoshizawa model is used for the SGS kinetic energy:

ϵ = 2 ( ν + C_S Δ^2 | | |S | | | ) S_{ij} S_{ij} , κ = 2C_I Δ^2S_{ij}S_{ij} , (10)

the actual implementation of the model for χ would read:

χ = ( ν + C_SΔ^2 | | |S | | | ) Sc C_I Δ^2 ( Z^2 − Z^2 ) , (11)

resulting in a well-conditioned expression, provided that C_S and C_I are not zero.

A priori tests of this model are presented in Fig. 2, in which exact χ values are compared to those given by eq. 11, with constant C_I and C_S parameters, estimated from DNS data by averaging (both in space and time)

the relations in equation 10. In Fig. 3 the space averaged values of these

parameters (and of Sc_T ) are presented for reference. While Sc_T and C_S

appear as approximately constant in time, C_I varies from a .09 to a .06 value

along the simulation. An intermediate value C_I = .07 was used to produce

results in Fig. 2. It appears that dissipation is accurately predicted both

locally and on average even when this rough parameter estimation is used.

4 Simulation Results

A Large Eddy Simulation of a scalar mixing in homogeneous isotropic tur-

bulence was performed to further test the dissipation modeling in a real SGS

variance calculation. The large scale equations of the velocity and scalar

fields plus the equation of the SGS variance: ∂u_i ∂t + ∂u_iu_j ∂x_j = − ∂p ∂x_i + ∂ ∂x_k ( (ν + ν_T ) ∂u_i ∂x_k )

∂Z ∂t + ∂Zu_j ∂x_j = ∂ ∂x_k ( (D + D_T ) ∂Z ∂x_k )

∂V_z ∂t + ∂V_zu_j ∂x_j = ∂ ∂x_k ( (D + D_T ) ∂V_z ∂x_k ) − 2 (D + D_T ) ∂Z ∂x_k ∂Z ∂x_k + χ (12) were solved on a 30^3 grid by the same DNS high–order finite-difference code,^{14} to which eddy viscosity and diffusivity terms were added, and production and dissipation of variance incorporated as source terms. Filtered fields obtained from DNS by applying a box filter operator of size Δ = 10Δx and then projecting into the 30^3 grid were imposed as the initial conditions for the LES.

Several models enter such a calculation: an eddy viscosity (ν_T ) model and an eddy diffusivity (D_T ) model were used to close the momentum and scalar equations, while the variance equation was closed by the same eddydiffusivity model plus the dissipation model in equation 11. The SGS variance calculation is thus affected by the eddy viscosity model (through the large scale convection velocity), the eddy diffusivity model (both directly and through its effect on Z), and the dissipation model. In order to assess the performance of the dissipation model, independent tests for the three models were needed. This could be achieved by comparison of LES and DNS results for some particular magnitudes:

• A Smagorinsky model with constant C_s (obtained from a priori tests) was used to close the momentum equation, and tested by comparing LES and DNS results for the decay of the global resolved kinetic energy

∫_1

2 u_i^2. This comparison is presented in Fig. 4, and agreement is quite good, as expected from the well–documented good behavior of this model in homogeneous isotropic turbulence.

• An eddy diffusivity model derived from the above Smagorinsky model as D_T = ν_T /Sc_T with Sc_T = .3 (as obtained from a priori tests), was used to close the Z equation. The study of the decay of the “scalar energy” Z^2, a large scale quantity equivalent to the kinetic energy, constitutes an independent test of this model, as: d dt ∫ Z^2 = ∫ 2 (D + D_T ) ∂Z ∂x_i ∂Z ∂x_i .

Comparison of LES and DNS results for the decay of the global scalar energy is presented in Fig. 4, while instantaneous isosurfaces of the Z field obtained from filtering the DNS data and from the LES calculation at time ∼ 3 are shown in Fig. 5. Again a good agreement is found. Slight deviations in the ∫ Z^2 decay rate indicate, however, that Sc_T should not be taken as constant. The space averaged value of Sc_T obtained in a priori tests is constant in time (see Fig. 3), but local spatial variations should be allowed, as the initial condition for the scalar field has a cylindrical shape, and is thus not homogeneous or isotropic. Probably a local determination of Sc_T through a dynamic procedure would give better results.

• The dissipation model in equation 11 with C_I = .06 was used to close the dissipation term in the variance equation, while the eddy-diffusivity model above was used for the SGS transport terms. Results of global SGS scalar variance decay and instantaneous scalar variance fields from LES and DNS are presented in Figs. 4 and 5. Again some deviations in the decay rate can be observed, especially in the first steps of the simulation. The use of a constant value for C_I , much closer to the final values than to the initial values in Fig. 3 is in part responsible for that deviations, together with effects of constant Sc_T . In the first steps of the simulation Z^2 decays too rapidly and Z^2 − Z^2 too slowly. This is an effect of a too large production term (2 (D + D_T )^{∂Z}_{∂xi}^{∂Z}_{∂xi} ) at this period, as can be seen in Fig. 6, and which is possibly caused by the use of a spatially constant Sc_T . Dissipation appears to be slightly overestimated at the same initial time ( Fig. 6 left ), due to the use of a C_I = .06 value, smaller than that estimated a priori as adequate for that time. Later, both values appear to be closer to the DNS values and both the scalar energy and the variance decay at the correct rate.

These results appear to confirm the adequacy of the proposed model, as even with approximate C_I and Sc_T parameters the adequate global variance decay rate is reproduced and the instantaneous field presents the appropriate shape. Estimations of these parameters by a dynamic procedure^{15, 16} in combination with the present model for dissipation would lead to a complete model for the system in eq. 12 in which no external input would be needed.

As suggested by one of the reviewers of this work, a comparison with existing models for the variance is needed to assess the performance of the present modelisation. A comparison of the global SGS variance evolution obtained by the present model and by the scale similarity model in:^3

V_z = C_s ( ^ Y^2 − ^Y^2 ) (13)

with C_s a dynamically determined coefficient, is presented in Fig. 7. Circles represent there the actual value of the variance obtained by filtering DNS data (void circles) and the value obtained in the LES described above (full circles). Square symbols represent the values given by the scale similarity dynamic model in an a priori estimation based in filtering DNS data at two levels (void squares) and by an actual LES of the velocity and scalar field that computes variance by the same model (full squares). The scale similarity dynamic model appears to overestimate the variance when DNS data are used and to underestimate it in the case of the LES calculation. This different behavior indicates again some need for a better model to close the scalar evolution equation in LES (note that only the variance is estimated dynamically in the LES calculation, while a constant turbulent Schmidt number is used to close the Z evolution equation). But even when the DNS data are used, the scale similarity model appears to be a worse estimation of the variance than the simulation of the closed variance equation presented here. Of course, there is also the cost issue, which could in some cases make the estimation of the variance through a scale similarity model more appropriate than the resolution of an additional equation. This depends on the numerical scheme adopted, as for some of them the cost of a filtering operation can be very close or even greater than the cost of solving a scalar equation. In the present case both the scale similarity dynamic model estimation and the addition of an equation for the variance represent an increase in CPU time of about 20 % ( 19 % and 18 % resp.).

5 Conclusion

The formal derivation of the SGS scalar variance definition presented here allows to write an evolution equation for it in which the only open term is the filtered scalar dissipation, which represents SGS mixing effects. This equation can be added to the LES equations of a reacting flow so that SGS reactant statistics are determined by a single model for dissipation, while variance and dissipation appear as correctly related through mixing. Modeling the dissipation as in equation 7 would imply identical dissipation and production of variance and thus can not be used for the purpose of closing this equation. An alternative simple model has been proposed and tested here for a scalar mixing in homogeneous isotropic turbulence. Model parameters have been obtained from space and time averaged values of fitted parameters extracted from DNS data and the obtained model has been shown to behave appropriately. Existing dynamic procedures to determine C_S, Sc_T and C_I along the simulation could give better results, but even when roughly estimated constant parameters are used the proposed model gives the correct magnitude for the variance decay.

Acknowledgments

C. Jiménez acknowledges support from the European Commission through a Marie Curie fellowship. IDRIS is acknowledged for providing CPU time.

References

1 A.W. Cook and J. Riley. A subgrid model for equilibrium chemistry in turbulent flows. Physics of Fluids, 6:2868–2870, 1994.

2 A.W. Cook, J. Riley, and G. Kosály. A laminar flamelet approach to subgrid– scale chemistry in turbulent flows. Combustion and Flame, 109:332–341, 1997.

3 Ch. D. Pierce and P. Moin. A dynamic model for subgrid variance and dissipation rate of a conserved scalar. Physics of Fluids, 10(12):3041–3044, 1998.

4 D. Veynante and T. Poinsot. New tools in turbulence modelling, chapter Turbulent combustion. Les Editions de Physique. Springer, 1996.

5 J. Réveillon and L. Vervisch. Response of the dynamic LES model to heat release induced effcts. Physics of Fluids, 8:2248–2250, 1996.

6 J. Jiménez, A. Liñán, M.M. Rogers, and F.J. Higuera. A priori testing of subgrid models for chemically reacting non-premixed turbulent shear flows. Journal of Fluid Mechanics, 349:149–171, 1997.

7 S.M. De Bruyn Kops, J. Riley, G. Kosály, and A.W. Cook. Investigation of modeling for non–premixed turbulent combustion. Flow, Turbulence and Combustion, 60:105–122, 1998.

8 O. Colin, F. Ducros, D. Veynante, and T. Poinsot. A thickened flame model for large eddy simulation of turbulent premixed combustion. Physics of Fluids, 12:1843–1863, 2000.

9 N. Peters. Laminar diffusion flamelet models in non–premixed combustion.

Prog. Energy Combust. Sci., 10:319–339, 1984.

10 R.W. Bilger. Conditional moment closure for turbulent reacting flows. Physics of Fluids A, 5, 1993.

11 F. Gao and E.E. O’Brien. A large eddy simulation scheme for turbulent reacting flows. Physics of Fluids A, 5:1282–84, 1993.

12 C. Dopazo, L. Valiño, and N. Fueyo. Statistical description of the turbulent mixing of scalar fields. International Journal of Modern Physics B, 11:2973– 3014, 1997.

13 S. S. Girimaji and Y. Zhou. Analysis and modeling of subgrid scalar mixing using numerical data. Physics of Fluids, 8:1224–1236, 1996.

14 A. Stoessel. A parallel tool for the study of 3D turbulent combustion phenomena. In Proceedings of the parallel CFD’95 Conference. Elsevier, 1996, ISBN 0-444-82322-0.

15 M. Germano, U. Piomelli, P. Moin, and W.H. Cabot. A dynamic subgrid–scale eddy viscosity model ( and erratum). Physics of Fluids A, 3:1760–1771, 1991.

16 P. Moin, K. Squires, W. Cabot, and S. Lee. A dynamic subgrid–scale model for compressible turbulence and scalar transport. Physics of Fluids A, 3(11):2746– 2757, 1991.

List of Figures

1 (a) Scatter plot of instantaneous values of χ and its model as in equation 9 for a box filter Δ = 10Δx at t = 1 and (b) time evolution o f their averaged values. Time is nondimensionalized by the eddy turn-over time. . . . . . . . . . . 23 2 (a) Scatter plot of instantaneous values of χ and its model as in equation 11 with fixed parameters for a box filter Δ = 10Δx at t = 1 and (b) time evolution of their averaged values. Time is non-dimensionalized by the eddy turn-over time. . . . . . . 24

3 Space averaged values of the parameters (a) C_S, (b) Sc_T and (c) C_I obtained from DNS data . . . . . . . . . . . . . . . . . 25 4 Time evolution of (a) the resolved kinetic energy^1_2 u_i^2, (b) the resolved “scalar energy” Z^2 and (c) the SGS variance Z^2 − Z^2 obtained from DNS and from LES. . . . . . . . . . . . . . . . 26 5 Snapshots at t ∼ 3 representing: (a) the Z = .3 isosurface from DNS, (b) the Z = .3 isosurface filtered from DNS, (c) the Z = .3 isosurface obtained by LES, (d) the V_z = .01 isosurface from filtering the DNS and (e) the V_z = .01 isosurface from LES. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 6 Time evolution of (a) the production and (b) the dissipation of variance obtained from DNS and from LES. . . . . . . . . . 28 7 Time evolution of the global SGS scalar variance as obtained in DNS (∘), the present LES (•), and by the scale similarity dynamic model of eq. 13 (from DNS ( ) and LES ( ) data). . 29

(a) (b)

Figure 1: C. Jiménez, Physics of Fluids

(a) (b)

Figure 2: C. Jiménez, Physics of Fluids

(a) (b)

(c)

Figure 3: C. Jiménez, Physics of Fluids

(a) (b)

(c)

Figure 4: C. Jiménez, Physics of Fluids

(a)

(b) (c)

(d) (e)

Figure 5: C. Jiménez, Physics of Fluids

(a) (b)

Figure 6: C. Jiménez, Physics of Fluids

Figure 7: C. Jiménez, Physics of Fluids