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Abstract
An a priori study of the turbulence radiation interaction (TRI) is performed on numerical data
from Direct Numerical Simulation (DNS) of a turbulent flame. The influence of the various
correlations that appear in the radiative emission is investigated and their impact is evaluated
in the context of Large Eddy Simulation (LES). In LES, only filtered quantities are computed,
where the filter is the grid. The radiative emission is reconstructed first from the exact, then
filtered solution variables and the sensitivity to the filter size is evaluated. Three approaches are
used to take into account the subgrid scale correlations : the no-TRI, partial TRI and full TRI
approaches. Results show that the full TRI is exact compared to the reference emission and that
the partial TRI performs worse than the no-TRI. This indicates that in the studied case, the TRI
must be considered in LES in a full formulation.

1 Introduction
Turbulence is one of the most common state of fluid flows, either in industrial applications

or natural phenomena. They develop for example when the Reynolds number Re = UL/ν
(where U is the flow velocity, L is a flow charateristic length and ν is the viscosity), reaches
sufficiently high values. Although the general equations of fluid dynamics allow to describe
both turbulent and laminar flows, computational constraints limit their resolution and different
approaches may be used. Direct numerical simulation (DNS) reproduces exactly the turbulent
flow but due to a high CPU cost it is restricted to simple geometries and moderate Re. On
the contrary Reynolds-Average-Navier-Stokes (RANS) simulations are very fast and handle
complex high Re flows, but compute only mean solutions of steady flows. The introduction
of Large Eddy Simulations (LES) gives access to filtered variables in high Re, non stationary
complex turbulent flows. However it still requires modeling for the subgrid scale phenomena.
In all these simulations the radiative transfer is often omitted because of its complexity and
prohibitive calculation time. Nevertheless the concerns about energy savings and environment
safeguarding impose significant increase of efficiency and decrease of pollutant emissions. As
the production of polluting species, like nitrogen oxide (NOx) and soot, is known to be very
sensitive to temperature levels, radiation has now become a key point in modern combustion
simulations.

The importance of turbulence-radiation interaction (TRI) is by now well recognized in
the scientific community. This observation is supported by experimental studies, conducted
mostly by Faeth and Gore and theirs co-workers over the last twenty years for a number of fuels
([1, 2, 3, 4, 5]). This experimental data demonstrate that, depending on the fuel, the radiative
emission of a turbulent flame may be up to 50 to 300% higher than it would be evaluated from
the mean values of temperature and absorption coefficient.

Theoretical studies provide an additional support for the importance of TRI in combustion
applications. Cox (1977) [6] shows that the temperature fluctuations may increase the radiative



emission by 100% if the level of fluctuation exceeds 41%. He also suggests that the turbulent
fluctuations may affect the absorption coefficient leading to an increase of flame emission.
Kabashnikov and Kmit (1979) [7] and Kabashnikov and Myasnikova (1985) [8] formalized the
optically thin eddy approximation (OFTA) commonly used for closure models in TRI. They
conclude that TRI may increase the radiative intensity by a factor two or three.

In addition, numerous numerical studies have been carried out to demonstrate the effects
of TRI and to evaluate the impact of different parameters [9]. In uncoupled calculations, the
radiative transfer is computed from the temperature and species concentrations provided by
experiment or combustion simulation results. The fluctuations are commonly generated by
stochastic models. Predictions using stochastic models give results in good agreement with
experimental data. With this approach Grosshandler [10, 11] shows that TRI may increase the
radiative intensity by a factor two. In the case of very sooty flames the emission may decrease
because of the negative cross-correlation between soot volumetric fraction and temperature. Jeng
[12] points out that TRI is weak in carbon monoxide/air flames (in order of 10%), moderate in
methane/air flames (in order of 10% to 30%) and important in hydrogen/air flames (in order
of 100%). Kounalakis, Faeth, Sivathanu, Zheng [13, 14] or Coelho [15] also give results in
agreement with an increase of radiative emission by TRI. Coupled calculations show that TRI
contributes to lower the flame temperature and increase the wall fluxes. Adams and Smiths
[16] report temperature reductions by 50K to 100K. These results are confirmed by the work
of Modest [17] also showing that wall fluxes may increase by 40%. Coelho [18] finds that the
radiative heat loss may increase by 50% if taking into account all TRI effects.

DNS is a powerful tool to diagnose different effects of TRI and to test usual approximations
like the OFTA. It was used recently by Wu [19] to study TRI in the context of RANS, to evaluate
the effect of the deviation from the mean of the solution variables. In LES, only the subgrid
part of the fluctuations is unknown and it is a deviation from the local filtered value. Therefore
the impact of TRI might be very different and it is the purpose of the present work to analyse
it using the same methodology: the radiation calculations are performed as a post-processing
treatment of available DNS results [20], i.e. in an uncoupled approach. In the following, section
2 gives the basic theoretical elements of the analysis, section 3 describes the configuration and
the radiation calculations, and finally section 4 presents the results.

2 Turbulence radiation interaction
2.1 LES of turbulent flows

Turbulence is a complex phenomenon involving non-linear processes and developing over a
wide range of spatial and temporal scales. In industrial applications it is characterized by the
Reynolds number introduced above and some particular length scales such as the integral length
scale le corresponding to the largest flow structures or the Kolmogorov scale η associated to the
smallest eddies. In the LES description of turbulence, a low-pass filter is used to decompose
turbulent quantities into two parts [21]:

X = X + X ′ (1)

where X is the filtered value and X ′ is the fluctuation. The filtered value is obtained by applying
a spatial filter H [22]:

X(x) =

∫
D

H(x− x′)X(x)dx′ (2)



where x is the spatial location vector. The filter is characterized by a size ∆. In practice the
filter is the grid itself and ∆ is directly linked to the mesh size. Note that in general X 6= X
and X ′ 6= 0. These relationships are only true if the filter is a cut-off filter in the spectral space.
However, as will be seen later, they are usually assumed to allow model derivations, but it will
be also shown that the induced error is weak.

2.2 Radiative transfer

In a non-scattering and non-reflecting medium, the differential form of the radiative transfer
equation is :

∂Iν

∂t
+

∂Iν

∂s
= κν (Ibν − Iν) (3)

with Iν(x, t) the radiative intensity by solid angle, Ibν the blackbody radiation intensity, κν the
spectral absorption coefficient and s the curvilinear coordinate along the line of sight.

Spectral model
To take into account the spectral dependence of the radiative properties, several approaches are
possible, listed here from the simplest to the highest complexity (and CPU cost): global models
(gray gas or weighted sum of gray gases), narrow bands models and finally line-by-line models.
In the context of combustion applications, obviously line-by-line models are the most accurate
but they have a prohibitive CPU cost. On the other hand global models are not accurate enough
in case of non-homogeneous and non-isothermal medium. In a combustion chamber the radiant
species being able to contribute to the radiation are H2O, CO2 and should be included.

Therefore the Malkmus model using narrow bands represents the best compromise between
accuracy and rapidity in this context. The average transmittivity for a narrow band ∆ν of a gas
thickness layer l is expressed as :

〈T 〉∆ν (l) = exp

[
Φ

(
1 +

(
1 +

2 〈κ〉∆ν l

Φ

)1/2
)]

(4)

where 〈κ〉∆ν is the average value of the absorption coefficient over the narrow band, and Φ is the
shape parameter.

Data for (〈κ〉∆ν , Φ) were taken from the spectroscopic database of Taine and Soufiani
[23], that gives values for temperatures between 300K and 2900K and for 367 bands of widths
∆ν = 25 cm−1. In order to take into account the mixture composition several models are
proposed by Liu and al [24]. The one chosen has the main adventage to insure a good compromise
between accuracy CPU time and is based on the optically thin limit, it provide 〈κmix〉 and Φmix

for a mixture of Ngas of parameters κn and Φn:

〈κmix〉∆ν =

Ngas∑
n=1

〈κn〉∆ν and
〈κmix〉2∆ν

Φmix

=

Ngas∑
n=1

〈κn〉2∆ν

Φn

(5)

The spectral dependence of κ is reconstructed from the above average quantities by the
k-distribution method that consists in using a distribution function of the absorption coefficients
f(κ) [25]. The average transmitivity on a narrow band is written as :

〈T 〉∆ν (l) =

∫ ∞

0

exp(−κl)f(κ)dκ (6)



It is possible to determine f(κ) by observing that 〈T 〉∆ν is the Laplace transform of f :

f(κ) = T.L.−1 (〈T 〉∆ν (l)) (7)

In general f(κ) is not monotonous and two different values of κ may correspond to the same
value of f . It is more convenient to introduce the cumulative sum of the probability density
function :

g(κ) =

∫ κ

0

f(κ′)dκ′ (8)

This function is now bijective and defined in the interval [0,1], which makes it easy to inverse.
In addition for non-homogeneous and anisotherm media it is necessary to use the so-called

assumption of correlated-k, stating that the variations of pressure and temperature on the optical
paths do not modify the spectrum or only in a uniform way, this approximation could be used in
this application.

To inverse the function g(κ) a method developed in [26] based on tabulated values and
linear interpolations is used. In this method the coefficients hi,j , tabulated as functions of the
discretized Φi (over Nquad points) and for each spectral band j, allow to calculate κmix(i,j) as:

κmix(i,j) = hi,j(Φmix,i) 〈κmix〉∆νj
(9)

Finally, to calculate the Planck absorption coefficient (13), the integral over each narrow
band is calculated:

κP =
π

σT 4

∫ ∞

0

κνIbνdν =

Nquad∑
i=1

Nband∑
j=1

wiκmix,ij 〈Lb〉∆νj
∆νj (10)

In the above expression, 〈Lb〉∆νj
represents the mean Planck function over the narrow band j of

width ∆ν.

Radiative flux
The divergence of the radiative flux q is written as :

∇ · q =

∫ +∞

0

κν (4πIbν −Gν) dν (11)

where Gν =
∫

4π
IνdΩ is the direction-integrated incident radiation. By integrating over frequen-

cies, one obtains:

∇ · q = 4σκP T 4 −
∫ +∞

0

κνGνdν (12)

with
∫∞

0
Ibνdν = σT 4/π (σ being the Stephan constant), and introducing the mean Planck

absorption coefficient :

κP =

∫∞
0

κνIbνdν∫∞
0

Ibνdν
=

π

σT 4

∫ ∞

0

κνIbνdν (13)



2.3 Radiative transfer in turbulent flames

To study the radiative transfer and TRI in turbulent flames in the LES context, the filtered
form of the radiative source term is investigated. By definition :

∇ · q = 4σκP T 4 −
∫ +∞

0

κνGνdν (14)

Usually in DNS calculations, the quantity κP L, where L is the length of the domain, is
small and the medium is optically thin. In the studied case for example κP L = 10 m−1 x 3
mm = 310−2. By considering the optically thin approximation (absorption in the medium is
negligible), absorption exchanges occur mainly with the walls so that Eq. (14) reduces to :

∇ · q = 4σκP T 4 − κP T 4
∞ = ∇ · qE −∇ · qA (15)

where T∞ is the wall temperature. This approximation is commonly made in combustion
applications, and fairly valid for small-scale non-luminous flames. Finally correlations of
fluctuating quantities appear only in the emission term ∇ · qE and the term ∇ · qA is not
investigated in the following.

The emission part of (14) reveals a correlation between the absorption coefficient and the
fourth power of temperature. Using the decomposition of (1) for κP , one gets:

κP T 4 = κP T 4 + κ′P T 4 (16)

where it is supposed that κP = κP and T 4 = T 4. This allows to introduce two terms RT 4 and
RIb

as :

κP T 4 = κP T
4

(
T 4

T
4 +

κ′P T 4

κP T
4

)
= κP T

4
(RT 4 + RIb

) (17)

These two distinct correlations, RT 4 and RIb
indicate respectively the temperature auto-correlation

and the cross-correlation between temperature and absorption coefficient. Introducing now the
temperature fluctuations, and assuming that κ′P = (T 4)′ = 0, it is possible to develop the two
contributions as:

RT 4 = 1 + 6
T ′2

T
2 + 4

T ′3

T
3 +

T ′4

T
4 (18)

RIb
= 4

κ′P T ′

κP · T
+ 6

κ′P T ′2

κP · T 2 + 4
κ′P T ′3

κP · T 3 +
κ′P T ′4

κP · T 4 (19)

Assuming that the intensity of fluctuations is low, correlations of higher order than two may
be dropped, leading to:

RT 4 ≈ 1 + 6
T ′2

T
2 and RIb

≈ 4
κ′P T ′

κP · T
+ 6

κ′P T ′2

κP · T 2 (20)

Assuming that the impact of species concentration fluctuations is negligible on κP , a second-
order Taylor expansion of κP (T ) = κP (T + T ′) is performed :

κP (T ) = κP (T ) + T ′
(

∂κP

∂T

)
T

+
T ′2

2

(
∂2κP

∂T 2

)
T

+ ... (21)



and after filtering :

κP (T ) = κP (T ) +
T ′2

2

(
∂2κP

∂T 2

)
T

+ ... (22)

Multiplying κP − κP = κ′P (from (21) and (22)), by T ′ and filtering, one finally obtains (at
the second order) :

RIb
≈ 4

T ′2

κP T

(
∂κP

∂T

)
T

(23)

Not surprisingly, the cross-correlation between T and κP is expressed through the derivative
∂κP /∂T .

From this development it is possible to identify three different approaches to describe the
TRI process. The most simple is the no-TRI approach, where RT 4 = 1 and RIb

= 0, so where
the TRI effects are ignored. In the partial TRI approach only the temperature auto-correlation
is considered and RIb

= 0, whereas in the full TRI approach both correlations are considered.
These three approaches are evaluated and compared in the next sections.

3 Configuration and physical model
3.1 DNS calculation

Results of the direct numerical simulation (DNS) of a reactive turbulent flame are used for
the TRI analysis. The data were provided by Jimenez [20], and reproduced the stabilization of a
triple flame by inert hot gas. The flow configuration is a mixing layer of diluted methane (CH4

20 % , N2 80 % in volume) and air, as seen on Fig. 1. A hot gas layer is set above the air flow to
stabilize the flame.

Figure 1: Simulation configuration and initial laminar flame. The rate of reaction is represented in levels
of gray where the white represents the maximum. The lines represent the stoechiometric contour (long
dash) and isotemperature line Ti = T0 + 0.5(Tad −T0) (short dash), where T0 is the temperature for fresh
gases and Tad the adiabatic flame temperature.

The DNS are run by solving the fully compressible conservation equations for mass, mo-
mentum, energy and chemical species in a two dimensional Cartesian domain with a grid of 300
x 200 points, representing a physical space of 3 x 2 mm [20].

After the laminar flame is stabilized, turbulence is injected into the domain to obtain a
turbulent flame (Fig. 2). The hot gas layer allows flame stabilization by the recirculation of
hot gas. A zone of recirculation is created in the left higher corner, where the hot gas are
trapped, providing the energy necessary to stabilize the flame (shown by the left arrow on Fig.
2), that otherwise would be convected downwards and finally blow off. The hot gas produced by



combustion are brought back by the recirculation towards the left higher corner to maintain the
reserve of energy (right arrow on Fig. 2).

Figure 2: Instantaneous fields of temperature and isocontours of rate of reaction in the turbulent flame.

After sufficient time the average temperature remains constant, and the mean flow may be
considered stationary, allowing to collect statistics (Fig. 3) .
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Figure 3: Evolution of the space mean temperature versus time.

The available data include density, velocity, total energy, mass fraction of the reactants
(fuel and oxidant) as well as the temperature. These two last variables are used in our study to
calculate the radiative terms in a post-processing approach.

3.2 TRI analysis

This study is performed in two steps. First, a diagnosis allows to evaluate the impact of
filtering. Then modeling aspects are considered.

DNS results provide exact data for T and κP and give access to the exact emission κP T 4.
DNS also allows to compute "exact" filtered quantities (T , κP , T 4...) and fluctuations (T ′, κ′P ,...),
as well as all types of correlations (κ′P T ′,...). By definition, and supposing all assumptions valid,
the full TRI approach should recover the "exact" filtered radiation terms.

In a LES only the filtered values of temperature and species concentrations are available but
the filtered value of T 4 or the correlation κ′P T ′ for example are unknown. Models are therefore



needed to reconstruct them and DNS is used to evaluate and validate them.

Figure 4: Example of mesh
filter

To reproduce the filter of a LES calculation, a box filter is applied
to the DNS data as illustrated in Fig. 4. In this example the size of
the filter is 2∆x (∆x being the mesh size of the uniform mesh used
in DNS) and the filtered value is obtained by X = (X1 + X2 + X3 +
X4)/4.

More generally the expression of the filtered value at a node (i, j)
is :

Xij =
1

N2
filt

i+Nfilt/2∑
k=i−Nfilt/2

j+Nfilt/2∑
l=j−Nfilt/2

Xkl (24)

where N2
filt is the number of cells involved. The filter size is Nfilt∆x. The subgrid fluctuations

are then given by the difference between the exact value (from the DNS) and the filtered value :

X ′
kl = Xkl −Xij (25)

The spatial mean over the whole domain of the intensity of fluctuation is then defined as:

I =

〈√
X ′2

X

〉
(26)

In a first step the analysis was done only along the central axis (in the longitudinal direction)
of the configuration, where the fluctuations are most important and to better visualize the effects
of filtering. In this case the filter operator is applied in the longitudinal direction only. The
analysis of the total emission over the whole domain is made in a second step using a "box" filter
as presented previously. Calculations were carried out for various filter sizes going from 1x1 ∆x
(i.e. no filter) to 100x100 ∆x.

4 Results
4.1 Filtered data analysis

If the subgrid fluctuations are homogeneously distributed in the domain, the intensity I
first increases with the filter size to reach a constant value after some point. If on the contrary
there are important heterogeneities in the fluctuations, the intensity I also starts to increase with
the filter size but may either continue to increase or decrease when heterogeneity is reached
by the filtering box. In the studied case there are heterogeneities in temperature and species
concentrations fluctuations, with important levels in the vicinity of the flame and much lower
levels away from the flame. As shown on Fig. 5, these homogeneities are sufficient to modify
the slope of the curve I versus Nfilt but not to change its sign that stays always positive up to the
maximum size filter.

On Fig. 6 the exact emission profile ∇ · qE,DNS is shown along the central axis (see Fig.
2) and exhibits strong variations due to the presence of the flame. For comparison purposes,
the exact filtered emission ∇ · qE,ref (called the reference emission) as well as the emission
resulting from the no-TRI, partial TRI and full TRI approaches are also plotted. As expected
the full TRI approach is in exact agreement with the reference, demonstrating the validity of
the assumptions made on the filter operator. However what is more surprising is that the no
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Figure 5: Fluctuation intensity, in percentage, of a. temperature, b. absorption coefficient, versus the filter
size.

TRI approach , although not as good as the full TRI, is by far much better than the partial TRI
approach.
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Figure 6: Emission profile along the flame axis for a filter of 50 ∆x.

Fig. 7a shows the relative error along the flame axis, for different filter sizes, defined as :

ε =

〈(
∇ · qE

∇ · qE,ref

− 1

)
× 100

〉
(27)

where the mean 〈〉 is taken along the axis. Also shown is the variance of the deviation from this
mean value, represented by a vertical bar. The full TRI approach error is below 10−6 and even
has a tendency to decrease when the filter size increases. On the contrary the no TRI and partial
TRI approach show errors up to 10% and even higher for the latter. This is due to the sign of the
correlation between the temperature and the absorption coefficient, that is negative in all present
cases. The two correlations (RT 4 and RIb

) have then opposite effects that are of the same order
of magnitude and tend to compensate. Taking into account only one of them introduces therefore



large errors. In this case TRI should never be taken into account in a partial way but always in a
complete way, including all terms of the development.
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Figure 7: Relative error ε, a. along the axis of the flame, b. over the whole domain, versus the filter size
for the various approaches.

The same analysis performed over the whole domain shows similar results and leads to the
same conclusions, as seen on Fig. 7b where the error curves are very similar to the curves plotted
along the flame axis.

4.2 Modeling

Taking into account the TRI implies then the reconstruction of both RT 4 and RIb
. These

correlations are not available in LES and need to be modeled. They may be evaluated from
expressions (18) and (19), using the filtered temperature T and absorption coefficient κP , and
their subgrid scale fluctuations T ′ and κ′P . However LES gives T but not T ′, and several
approaches may be used to calculate it, that are largely presented in the literature and are not
developed here. For the purpose of the present work, T ′ is directly reconstructed from the DNS
data, as well as κ′P and the other correlations of (19). This was done along the central axis
for a 100 ∆x filter. The relative error found on RIb

is null, and is lower than 0,4% on RT 4 .
This is not surprising as (18) and (19) are exact expressions of the correlations in the full TRI
approach. The difficulty is in the evaluation of the above-mentionned subgrid scale variables,
that are unknown in LES. In an attempt to reduce the number of unknown κ′P -T ′ correlations and
high order moments of temperature, terms of higher order than two have been dropped in (18)
and (19). This led to an error lying between 0.1% and 1% on RT 4 , still acceptable, but between
3% and 9% on RIb

. A first consideration towards LES modeling, expression (23) is tested. It
requires the calculation of the term ∂κP /∂T , that was evaluated with a simplified spectral model
considering water emission only and the weighted sum of gray gas model. Results on the relative
error are shown on Fig. 8.
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A relatively important error on
RIb

appears for low values of the
filter size, due to the fact that the
dependence of κP with the species
was neglected, and for large filter
sizes, temperature fluctuations dom-
inate. Adding the species depen-
dency of κP allowed to decrease
the error to few percents for the
low values of the filter size, but in-
creased the error for larger sizes
(from 12% to 18%). The best re-
sult is obtained around a filter size
of 20 ∆x, corresponding to a fil-
tering mesh size of 0.2 mm, which
is the approximately one order of
magnitude smaller than usual LES

mesh sizes. This prelimenary results give first trends for RT 4 and RIb modelling. Further analysis
is needed to better understand the physical mechanisms and improve the models.

5 Conclusions
An a priori study was conducted from DNS of turbulent flames to characterize the influence

of the various correlations that appear in the emission part of the radiative flux in the context of
LES. The comparison between the exact and the filtered radiation emission calculated from the
DNS and the same quantity calculated from the filtered data showed important discrepancies.
Three approaches were defined in taking into account the various correlations in the radiation
calculation: the no TRI ignores the correlations, the partial TRI involves the temperature auto-
correlation only, and the full TRI adds the temperature/absorption coefficient correlation. As
expected the full TRI is exact compared to the reference emission but the partial TRI approach
performs worse than the no TRI approach. This shows that in the studied configuration, using
only one of the two parts of the subgrid TRI is nonsense and that the full formulation should
always be used. The effect of the filter size on the subgrid scale fluctuations is also investigated.

Simple models are evaluated to reconstruct the correlations in a LES framework. Results
showed that if the dependency of the absorption coefficient with the species concentrations
is included, good predictions may be obtained at small and moderate filter sizes. However
all models failed for large filter sizes, in particular for the temperature-absorption coefficient
correlation.

One major difficulty that was not addressed in the present paper is to evaluate subgrid scale
variances and correlations needed by the radiation calculation and not directly available in a LES.
This will be the next step of the present work, that will be now based on a posteriori analysis of
LES calculations in both uncoupled and coupled way.
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