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Abstract

In this work the Full Spectrum based on the Statistical NauBand with the correlated k approxi-

mation (FS-SNBcK) is presented. The idea behind the modelgsoup the narrow bands using the
Malkmus model, in order to build a Full Spectrum represéoadf the space of frequencies. All

narrow bands are grouped and weighted by the Planck funtditeke into account the variation

of the blackbody intensity over the whole spectrum. In ttipqy, validity limits of the model are

studied, using a one dimensional isothermal homogeneaukger. The influence of species con-
centration, layer thickness and temperature are testedefailed mathematical formulation of the
model is presented. Finally, 3D simulations were perforteedheck the efficiency of the model

against other spectral methods.

1. Introduction

Only recently Large Eddy Simulations (LES) have been caliplith detailed radia-
tion [15, 5]: CPU time is still a main issue for non-stationflames. To solve the Radia-
tive Transfer Equation (RTE) on combustion application Eligcrete Ordinates Method
is chosen, because it offers the best compromise betweenti@eland accuracy [7, 8]
and could be used to calculate complex geometries. Thisadetdies on thelr solid
angle discretization using angular quadrature sets (itrecand weights).

For spectral properties, a k-formulation (where k is theogbigon coefficient) is re-
quired to be compatible with the differential form of the RTANh exact description of
spectral properties needs a line by line (LBL) model, bus¢hmodels have the disadvan-
tage of having a high computational cost.

The SNBcK model uses a narrow band approach and offers a geadygradia-
tion/LES simulations. But this model can not be affordeddnmed situations because
it is still too expensive. This model solves the RTE at leasirtes (5 quadrature points)
per band. Typically 367 narrow bands are used. These rapsss¢otal of 5x367 = 1835
resolutions of the RTE performed for one given direction.

A good alternative to this SNBcK is the use of a global modehsas the well known
Weighted Sum of Gray Gases (WSGG)[6]. It is fast but no adeueaough when the
studied situation is far from the one used to fit it. Variouthaus have already proposed
the use of these global models. Denison and Webb [2, 3] deedlthe spectral-line-based



weighted-sum-of-gray-gases (SLW) model, in which lineling databases are used to
obtain weight factors for the WSGG model. The Absorptiontiibsition Function have
some similarities with the SLW and was developed by Rividrale[14, 13]. Modest
and Zhang wrote a mathematical formulation that allows tibenthe k-distribution for
the whole spectrum [12].

Another approach in the frame of the SNB models, was propagtil et al.[9], they
proposed a method which provides a good accuracy by redti@ngumber of resolutions
of the RTE. By using a band lumping strategy, authors havessttioat a maximum of 10
narrow bands could be grouped without loosing accuracy.SMBcK model is based on
the narrow band approximation, in which the Planck funcisconsidered constant on a
narrow band. The band lumping strategy is limited by thisagimnation. In a publication
Liu et al. [11] proposed to group all bands to build the fulespum statistical narrow
band ck based (FS-SNBcK). In this model all bands are grogpmeldweighted using
the Planck function to take into account the variation oftiteckbody function over the
whole spectrum.

The aim of the present work is to present a detailed matheaidtirmulation then to
study the limits of validity of this model. To the authors kvledge, it is the first time that
the mathematical formulation of the probability densitpdtion and the cumulative are
used to describe the FS-SNBcK model.

2. Formulation and definition of the FS-SNBcK model
2.1.Integration over the spectrum

Lets defineF, a function of the absorption coefficient and the integral over a
narrow bandAv as:

Ty — / Lo F(r)dv )
Av

Where L, , is the Planck function depending on the temperature andréwiéncy. If
the intervalAv is not too large the Planck function can be considered cohstger the
narrow band and equal o, A, :

Iny = Ly Ay F(ky)dv = Ly Ao AVEA, (2)
Av
In order to avoid a line-by-line description of the spectrubomoto [4] has intro-
duced the functiorf, which is the probability density function efaside the frequencies,
representing the k-distribution in the narrow band:

1

Fa, =
A AV Av

Fiav = [ F(e)s(as @)

The mean value of' can be obtained by a discrete integration over all narrovd&an
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where subscript denotes the band numbéY the total number of bands anfi(x) is

the PDF on the?" band. Variables; andx are independent so the discrete integration
on+ and the integration on can be switched, leading to:

Itot - /Oo (Z AV’LLb AV )f’L( )) (5)

This expression may be rewritten as #a@ectancyf the functionF'(x), if the corre-
sponding probability density function is correctly defin@y definition the PDF must be
normalized such as:

oo NB Np oo oT4
/ Z Av;iLy v, fi(K)dK = Z AviLy Ay, X / filk)de =—

0 =1 i=1 J0 ,
=1, by definition

So the integration over the spectrum may be rewritten as:

0T [ & AviLy an, fi(K)
Ligt = — F(k)d 7
tot Z 0T/ (k)dk (7)
frs(k)

Wherefrg represents thiull spectrum normalized probability density function

2.2.Introduction of the ck approximation in the FS-SNBcK madel

__ The Malkmus model allows to get an analytical expressiotifemean transmissivity
T A, with some properties of the spectrum according to specifiaraptions.

Da, (1 - (1 " éily)mﬂ 8)

wherek is the average value of the absorption coefficient over thewneband, andb A,

is the shape parameter. Data @ A, ) were taken from the SNB parameters database
of Taine and Soufiani [17], for temperatures between 300K22@DK and for 367 bands

of width Av = 25 cm=1.

Using eq.(3), the mean transmissivity over a narrow band/engoy:

Ta,(l) = exp

T () = /0 " exp(—rl) () ©)



Domoto [4] has shown that(x) is the inverse Laplace transform of the mean trans-
missivity, given by the Malkmus model. The functigiix) is not monotonous and it is
more convenient to introduce the cumulative functjgf), over theit* narrow band:

0= ) (10)

g(k) is amonotonously increasing function in the interi@all] which allows to inverse it
to get the functiom:(g). The inverse functior(g) can thus be defined. If the shape of the
spectrum is not modified by the pressure and the temperdturg an optical path, the ck-
approximation is achieved. Using the Malkmus model for thagmissivity Domoto has
shown that the functiorf(x) is an Inverse Gaussian distributigrix) uses erfc functions
[4]. This function is inverted numerically.

Using the cumulative functiog(x), eq.(3) could be written as:

o 1

Fa = [ Fls(o)dg (11)
0

Thefull spectrum cumulative functiaf-s(x) is defined as:
Ng
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From eq.(12) it can be noticed thats is monotonically increasing with, like each
function g;(x) does, and can also be inverted numerically to obtdijs), eq.(6) then
becomes:

oT?
Lot = — F(H(QFS))CZQFS (13)
0

As the cumulative function is monotonically increasings thumerical resolution of

the integration could be achieved either with a statistivathod or using a Gauss quadra-
ture. If a quadrature is used ov&}, points, eq.(13) can be written:

Ny
T4
Tiot =% —— w; F(k(grs,j)) (14)
s =
Itis only at this last step that the calculationi@f; (over the entire spectrum) is approxi-
mated numerically, using a pseudo-spectral quadrature.



2.3.Radiative properties of the mixture Modeling

To take into account multicomponent mixtures several noded proposed by Liu
[10]. The model based on the optically thin limit provide,,;,) and ®a, m:, for a
mixture of N, species, of parametefs and®a, !

Ng Ngas
_ /Qmm A K:n
<Kimiz>AV = Z Kn and == Z (15)
o (I)AV mix 1 (I)AV n

wherer,, is the average value of the absorption coefficient over thieomaband, and
® A, is the shape parameter for the" gas. The main advantage of this model is to
insure a good compromise between accuracy and CPU time.

3. Absorption of a one dimensional gas layer

To separate spectral aspects from geometrical aspectssirttié FS-SNBcK model,
the absorption of a one dimensional isothermal homogengasidayer is considered.
Gases containing one or more of the following species wergied: H,0, CO,, CO.
The FS-SNBcK model is compared to the Malkmus model, whiphagents the reference
model for the one dimensional study.

In this configuration the mean intensity of the narrow bangbabed by the gas layer
is:

TAV(I):/A exp(—kul) Ly ,dv (16)

The total intensity absorbed by the spectrum in the FS-SNBc#iven using eq.(13)
with F(k,) = T'(I) = exp(—k,l) and calculated using a Gauss Legendre quadrature
according to eq.(14).

3.1.Influence of the mixture composition

The absorption is calculated on an homogeneous and isadhgas layer containing
only one species at different temperatures, with gas coliemgth of/ = 1m. Figure
1 shows that in the case of pufé;O, the FS-SNBcK calculation wittv, = 5 gives
an error of about 10%. Nevertheless, when the number of quadris augmented to
N, = 10 a very good agreement with the Malkmus model is obtainedhérpureCO
case, the error witlV, = 5 reaches a value of nearly 100%. For both ptite, andCO
cases, a higheV, is needed to fit with the Malkmus case, typicaNy = 30.

Figure 2 shows the cumulative functionggs for different gases. A§8'O, andCO
do not emit in all bands contrary tH>0 (96 bands forCO,, 48 bands foilCO) some
values ofx are close to zero and the cumulative function is non zero iordysmall part
of the interval [0;1]. More quadrature points are neede@solve the spectrum. Itis also
noticed that for high temperatures the gradient of the catiud function is higher.

Theoretically by increasingV, to infinity, the x(g) should always be well resolved.
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Fig. 1 — Influence ofV, for a single species at different temperatures

However if the gradient of the function is too strong, the ruical inversion of;(x) fails.

An example with a high temperature and 20% molar fractiof ©fgives an error of 30%
even withN, = 30. For cases containing high concentration§'d# this model must be
the used with care, in particular if the temperature is high.
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3.2.Influence of the gas optical thickness

In a second step the influence of the gas optical thicknessvestigated. In this
case the gas layer is composed of 26840, 10% C O, 5% CO molar fraction. The
absorption of the gas layer is calculated at several temyresafor three thicknesses:
[ =0.1m, ! = 1mandl = 10m an plotted infigure 3
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Fig. 3— Influence of the gas thickness for a mixture of gaseliffarent temperatures

Figure 3 shows that a high number of quadrature points are needed watiitthe
reference when the gas layer is thin. To explain this bemathe relative error on the
transmissivityI'(l) = exp(—«l), is analyzed:

AT exp(—kl)kl Ak
T T 1- exp(—kl) kK
In this expression whehincreases, the relative error tends to zero. For the optittah
limit when! tends to 0,% ~ %, and the calculation of the absorption is more sensitive
to the error onk. For the thick case even if the relative error is smaller troglel will is
limited by the mixture modeling (cf. section 2.3.) and theagproximation.

17)

4. 3D Calculations

To validate geometry influence of the FS-SNBcK model, 3D wakions are per-
formed using a DOM codeDOMASIUM). Two benchmark cases are tested [1] us-
ing an S4 angular quadrature: a homogeneous cylinder and-&@othermal and non-
homogeneous cylinder.

These two radiative heat transfer problems are in two-dgioeral axisymmetric en-
closures with black walls. Atmospheric pressure is considién all cases. In both tests
calculations are compared to available reference solsitiarray-tracing solution or a
Monte-Carlo Method all together with k-distribution). Tesnclude comparisons with
the SNBcK model (reference solution) and the WSGG modeldfasodel). The WSGG
model parameters are given in [16].

The first case is a cylindrical enclosure of lendth= 3.0m, a radiusk = 0.5m and
was resolved using a mesh with343 tetrahedron cells. The temperature of the walls is
300K. Species molar fractions of the gas are 28840, 10%C O, and 70%N,. There

http://www.cerfacs.fr/domasium



is no soot and the temperature of the mediunBid K .

The second case is a cylinder of length= 1.2m, a radiusR = 0.3m and was
resolved using a mesh wiftY749 tetrahedron cells. The walls are blackad K, except
the right wall ¢ = L), which is maintained a300/. The temperature and the molar
fractions of H,O andC O, are given by analytical profiles:

T(z,r) =800+ 1200 (1 —r/R)(x/L)
Xpm,0=0.05[1—2(z/L—05)%] (2—r/R) (18)
Xco, = 0.04 [1—3(z/L —0.5)?] (25 —r/R)

The soot volumetric fraction i§, = Xsoor = 10~7. Spectral absorption coefficient for
soot is calculated as, 500t = 5.5f,v.

Figure 4andfigure 5show that the calculation of the radiative source té&;musing
the FS-SNBcK, gives results in very good agreement with tiBK model. For the
two test cases only five quadrature points are needed taabtdod accuracy. It is also
shown that this model is clearly more accurate than the WS®@efrdue to the fact that
the global data of the mixture is modeled from the SNB databitsis noticed that for
case 2 the WSGG model gives better results than in case 1dmettzipresence of soot
yield the medium more gray.
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Fig. 4 — Case 1: radiative source term Fig. 5— Case 2: radiative source term

S, along the central axis for the homo- along the cylinder axis for the different
geneous cylinder. The reference solu- spectral models. The reference solution
tion is a Monte-Carlo solution [1] is a ray-tracing solution [1]

5. Calculation time cost

Table 1shows that in the one dimensional calculation, where the gaiculation is
devoted mostly to the spectral calculation, the FS-SNBcHoisfaster than the SNBcK
model: the same number of calculations are performed invbariodels. To calculate
grs(k) in eq.(12) a loop over all bands is done. Then eq.(14) reg@reiterative time



Tab. 1 —Time calculation for the FS-SNBcK in 1D and 3D calculation

Test1D | Test1D Test 1D Test 3D Test 3D
Nyg=5 | Ny =10 | Ny =20 Case 1 Case 2
SNBcK 90ms | 17.2ms | 37.2ms | 40m36.2s| 67 m49.5s

FS-SNBcK | 24.7ms| 46.0ms | 100.0ms| O0m8.1s 8mb1.6s
WSGG - - - 0m6.6s 0mil0.2s

consuming process to inverse numericaglh (). The inversion is longer to achieve for
FS-SNBcK because the gradient of functigrs () is higher (less than 10 iterations for
SNBcK, between 20 to 30 iterations for FS-SNBcK).

The advantage of a global model as FS-SNBcK for 3D calcuiatis clearly demon-
strated by the time efficiency dable 1 The number of resolutions of the RTE is strongly
reduced. In case 1, homogeneous case, only one absorptfiiciemt is calculated
over the domain. The time calculation of FS-SNBcK is aboud 8Me shorter than the
SNBcK, very close to the number of narrow bands (367). Foe @son-homogeneous
case, the calculation time is reduced by one order of magmitompared to SNBcK
case. In this case spectral calculations account for 97%eofdtal calculation with the
FS-SNBcK model. This shows that most of the effort should bderin the improvement
of the spectral calculation for this model.

6. Conclusions

The full spectrum based on the statistical narrow bands iwattethe ck-approximation
was studied in order to validate its implementation on costiba applications. An de-
tailed mathematical formulation of the model has been medo Then the limits of
validity of the model were investigated in the case of a omeettisional gay layer.

It was shown that the model fits well with the Malkmus modelribagh quadrature
points are used. For gases with a high concentratiafi@f which does not emit in all
bands, the calculation differs from the reference valuéght temperature. In the optically
thin case, more quadrature points are needed to calculetesaely the absorption.

In 3D calculations the model gives very good results eveh witly five quadrature
points. The calculation times are substantially reducedibse the number of resolutions
of the RTE is reduced from 1835 to 5.

The next objective is to improve the time calculation usinglaulation technique for
the spectral properties of the FS-SNBcK model. This wilbalko reduce the calculation
time dedicated to spectral calculation and will permit taate a calculation time compa-
rable with those obtained with the WSGG model.
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