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Abstract

In the Eulerian framework, the dispersed phase of a particle-laden turbulen fow may be modeled by using a statistical
approsch known as ihe mesoscopic Eulenian formalism (Févnier o al., 2005), At the first order, the cvolution
of the first moments of the conditional probability distnbution lunciion. mmely the mesoscopic particle number
density and 1the mesoscopic panicle velocity, supply the description of the dispersed plase. and the second-order
moment appeinng in the momentum cquation, accounting for the momentum transpen duc 1o (he panicle mmdom
uncorreliied velocity, needs to be modeled. In literature, in order 1o close tlas moment, referred 1o as RUM siress
tensorn, an additional ransport equation for the sphenical part of the tensor, including the RUM kinctic ¢nergy, has
boen used and a viscosity model for the deviatoric RUM has been suggested (Simonin er al. 2002). The latter when
a priori (Moreau 20060 and o posreriors (Kauimann ef o, N8, Riber 2007) tested gives quite smisfacion resulis
in paricle-laden homogencous ispiropic turbulence baud i fails when performing preliminary a posterior! tesis (Riber
2007 in mean-sheaned twrbulent paricle-laden flows (Hishida 1987).

I this paper. the concern of 1he adequacy of such a model for predicting uncorrelated stresses is addressed. An
amalysis of the tensor structune will make i possible 1o supply an aliemative modeling less sensitive 10 the change
of the particle ineria, The new models are a pricer checked over several simulations varving in Siokes munber, o
posterior (Csls ang ongoing,

Nomenclature ciated to onc-fluid Aow realization. The Enlerian local

and imslamanconus transpon cquations are then oblamed
R TULITE in the general frame of the kinetic theory of dilule gases,
7 MESDCopic quaniitics mamely by imegration over the particle-velocity space off
Fy RUM quamtitics. a Boltamgm-like equation (Recks 1991). Such an ap-
G second-rank tensors proach consists in pamitioning the particle velogity into
G Traceless tensor two comtributions: i) an Enlerian panicle velocity feld

refemed ooas “mesoscopic” wiich 1= a cominuous hield
shared by all the pamicles and accounting for corela-
fions between particles and beiween particles and fluid;
Introduction iy a random spatially -uncorrelyied coninbution. asso-
cimted with each panicle and satisfving the malecukar-
Février, Simonin & Squires (2005) suggesied a stalis- — chaos assumption. It is referred (o as “RUM” (Random

tical approsch, known as the mesoscopic Eulerian for- Uncorrelated Motion) and it is clamcteraed in tenms of
malism (MEF), able to describe the local and instan- Eulerian ficlds of particle-velocity moments. The origi-
tangous behavior of paniicles ineracting with unsteady nality of this formalism is 1o make it possible 1o sepante
and inhomagencons wrbulent Aows.  Eulerian quanti- contributions which are intrnsically different, which do
ties ane defined as the moments of the one-point con- nol inferct in (he same way with ihe different scales of

ditional probability distibution functien (p.d.f) asso-
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the turbulence and thus shonld be modeled in their own
Wy,

Al the first order, in isothermal condition, the dispersed
phase is fully described by the evolution of the meso-
scopic particle mumber density and the mesoscopic par-
ticle velocity as follows (Févricr er al. 2005):
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The frst term on the rght land side (rhs) of Eq. (2)
represents ihe momenium iransfer through ihe drag forge
while the second term 15 the momenium immsport due
o the particle weormelated velocity contabution.  The
RUM wensor #0, ;; may be considered as cquivalent
1o e stress fensor accounting for in the Navier-5tokes
(MNS) equations, sumilarly dernved by using ihe Bolle-
nianm kinctic theory, The RUM is composed of a spher-
ical part including the RUM kinctic encrgy 84, which
corresponds o e translation iemperture in kinetic ihe=
ory of dilute gases, and a deviatoric part 687 which is
amlogous o the viscous contnbution due to IIJH: Uhermal
agitation in the NS equations:

()

¥
Gy = SR + :]T.‘”"F-“‘i” R}y + 380505
(3
The RUM kinctic cnergy is generally obtained by an ad-
ditional closed transpor cqualtion (€., 5CC Foufimgmn
ef af, 2008) and only the devinlonc RUM needs (o be
miodeled. The Iatter is the topic of the present study.

State of the art

In litgrviure, only one mode] has been suggesied inor-
der to close the wnknown deviamenc RUM (Simonin er
al. 20027, This model was a prioes (Vorean 20065 and
a posteriort (Kanfmann ef of. 2008, Riber 2007) wesied
in hu:llwgtnmu.s isulmp:il:: Turbulence ﬁhi;uwingqnilc il-
isfactory resulis for moderate Stokes mumbers. Tnstead.
such a model stmongly Gils (Riber 2007} when perfon-
ing preliminary a pasteriord (csts in mean-sheared tnrbu-
lent particle-laden Oows (Hisloda 1987y Compansons
with experiments showed a re-laminarization of the dis-
persed pluse: the particle mesoscopic Muctuations were
considerably damped and only the RUM contnbated 1o
the panticle agitation.
Im this work the concem of the adequacy of sucha model
to predict ithe second-order moment is addressed.
The viscosity model is here recalbed:

Al — 2 57
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where 1y = ZFd#hy is the so-called mesoscopic viscosity,
7y 15 the mesoscopic particle relacaion tme and

; T iy, L [T N

iy fla; 3 ey

is the deviatoric syoumeine par of the mesoscopic
velocity -gradient tensor accounting for shearing or dis-
tortion of amy element of the dispersed phase. The vis-
cosity model, hercinafter referred o as “VISCO™, may
be obained from the sccond-order moment transpon
cOuation:
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assuming gquilibrium, ig. negleciing all ihe iranspon
ferms, and light amsotropy.
The assumplions of both  equilibrivm  and  light
anisoiropy revealed wrong cspecially in presence of a
mean=shear and when mcreasing mertia. Resulis of o
prie testing will confiom the imdequacy of such a
maode] o predict devimoric RUM stresses,

MNumerical simulations

In order 10 @ peiord test the model in presence of 8 mean
shcar, a configuration corresponding to a panicle-laden
turbulent planar jet is chosen.  Dircct mumencal sim-
wlations of the wrbulence, onc-way coupled with La-
grangian iracking of particles, were performed. Sevenl
simulations varving in panticle incriia were carmied oul,
Lagrngian vilues were then post-processed and “ex-
act” Eulerian mesoscopic ficlds were compauied by us-
ing A projection algenithm (Kanfmann ef al. 2008), The
number of Stokes, mmging fom 003 o 10, was com-
puted over a “large” tmescale of the wrbulence scen
by ihe pariicles, cstimaled by cvoking ihe Tchen goqui-
librium in the spanwise direction wihich renuins mean-
flow Tree (Simonin 1991): the Stokes numbers were ¢sti-
mated over y-plancs parllel 1o the streamwise dincction
and the value associated o cach simulation refers wo (il
found at the periphery of jet. The so-called ~periphen™
of the jet is a ponion of the slab of v-coordinate ~ 0.7
corresponding (o the penphory al the initial timee.

The slab corresponds to the dispersion of a parlicle-
laden bulent planar jet into 8 homogenous isolropic
decaving wirbulence. The simulation domain 15 a culbe
of length size 27, with 3 mesh grid of 125" cells and
periodic in boundary conditions.  Within the slab, of
i e = 0,25 of widihe particles are mndomly cmbed-
ded. Mean velocity of panicles is imposed cqual 1o (hat
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of the gas at e initizl time, The Navier-Stokes cqua-
tiems are integrated by using a third order Runge-Kuita
time stepping and a sixth onder compact fimite difference
scheme on a caresian gnid.  Also ibe advancement in
time of the Lagrangian iracking is ensured by a thind or-
der Runge-Kutia scheme, The interpolation of the turbu-
lent ficlds at the particle location is performed by a third
order Lagrange polynomial algonithm. Withow grnvity,
fior small heavy particles, Lagrangian equalions govem-
ing the motion of cach k-particle anc (Micey & Riley
1983):

1IIL" ; v}’ I " (k)
fimcer S8 3] i ;a5 _— L J—
i a i T {pl" “.“'r-} N

wlhen: u,"r:I i e undisturbed velocity of the gas an the
particle conre location. The particle relaxation time 7,
15 defined i the S1okes regime as:

I.uj,.f;'.

m (8]

To
where oy, 15 the particle density, o the particle diameter
and gop the dynamic viscosity of the gas.

A priori testing

“Exact” Eulerian mesoscapic ficlds, obtained by La-
erangen simudations, are len used 0 a prierd check
models. The model accurscy 15 evaluaied by menns of
cormelation cociliciems at scalar level. Correlation co-
efficients are computed as follows {Salvein & Banerjec
1995):

where brackets denote averages over y-planes. The eval-
uted scalar quantity represents the dissipation, by shear,
of the mean mesoscopic encrgy into the mean RUM ki-
netic energy and il is wrlien, accounting for the sign, as
follows:

f.ﬂ:r:._
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where ny, is the mean particle number density and the
operlor < | =y denotes panicle-density -weighted aver-
age (over plangs); if a mean mesoscopic velocily is de-
fincd r'-'r,_, <t g then the fluctuating component
is the residoal i, ; = a0y, — U7y, Moreover, the p.d.f. of
the scalar quantiny is also evalumed, The pod.f is plotied
including the magnitude ratio between exact and mod-
¢led averaged quantitics; in this manner anly the shape
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Figure 1: “VISCO™ model (Eq. 4) cormelation coeflli-
ciems evalumed ai scalar level over the mean
dissipamion (Eq. 109, a1 the penpheny of jet.

15 evalmrted, The exact-to-modeled magnitude mio rep-
resems a mulnplicative coelficient which should be ac-
counted for in order to predict the exact “mean” magni-
inde. This quamtity is very imponan and il can scriously
alect the success of the madel iFits value is far fronm one
and it 15 mof faken indo account, Figure 1 shows corre-
lation cocfficients computed at the penphery of the jel,
far from ke star. for the model “VISOO™. The model
gives quite good corrclations for small Stokes numbers
while it [ails when incriia increases.  Looking al he
palf. of the mean dissipation (Figune 2}, results show
that the model is o able 1o reproduce positive values,
meamng e local imerse tansfer of energy Trom RUM
(o mesoscopic motion.  This is a well-known limil of
every viscosity-like model, Concemning the magnitude
of modeled against exact dissipations, Figure 3 slows
that such a madel sirongly overestinates the predictions;
this behaviour is consistend with the re-laminanization
of the dispersed pluse observed by Riber (2007) when
performing Eulerian-Eulerian simulations of the Hishida
(1987} jei configuration. The overcstimation increases
with the particle ineria.

In order 1o supply an alicrative 1o the model ~“VISCO™,
the structure of the deviatorie RUM (R° )y and rate-of-
sirin (2% tensors s amlysed and information ane used
(o construct mew models,

The structure of the tensors

In erder to shedy the sinsciure of (he ignsors R* and
5%, since they are locally defined. we wse a local dimen-
sionless parameter proposed by Lund & Rogers (1994)
and used by several authors imvolved in ong-phase iur-
bulcnt flow analysis (e.g., Tao er ol 2002, Higgins of
al, 20033, This parameter, originally called ~sirin-state
parameter” and vsed to study the "slape”™ of the defor-
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Figure 2: PAL ol the exact (dot-dashed line) against
mdeled by “VISCO™ (solid line) local dissi-
pation for simulation comesponding 1o S -~
1, at the penpherny of jet.

Figure 3: Profiles of exact (line) and modeled by
WISCOT (svmbols) mean dissipations. for
simmlation comesponding 1o 51 -~ 1,

mations caused by the rte-ol=sirain tensor, may be used
to imvestigaie the structure of a imceless icnsor giving lo-
cal information about the relative magnitude of the ten-
soreigemalues and reproducing infommation similarly 1o
that found i the invariant Lumley's map. Hercinafier,
the bold wrting denotes second-rank 1ensors, brackets
{.} represents the tmce and the asterisk means trxcgless
when associated with a tensor, The dimensionbess pa-
rameter 15 then defined as follows:

.—.".1.-"'13.’. 1 Ag J-.: an

(A + A2+ )T

where Ag, Ay and Ay are e tensor cigemvalues. This
parameler 15 bounded between 1 and =1 whene 41
coresponds o an axisymmeing ¢xpansion and — | is an
sexisy mmetric contraction, inclassical inbulence way of
speaking. From a mathematical point of view 1 means
thavt two idemtical eigemvalucs domenate and that the third
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is small, while —1 means onge large cigemalue and the
odleer two, identically small. For the sake of simpliciy,
wie will use the same vocabulary than that used in turba-
lence, missing oul, for the momend, any physical mean-
ing. Figures 4 and 3 show the pdf. of s* evaluaied For
both e deviatoric RUM and ratg-of-simin tensors, for
three different Stokes mumbers and Far from the initial
e, Resulis show that ihe tensors IB* and S8* behve as
inaxisymmetne contrmction and expansion respectively,
independenly from the inenia. Same results ane found
over all the planes of the jet. However. for large incria
and only at the periphery of the jei, the tensor 5° tends
toward a more masdom distnbution, Moreover, ihe

1
1 St = 003
81 =1

s B0 w

H

1 0.4 8 03 I

Figure 4: Pd.fs of the parameler s* cvalwaed for R°,
at the penphery of jet.

1.5
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Figure 5; Pd.sof the pammeicr = cvaluated for 5, o
the periphery of jet. The mic-of-strain of the
Murd is also evaluated.

analysis shows that the tensor R* belaves as in ong-
componcnl limit stie, which means that the smallest
cigemalues of BEUM tend to sero. This belewiour is de-
velopped immediately, interms of time, inall the zones
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of the jet, and it persists wp to the ond of each simula-
tiom for every Stokes number. In this case, theoretically.
the cigemvalues are known. Indeed. following Lumlcy
(1978), the cigemalues of an averiged anisstropy ensor
gi

. G 1 G*

e el . 12)
GF & Gy {

£

cormesponding to the onc-component limil, are Ay 7"'
Az = Aa = =4 indescending order. Consequently, the
eigemvalucs of the averaged ensor G or that of its devi-
sonc pant G will be deducted (Simonsen & Krogstad
2005y vaa ihe relation

A 1 Ay
By S s By SO 3
% =1G] "3 Q) )

In the same way, b locally, we define the RUM
Anisolropy SIFcss tensor as follows:

# Iﬁ”‘J'-'.n' 1
mid ﬁ_ E"Lj "I'I!

for which the cigemalues associaled o the one-
component-limil arc known, Figure & shows the pd.f
of the exact eigemvalucs of b* measured at the penplens
of jet for a Siokes number close to one. The analysis
shows that over all planes, for cvery Stokes number,
the one-component limil state 15 eproduced.  Henee,

e
o i TR PN

0z 1 0.2 0.4 06

Figure 6: Pd. s of the cigemalues of b*, al the penpli-
ery of the jet. for a simulation commesponding
1o 58~ 1,

the cipemalucs of the deviatone tensor BB, soned in
descending onder, are:

pade, 0 i
Aps = 0 =Zath, i
0 1] ~ L4,
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Modeling by using eigenvalues

In this scction. information about the one-component
Tt state of the deviatornic RUM are used in order 1o
suggest a new formuliion of the stresses in function
of the mig-of-sirain iensor, This new formulation over-
comes the problem of the ensor magnitude becanse i
uses only information of the re-ol-strain pancipal di-
reclions assuming alignmeni beiween fensors.

As It and 8* are real and sy mumetnc, then they always
have an orthonommal basis compaesed by their real cigen-
vectors, Thus, in the principal sxes, the assumption of
e relatne aligmment of 1 two ensors may be traduced
by ihe equality between their cigemecions, being ihe
magminde taken into account by the respecinve cigemval-
ues. By using the linear wmanslonmation, the well-known
relation may be used

R'xps = Apxps (13}

where xp- 150 righl; column cigcm‘gclur of " and Ag-
its correspondent eigemalue. This relation may also be
wrillen ina matnx o as follows:

R'Xn. = Xn-Ane (16}

where Xy« is the matrix of the tensor eigemvectons and
Ape 15 he diagomal moinx of the eigemalues. As IL”
and Age are similar matnix, Xg- is nonsingular. we
may also wrile

R* = Xp.Ap- X! (17)

Then, using the assumption of alignment, wihich leads 1o
Xre — Xge. the deviatonc RUM wensor can be sirnight-
forwardly oblmned as follows:

R* = Xa Aps X5 (18)

where Aps incledes the known one=component limi
cigemvalugs. This model. referred o as “EIGEN". here
cvaluated by the o preicri analysis, 15 instcad kess casy
1o handle when performung o posteriori Eulenan sinm-
lations because of the operation of matrix imersion and
since it requires o initially chock the right position of
e deviatoric RUM cigemalues into the matnx. Inihe
nexi section ancdler approach will be used keading io an
equivalem formmlation in Canesian fmme of reference.

A viscosity-type model for axisymmetric
dispersed phases

In this section, the same procedure than in Jovanovic e
il (2000} is applicd. Following their idea for turbuleni
flows, tensars are assimed, &5 observed, axisymmelnc
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with the respect 10 a prefemed direction and writlen in a
balimzar fomm (Chandrasekhar 1950) leading 10:

5his = Ay + BA; (1%
8RS i = Chiz + DM, (20)

As the tensors are trceless, Eq, (1Y) and (209 can be
rewntien as follows:

g = Adig — 3AMN {21}
SRS, = Oy — 3CKN;. 22

Defiming the magnitude of he mle-of-stmin tensor as
the squarc-roal of its sccomd imaran 5 J‘J'_.I,."2
{8°¥} 1% Eq. (21), if conirmcied, makes il possible 1o
obtain A as a function of 5

_ 172y¢ \
A== [({ligl=|=] & )
{ sign(f11; 'z (::) 23
where 1115 {83} is the third imariant of e 1ens
sorn. and ils sign accounts for the possibility 10 have an
axigymmeing contmcion or expansion, Egq. (21) then
becoines:

1,2 ]

Spas = —sign{{ils) [} (E -3 13
(24)

From Eg. (243 the product Ach; may be expressed in

function of the rlc-ol-sirin:

a 3 152 ; ; 1
My = zign(l Jflq:li {_:I) r;u 4 __!.{iu {25)

ardd impected into Eq. (22) wich takes the form:

2 (3\Y? 5,
81ty iy = —sign{l115)3C3 (E) % {26)
The same relation may be provided for the anisolropy
Iensor
. ; a r\ V1 ag 80
r.'” —.w_r,u:-[.f Fj'\] [E {E) ﬁ T {I:I‘:I

which contmcted leads 1o the second imanam of the
anisotropy 1. fiom which we can obtain © as Tollows

¥ 2 1
o ﬁ Fh.lil']".l. (28)
As well as for A, the sign of €7 is cstablished by the sign

of the third imariam {1 f, accouming for axisynmetric
CONFACLION OF CXPAnsion

o, 172 A
o —.~'iylr{f“r.:'{§) ”,;:'I'MJ.- 2%
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Fipure 7: Conditional average of the normalized 1714
over the nommalized contracted  produect
f7, 50 i Tor a simulalion cormesponding 1o
St~ 1, atthe periphery of jei

Including € into Eq, (263, we finally obiain

R 1
SR . = sign(I11g)sign(IT1,)1 1" 240, el

Pl
(30

gl ihe tensors may be both in ihe same configuration
“contraction” or “expansion” (positive sign) or in the
opposite configurmation (negative sign). Numercal sim-
lations showed that the logal signoof 111, is always posi-
tive (h* is strictly in axisymmetnic contraction) and only
that of {115 changes. Moreover, mumencal simulations
pointed oul the local onc-component limit state of b*
which gives 11, -i S0, the model may be rewritien
as:

. ) i 3 fay \? The product of the imarian signs accounts for the Gt
0-3(2)" s

a9 12 o
JH:,_,J signi Il ls) {.:i) 24, T;-_'J ; (31

&

The latter represemts a model wiere te axisymmetry of
tensors, their alignment, and the one-component limil
state arg assumed. Concerning the signof the model, ihe
signof 1115 15 used i reproduce both positive and neg=
alive viscositics. i.c. negative and positive valucs of the
conimacicd product H;_HH}':_”, theorctically inthat spe-
cial case in which the axisy mmeinc raic-ol=stmin ten=
sor moves from a configurion of cxpansion [0 conirac-
tiom and vice versa, However, this assumption miy be
relaxed in practical applications.  Figure 7 shows the
conditional average of /115 over the coniracied produci
1 50 Tor a simulation corresponding o a munber
of Stokes St~ 1. Resulls suppon such an assumplion.
Hercimafter, the model comesponding 1o Eq. {317 will
refier o as " AXISY™ model,

The relation between the model “EIGEN" and the

mimde] " AXISY™ should be understood, The model “AX-
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Asb® and 5* are real and symmeinc, they may be wril-
ten an e principal axes. Then the assumption of (e
alignmeni, which leads o 1imposc Xb~=3{5-, imvolves
that also the eigemvalues are the same, of course accouni=
ing for every scalar included in the model. So. the ex-
pression for the cigemalucs becomes;

) gy 1
AR Hr'!';rll:f.ff,;](;:) ?1,5. {33)

Comtracting (he axisymeine ensor 5°, for imslance
when writien in the configuration of cxpansion as fiol-
lows

—25, 00 ~2%, 0 0
0 5 0 0 g, 0
N0 s a0 5,

leads 1o write 5 = /65, where S, is the larges] cigen-
value of 5° . Including this relation into Eq. (33) and the
right sign, gives:

B I {34

which is fulfilled in our one-component limit state, giv-
ing evidence of e same model assumplions. Hence,
theoretically, accounting for all the assumplions, using
the medel “EIGEN" is like to use the model “AXISY™
in the prncipal directions.  In prctice, the two mod-
¢ls can give different resulis. The models "EIGENT and
“AXISY™ are viscosily-like models accounting for pos-
itive or megatne local viscosity and using the tmescale
5T the place of the particle relaxation time 7,
of the model “VISCO”, Figure & shows comelation ¢o-
efficients Tor all models evaluated over several sinula-
tions varying in Stokes mumber,  Resulis for the mod-
¢ls “EIGEN" and “AXISY™ show a strongly improve-
ment of predictions when compared with results of the
madel “VISCO™, The ability of the new modcls 1o pre-
dict the reverse of sign is given by Figure 9 which shows
the pd.f. of the local dissipation cvaluated by using e
model "AXISY™, Morcover, prediciions of the mean dis-
sipation magmnde are also improved. as shown by Fig-
ure 10 where the exact mean dissipation is compared 1o
that modeled by using = VISCO™ and “AXISY",

Conclusions and perspectives

I ihis paper the concemn of the modeling of the second-
order icnsor accouming for in the Momentum eoumion
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1

Figure 8: “VISCO™ (inangles). “AXISY™ (circles) and
“EMGENT (siars) models: corrclation coclli-
ciems evalumed at scalar level for the mean
dissipation (Eq. 10}, m the periphery of jel.

e T T

Figure %: Pd.l. of the exact (dot-dashed ling) against
mgdeled by "AXISY™ {solid ling) local dissi-
pation for simulmion comesponding 1o S¢ ~
1. at the periphery of jet.

of the dispersed phase was addressed. An oo priord study
on @ particle-laden turbulernd planar jei, poinied oul ihe
inabdlity of the viscosity model, commonly used, o pre-
dict such a tensor when the particle incria increases,
This model showed poor cormelations at scalar level also
overcstimating e magmiude of the mean mesoscopic
dissipation. An analysis of the tensor stmcture, includ-
ing that of the mic-of-strain tensor, made it possible
1o charmcierize the “shape”™ of bath the tensors.  Ten-
sors were found axisvmmecinc and ihe deviatoric RUM
behaving as in a onc-companent limit state.  Informa-
o of the tersor strcture were then used Tor baild-
ing aliemative modgls, The lingar viscosiiy-ivpe models
suggested in this paper strongly improve predictions of
RUM stresses. A funher study aboul nonlinear models
i5 ongoing a5 well as preliminary a posterior 12515,
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Figure 10: Profiles of exact (line) and modeled by
"WISOO™ (inangles) and "AXISY™ {circles)
miean dissipation, for simulation comespond-
ing to 5t ~ 1.
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